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PREFACE 

The author has aimed to make this treatment of elementary 
algebra simple and practical, without, however, sacrificing 
scientific accuracy and thoroughness. 

Particular care h^s been bestowed upon those chapters which 
in the customary courses offer the greatest difficulties to the 
beginner, especially problems and factoring. The presentation 
of problems as given in Chapter V will be found to be quite 
a departure from the customary way of treating the subject, 
and it is hoped that this treatment will materially diminish 
the difficulty of this topic for young students. 

In factoring, instead of the usual multiplicity of cases, com- 
paratively few methods are given, but these few are treated 
thoroughly. The cross-product method for factoring quad- 
ratic trinomials has been simplified by considering the common 
monomial factors (§ 116, 4) ; and in this form the method 
seemed to be preferable to the other prevailing methods. The 
criticism that the cross-product method is based upon guessing 
has no value, since all other devices are equally based upon 
guessing; in fact, these methods have to be empirical until 
quadratic equations furnish a scientific means of factoring. 

Applications taken from geometry, physics, and commercial 
life are numerous, but care has been taken not to introduce 
illustrations so complex as to require the expenditure of time 
for the teaching of physics or geometry. In cases, however, 
in which a physical or geometric formula produced an example 
equally good as the putting together of symbols at random, 
the formula has been used, as in numerical substitution, pro- 
portion, literal equations, etc. 

The book is designed to meet the requirements for admis- 
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sion to our best universities and colleges, in particular the re. 
quirements of the College Entrance Examination Board. This 
made it necessary to introduce the theory of proportions and 
graphical methods into the first year's work, an innovation 
which seems to mark a distinct gain from the pedagogical 
point of view. 

By studying proportions during the first year's work, the 
student will be able to utilize this knowledge where it is most 
needed, viz. in geometry ; while in the usual course proportions 
are studied a long time after their principal application. 

Graphical methods have not only a great practical value, 
but they unquestionably furnish a very good antidote against 
" the tendency of school algebra to degenerate into a mechani- 
cal application of memorized rules." This topic has been 
represented in a simple, elementary way, and it is hoped that 
some of the modes of representation given will be considered 
improvements upon the prevailing methods, e.g. the finding of 
roots to several decimal places (§ 305) and the solution of 
quadratic equations (§ 330). The entire work in graphical 
methods has been so arranged that teachers who wish a 
shorter course may omit these chapters. 

On the other hand, subjects no longer required for the 
college entrance examinations are omitted from the regular 
course and placed in the appendix ; as the Euclidean method 
for finding the highest common factor and cube roots. 

The author desires to acknowledge his indebtedness to 
Messrs. William P. Manguse and B. A. Heydrick for the care- 
ful reading of the proofs and for many valuable suggestions. 

This volume contains all the topics required for the college 

entrance examinations in "Elementary Algebra." A second 

book, "Advanced Algebra," by the same author, covers' the 

work required in that subject. 

ARTHUR SCHULTZB. 

Nbw Yoek, 
April, 1905. 
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ELEMENTARY ALGEBRA 

CHAPTER I 
INTRODUCTION 

1. Algeora treats of numbers as does arithmetic, but for 
reasons which will appear later, numbers are frequently de- 
noted by letters ; as, a, m, x, 

2. Known numbers are usually represented by the first letters 
of the alphabet ; as, a, 6, c. 

Unknown numbers are usually represented by the last letters 
of the alphabet ; as, x, y, z. 

3. The signs of addition, subtraction, multiplication, division, 
and equality have the same meaning in algebra as they have in 
arithmetic. 

4. A problem is a question proposed for solution, 

5. An equation is a statement* expressing the equality of two 
quantities; as, 7 a; = 56. 

ALGEBRAIC SOLUTION OF PROBLEMS 

6. Problem. The sum of two numbers is 56, and the greater 
is six times the smaller. Find the numbers. 

Let X = the smaller number. 

Then 6 a? = the greater number, 

and 7 0? = the sum of the two numbers. 

Therefore, 7 a? = 56, 

a? = 8, the smaller number. 
and 6 0? = 48, the greater number. 

1 



2 ELEMENTARY ALGEBRA 

7. In algebra, problems are frequently solved by denoting 
numbers by letters and by expressing the problem in the form 
of an equation. 

BXEBCI8B 1 

Solve algebraically the following problems : 

1, A man sold a horse and carriage for $450, receiving 
twice as much for the horse as for the carriage. How much 
did he receive for the carriage ? 

2. A, B, C, and D buy $1050 worth of goods. How much 
does A take, if 6 buys twice as much as A, C three times as 
much as 6, and D six times as much as B ? 

8. Divide $160 among A, B, and C so that A may receive 
three times as much as B, and C three times as much as A and 
B together. 

4. The sum of the three angles of any triangle is 180°. If 
2 angles of a triangle are equal, and the remaining angle is 
twice their sum, how many degrees are there in each ? 

5. A and Bown a farm worth $12,600, and A has invested 
half as much capital as B. How much has A invested ? 

6. A pole 50 feet high was broken so that the part broken 
off was 4 times the length of the part left standing. Find the 
length of the two parts. 

7. Four men. A, B, C, and D, invested $8800 in real estate. 
B invested twice as much as A, C twice as much as B, and D 
one half the difference between B's and C's investments. Find 
the capital invested by C. * 

8. Three men, A, B, and C, enter into partnership. A 
furnishes three times as much capital as B, and C one half as 
much as A and B together. The total amount invested is 
$7200. Find the amount invested by B. 

9. A farmer has 343 sheep distributed in three fields. In 
the first field are half as many as in the second, and in the 
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third four times as many as in the first. How many sheep are 
there in each field? , 

10. In a room aire 27 persons. The number of women is 
twice the number of men, and the number of children is twice 
the number of adults. How many are there of each ? 

11. Three boys divided 110 marbles among themselves so 
that the first of them received twice as many as the second, 
and the second three times as many as the third. How many 
did each receive ? 

12. Divide 120 into two parts so that one part will be 
5 times the other. 

13. The difference between two numbers is 12, and the 
greater is four times the smaller. Find the numbers. 

Hint. Let x = the smaller number, 

then 4 a; = the greater number, 

and 8 a; = the difference between the numbers. 

14. John has three times as much money as Henry, and 
John has 40 cents more than Henry. Find the share of each. 

15. A is three titties as old as B, and A is ten years older 
^han B. Find B's age. 

16. A man bought a horse, a cow, and a sheep for $133. 
Ihe price of the cow was one half the price of the horse, and 
the price of the sheep one sixth the price of the cow. Find 
the price of each. 

17*. Find two numbers whose difference is 12, and one of 
which is five times the other. 

18. A line 27 inches long is divided into two parts, one of 
which is equal to eight times the other. How long are the 
parts? 

19. A travels twice as fast as B, and the sum of the dis- 
tances traveled by the two is 81 miles. How many xailea 
does each travel ? 
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20. Two men start at the same time to travel, one from A 
to B, the other from B to A, two stations 66 miles apart. If 
the first man travels twice as fast as the second, how many 
miles will he travel before he meets the other? 

NEGATIVE NUMBERS 
BXEBCISB 2 

1. Subtract 10 from 17. 

2. Can 10 be subtracted from 7 ? 

3. In arithmetic why cannot 10 be subtracted from 7 ? 

4. The temperature at noon is 17** and at 4 p.m. it is 10** 
less. What is the temperature at 4 p.m.? State this as an 
example of subtraction. 

6. The temperature at 4 p.m. is 7°, and at 10 p.m. it is 10** 
less. What is the temperature at 10 p.m.? 

6. Do you know of any other way of expressing the last 
answer (3® below zero) ? 

7. What then is 7 — 10 ? 

8. Can you think of any other practical examples which 
require the subtraction of a greater number from a smaller 
one ? 

8. Many practical examples require the subtraction of a 
greater number from a smaller one, and in order to express in 
a convenient form the results of these, and similar examples, 
it becomes necessary to enlarge our concept of number, so as 
to include numbers less than zero. 

9. Negative numbers are numbers smaller than zero; they 
are denoted by a prefixed minus sign; as —5 (read "minus 5"). 
Numbers greater than zero, for the sake of distinction, are fre- 
quently called positive numbers, and are written either with a 
prefixed plus sign, or without any prefixed sign; as + 5 or 5. 
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The fact that a thermometer falling 10* from 1^ indicates 3^ 
below zero may now be expressed 

Instead of saying a gain of $30, and a loss of $ 90 is equal to a 
loss of $QD, we may write 

$30 -$90 = -$60. 

10. The absolttte value of a number is the number taken 
without regard to its sign. 

The absolute value of — 6 is 6, of + 3 is 3. 



+5 
+4 



+ +2 

+ 1 
• 



^3 11. It is convenient for many discussions, to represent 

the positive numbers by a succession of equal distances 
laid off on a line from a point 0, and the negative num- 
bers by a similar series in the opposite direction. 

In the annexed diagram, e.g. an addition of 3 is equivalent to 
• -1 an upward motion of three spaces ; hence 3 added to — 4 equals 
. ._2 — 1» 3 added to — 1 equals + 2, etc. 

Similarly a subtraction of 2 is equal to a downward motion of 
two spaces. Hence 2 subtracted from equals — 2, 2 subtracted 
-4 from — 2 equals — 4, etc. 

EXERCISE 3 

1. If in financial transactions we indicate a man's income 
by a positive sign, what does a negative sign indicate ? 

2. State in what manner the positive and negative signs 
may be used to indicate north and south latitude, east and west 
longitude, motion upstream and downstream. 

3. If south latitude is indicated by a positive sign, by 
what is north latitude represented ? 

4. What is the meaning of —5° north latitude? of the 
year — 50 a.d. ? of an easterly motion of — 6 yards per second ? 

5. If the temperature at 4 a.m. is —7® and at 9 a.m. it is 6° 
higher, what is the temperature at 9 a.m. ? What, therefore^ 
is -7 + 6? 
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6. A yessel sta^s from a point in 25° north latitude^ and 
sails 38® due south, (a) Find the latitude at the end of the 
journey, (b) Find 25 — 38. 

V. A vessel starts from a point in 25° south latitude, and 
sails 12° due south, (a) Find the latitude at the end of 
the journey. (6) Subtract 12 from — 25, * 

8. From 20 subtract 30. 18. To - 1 add 2. 

9. From 4 subtract 6. 19. From 1 subtract 5. 

10. From 7 subtract 8. 20. To — 7 add 8. 

11. From 19 subtract 24. 21. To - 7 add 2. 

12. From subtract 12. 22. From -^ 1 subtract 2. 

13. From —12 subtract 10. 28. Add —1 and 2. 

14. From — 2 subtract 4. Which is the greater number: 
16. From — 1 subtract 1. 24. 1 or — 1 ? 

16. To — 6 add 12. 26. — 1 or - 3? 

17. To -2 add 1. 26. -3 or -4? 

27. By how much is — 9 greater than -r 11? 

28. What is the difference in temperature between 20° above 
zero and 20° below zero ? 

29. What is the difference between +20 and —20? 

NUMBERS REPRESENTED BY LETTERS 

12. For many purposes of arithmetic it is advantageous to 
express numbers by letters. 

I. By denoting an unknown number by x, it becomes possi- 
ble to perform arithmetical operations with unknown quan- 
tities^ and to solve problems thereby (§ 6). 

II. By such a use of letters, arithmetical rules and principles 
may be expressed very concisely, e,g. if we wish to express 
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briefly the principle: The square root of a fraction is equal to 
the square root of its numerator divided by the square root of 
its denominator, we may write 



v: 



numerator V numerator 



» denominator Vdenominator 
By representing the numerator by a letter, e,g. a^ and the de- 
nominator by b, we may write more briefly 

In this equation a and b denote any numbers whatsoever. 

III. The discovery and demonstration of general arithmeti- 
cal laws constitute the third advantage derived from the em- 
ployment of letters. 

When each of two numbers is multiplied by itself, and the 
smaller product is subtracted from the greater, the answer is 
the same as if we multiply the sum of the two numbers by 
their difference. 

Kg. (14 X 14) - (18 x 13) = 196 - 169 = 27. 
(14 + 13) X (14 - 13) = 27 X 1 = 27. 

If we try a great many arithmetical numbers, we find the 
principle always correct, but this does not prove that it is 
correct for all numbers. In algebra, however, we can easily 
show that (a X a) — (6 X 6) = (a -h 6) X (a — b) (§ 65), and since 
a and b denote any number whatsoever, the law is correct for 
any two numbers. 

IV. For a fourth advantage, see § 30. 

BXEBCISB 4 

1. If the letter a means 1000, what is the value of 6 a ? 

2. What is the value of 6a if a = 7? ifa = ^? 

3. If a boy has 6d marbles and wins 4(Z marbles, ho^ 
many marbles has he ? 
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4. Is the last answer correct for any value oid? 
6. What is the sum of 9 6 and 6b? 

6. Find the numerical value of the last answer if 6 = 17. 

7. If c represents a certain number, what represents 10 
times that number? 

8. From 24 m subtract 15 m, 

9. What is the numerical value of the last answer if m=7 ? 

10. From 12 m subtract 15 m, and find the numerical value 
of the answer if m = 12. 

11. Add 12p, 2p, 7p, and subtract 24ip from the sum. 

12. From —12 g subtract 20 g. 

13. Add -12gand +12g. 

14. From subtract 12 x. 

15. Add — 3 a? and 6 aj. 

16. From — 12 a? subtract 0. 

17. From — 12 p subtract 12p. 

18. If a = 100, then 7 a = 700. What sign, therefore, is 
understood between 7 and a in the expression 7a? 

FACTORS, POWERS, AND ROOTS 

13. If there is no sign between two letters, or a letter and a 
number, a sign of multiplication is understood. 

5 X a is generally written 6 a, m x n is written mn. 
Between. two figures, however, a sign of multiplication 
(either x or •) has to be employed; as, 4x7, or 4*7. 
4x7 cannot be written 47, for 47 means 40 + 7. 

14. A product is the result obtained by multiplying together 
two or more quantities, each of which is a factor of the product. 

Since 24 = 3 x 8, or 12 x 2, each of these numbers is a factor of 24, 
Similarly, 7, a, &, and q are factors of 7 abc. 
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16. A power is the product of two or more equal factors ; 
thus, aaaaa is called the " fifth power of a" and written of ; 
acumaa, or a^ is "the 6fch power of a," or a 6th. 

The second power is also called the square, and the third 
power the cube; thus, 12* (read " 12 square'') equals 144. 

16. The base of a power is the number which is repeated as 
a factor. 

The base of a' is a, 

17. An exponent is the number which indicates how many 
times a base is to be used as a factor. It is placed a little 
above and to the right of the base. 

The exponent of m^ is 6 ; n is the exponent of a**. 

BXEBCISE 5 

1. Write and find the numerical value of the square of 6, 
the cube of 7, the fourth power of 2. 

Find the numerical values of the following powers : 

2. 6K 6. 1». 8. 0*. 11. 20\ 14. 1.2«. 

3. 2«. 6. 2». 9. (2^)*. 12. (i)«. 16. (if. 

4. IV. 7. 3^ 10. 3.5*. 13. .001«. 

If a = 2, 6 = 3, c = ^, and d = l, find the numerical values of : 

16. a\ 18. c*. 20. (P. 22. 5\ 24. a\ 

17. V. 19. d«. 21. 5-. 23. 5*. 25. 6". 

26. The distance of the north pole from the equator is 10' 
meters. Find the distance in meters. 

27. A kilometer equals 10 hectometers, 1 hectometer = 100 
meters, 1 meter = 100 centimeters, and 1 centimeter = 10 
millimeters. 
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Express as a power of 10 the number of 

(a) Millimeters contained in a meter. 

(6) Millimeters contained in a kilometer. 

(c) Square millimeters contained in a square kilometer. 

28. Express as a power of 2 the number of parents, grand* 
parents, great-grandparents, etc., a person may have. 

29. What exponent is understood when none is written, as 
in a? or y ? 

18. In a product any factor is t^led the coefficient of the 
product of the other factors. 

Il 12 mn^, 12 is the coefficient of mn^, 12 m is the coefficient of n^. 

19. A numerical coefficient is a coefficient expressed entirely 
in figures. ' 

In — 17 xyz^ — 17 is the numerical coefficient. 

When a product contains no numerical coefficient, 1 is 
understood ; thus a = 1 a, a*6 = 1 cfh, 

20. When several powers are multiplied, the beginner should 
remember that every exponent refers only to the number near 
which it is placed. 

8a« means 8aa, while (8a)» = 8a x 8a. 

9 ahy^ = 9 ahyyy, 

16 x^z = 16 xxyyye. <. 

ESXEBCISB 6 

If aaas 2,^ = 1, c = 3, and 05 = 4, find the numerical value of: 

1. 3a. 4. a\ 7. 3a«. 10. 7a6*. 

2. abc 6. 6*. 8. 56^ 11. Sabtf. 
8. 6bx. 6. 4a5ca?. 9. 9c?. 12. Sa%^ 
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If a = 3, & = 2, c = 1, d =s 4, find the numerical ralue of: 

13. 14a6V. 16. lOaftU 19. 2\ 22. Ja6*. 

14. 7a*6*c». 17. a\ 20. 1\ 23. a*. 

15. 8a5c*. 18. 4«. 21. |a?. 24. 6«. 

If a = 2,p = 3, g = 4, a: = ^, y = 0^ find the numerical value of: 
26. Sgp^. 29. «". 33. 2^a?. 

400* 

2^- "9?- «!• **•• 32 

3o. ~^ " 
28. a*/)*. 32. 4:a^pa?. a* 

36. What is the numerical coefficient in each of the expres- 
sions in Exs. 1-6 ? 

37. What are the coefficients of a; in Exs. 3 and 6 ? 



21. A root is one of the equal factors of a power. According 
to the number of equal factors, it is called a square root, a 
cube root, a fourth root, etc. 

3 is the square root of 9, for 3^ = 9. 
6 is the cube root of 126, for 5« = 125. 
a is the fifth root of a*, the nth root of a*. 

The nth root is indicated by the symbol "v^; thus -s/a is 
the fifth root of a, ■\/27 is the cube root of 27, Va, or more 
simply Va is the square root of a. 

Using this symbol we may express the definition of root by 



22. The index of a root is the number which indicates what 
root is to be taken. It is written in the opening of the radical 
sign. 

In y/if 7 Is the Index of the root. 
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23. The signs of aggregation are : the parentJiesis, ( ) ; the 
brdcket, [ ] ; the brace, \ j ; and the vinculum, . 

They are used, as in arithmetic, to indicate that the expressions 
included are to be treated as a whole. 

Each of the forms 10 x (4 + 1), 10 x [4 + 1], 10 x 4 + 1 indicates that 
10 is to be multiplied by 4 + 1 or by 5. 

(a — h) is sometimes read " quantity a — 6/' 

EXEBCISB 7 
If a = 2, 6 = 4, c = l, (i = 0, a? = 9, find the numerical value of: 

13. 3(a-f6). 

14. (a + 6)v'6. 

16. [a + V^Vc. 

16. (a + hf. 

n. (b+cy. 
18. In Ex. 14 what is the coefficient of the V6 ? of (a +6) V6 ? 

ALGEBRAIC EXPRESSIONS AND NUMERICAL 
SUBSTITUTIONS 

24. An algebraic expression is a collection of algebraic sym- 
bols representing some number ; e,g» 6 a% — 7 Va^ + 9. 

25. A monomial or term is an expression whose parts are not 
separated by a sign 4- or — ; as 3 a^, — 9 Va?, "".^ ? . 

OCT 

a{b + c H- d) is a monomial, since the parts are a and (6 -f c + <f)- 

26. A polynomial iS an expression containing more than one 
term. 

ix + jh I-V5 — 8a'6; and a* + 6* + c* -f d* are polynomials. 



1. 


^/b. 


7. V6*. 


2. 


</4^. 


8. </^. 


3. 


V46. 


9. aVb. 


4. 


-^3^. 


10. 2oV56. 


6. 


V4a;. 


11. 4ad%/546. 


6. 


V9c. 


12. a +6. 
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27. A binomial is a polynoiaial of two terms. 
a^ + 6^, and } — \fa are binomials. 

28. A trinomial is a polynomial of tliree terms. 
a + & + e, a + 9& + Vdare trinomials. 

29. In a polynomial each term is treated as if it were con- 
tained in a parenthesis, t.e. each term has to be computed 
before the different terms are added and subtracted. Otherwise 
all operations of addition, subtraction, multiplication, and divi- 
sion are to be performed in the order in which they are written 
from left to right. 

E,g. 3 + 4.5 means 3 + 20 or 23. 

Ex.1. Findthevalueof4.28 + 6.3'-?^. 

2 
= 4.8 + 6.9-?^ 
ss 82 +45- 27 
= 60. 

Ex. 2. If a = 5, 6 = 3, c = 2, d = 0, find the numerical value 
of 6 a6« - 9 aft^c + f a«6 - 19 a%cd. 

6 afta - 9 ahH + f a'ft - 19 a^hcd 
= 6-5-32-.9.5.82.2 + f.68.8-19.5a.8.2.0 
= 6. 6. 9-9. 5. 9. 2 + {.125. 8-0 
= 270-810 + 160 
= -890. 

BXEBOISE 8 

1. State what kind of expressions are Exs. 18-27 of this 
exercise. 

If a = 5, 6 = 2, c = l, d = 0, a?=5j, and y = i, find the nu- 
merical value of: 

2. a+-6+-3c. 4. a — 6. 

3. a+-5&c. 6. a — 46. 
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6. 6a*+7a6. 18. (a + &)c. 

7. a6-26«c-4cd. 19. a* + «(6 + 2c). 

8. 8a6c — 206c — 40a6d. 20. a + Va' + llc. 

9. 7a + 12d-19c-206. 21. 2c?-^(a + h)(c + d). 

10. 6a6+6c»-4&d+7a* 22.. 30ay(a+6)Va-f-&+c+2a 

11. 4c + 6a-86« + 6«. ^^ « , &_lC 

12. 4ca? + 76»-2a*-4a?. 5 J 3 

13. a8 + &« + c» + d». ^^- 9a6c + V?+4(Z. 

14. 3ad-.6&» + 2da. + 46«. ^^- {(a + 6) +c}d-6a^. 

16. 2a«6-6a6»+7ac«-9aH 26. |^ + T^ + | 

!«• ^ + 3^- ^ I t 

17. 2a^ + 33/«. ^^' a'^h'^ o' 

28. 7c2cP-aj(3a6a? + 0-^(^ + ^)-12A?. 

29. ^±^. 31. ^^±1, 33. 1^£±11^. 

a-6 a^-9 36«+5c« 

30. 1-i+i. 32. ^^+^y 

^ 34. (a + 6)(c-hd)-(a + c)(6 + d) + (a + c!)(6-.c). 
Express in algebraic symbols : 

35. Six times a plus 3 times h. 

36. Six times the square of a minus five ti,mes the cube of h 

37. Eight X cube minus six x cube plus y square. 

38 Six m cube plus four times the quantity a minus b, 

39. The quantity a plus b multiplied by the quantity a' 
minus 6*. 

40.- Twice a' diminished by 6 times the square root of the 
quantity a minus b square. 

41. Eead the expressions of Exs. 2-6 of the exercise. 
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30. The representation ot numbers by letters makes it pos- 
sible to state very briefly and accurately some of the principles 
of arithmetic, geometry, physics, and other sciences. 

Ex. If the three sides of a triangle contain respectively 

a, 6, and c feet (or other units of length), and the area of the 

triangle is S square feet (or squares of other units selected), 

then . 

S = JV(a + 6 + c) (a + 6 — c)(a - 6 + c) (6 — a + c). 

E,g. the three sides of a triangle are respectively 13, 14, and 
15 feet, then a = 13, 6 = 14, and c = 15 ; therefore 

S = JV(13+14+15) (13+14-16) (13-14+15) (14-13+15) 
= iV42.12.14.16 
= ix336 

= 84, i,€. the area of the triangle equals 
84 square feet. 

EXBRCISE 9 
1. By using the formula 




iS = JV(a + 6 + c)(a + 6-c)(a-6 + c)(6-a + c), 
find the area of a triangle whose sides are respectively 

(a) 5, 12, and 13 feet. (c) 4, 13, and 15 meters. 

(b) 3, 4,' and 5 inches. (d) 9, 10, and 17 yards. 

2. If the radius of a circle is B units of length (inches, 
meters, etc.), the area S = 3.1416 • R^ square units (square 
inches, square meters, etc.). Find the area of a circle whose 
radius is 

(a) 1000 meters. (6) 3 inches. (c) 240,000 miles. 

3. If i represents the simple interest of p dollars at r% in 
n years, then i =p • n • r %, or ^^- 
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Find by means of this formula : 

(a) The interest on $730 for 4 years at 2\%. 
(p) The interest on $380 for 2 years at 4%. 
(c) The interest on $246 for 4 months »t 7%. 

4. If I represents the compound interest of p dollars at r^J 

for n years (compounded yearly), then -^^pf^ +T^) "^P* 

Find the compound interest of : 

(a) $400 for 3 years at 10%. 
(6) $ 1200 for 4 years at 20%. 
(c) $1 for 2 years at 5%. 

6. If the diameter of a sphere equals d units of length, the 
surface 8 = 3.1416 cP (square units). (The number 3.1416 is 
frequently denoted by the Greek letter tt. This number can- 
not be expressed exactly, and the value given above is only an 
approximation.) 

Find the surface of a sphere whose diameter equals : 

(a) 8000 miles. (p) 2 inches. (c) 12 feet. 

6. If the diameter of a sphere equals d feet, then the volume 

F=:^ cubic feet. 
6 

Find the volume of a sphere whose diameter equals : 
(a) 10 feet (6) 6 feet. (c) 11 feet. 

7. A body falling from a state of rest, passes in t seconds 
over a space S = \ gf. The value of g for New York is 32.16 
feet, or 980 cm. (This formula does not take into account the 
resistance of the atmosphere.) 

(a) How far does a body fall from a state of rest in 3 
seconds ? 

(h) A stone dropped from the top of a tree reached the 
ground in 2^ seconds. Find the height of the tree. 
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(c) How far does a body fall from a state of rest in ^ of a 
second ? 

(d) On the surface of the moon, how far does a body fall 
from a state of rest in 3 seconds, iig = 5.4 ft. ? 

8. liF denotes the number of degrees of temperature indi- 
cated on the Fahrenheit scale, the equivalent reading O on the 
Centigrade scale may be found by the formula 

C=|(2^-32). 

Change the following readings to Centigrade readings: 
(o) 100»F. (6) 32°^ ,(c)6»P. 



CHAPTER II 

ADDITION, SUBTRACTION, AND PARENTHESES 

ADDITION OF MONOMIALS 

31. While in arithmetic the word sum refers only to the 
result obtained by adding positive numbers, in algebra this 
word includes also the results obtained by adding negative, or 
positive and negative numbers. 

In arithmetic we add a gain of $ 6 and a gain of 9 4, but we 
cannot add a gain of f 6 and a loss of $ 4. In algebra, how- 
ever, we call the aggregate value of a gain of 6 and a lossof 4 
the sum of the two. Thus a gain of $2 is considered the sum 
of a gain of $ 6 and a loss of $ 4. Or in the symbols of algebra 

(+$6) + (-f4)=+$2. 

Similarly, the fact that a loss of $ 6 and a gain of $4 equals a 
loss of $ 2^ may be represented thus 

(-«6) + (+$4) = (-$2). 

In a corresponding manner we have for a loss of $6 and a los» 

of *^ (- f 6) 4- (- $4) = (- $10). 

Since similar operations with different units always produce 
analogous results, we define the sum of two numbers in such 
a way that these results become general, or that 

6 ^(-4) = + 2, 

(-6) + (+4) = -.2,- 

(-6) + (-4) = -10, 

and (+6) + (+4) = + 10. 

18 
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32. These considerations lead to the definition of addition: 

If two numbers have the same sigriy add their absolute values; 
if they have opposite signs, subtract their absolute values and 
(always) prefix the sign of the greater. 



Find the sum of: 
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1. +6 


2. 


-6 


3. 


-3 




4. 


+ 3 


-3 




+ 3 




-6 






+ 6 


8. -7 


6. 


+ 7 


7. 


11 




8. 


-11 


+ 8 




-8 




- 4 






- 4 


9. 9 


10. 


-20 


11. 







12. 





-9 




-12 




_7 






-7 


13. 6 


14. 


-1 


16. 


1 




16. 


-17 


6 




-2 




-2 






12 


-11 




-3 




+ 4 






+ 6 


Find the value of: 














17. (-20)+(- 


21). 


20. 


+ (- 


-18). 








18. (-12) + 13 


• 


21. 


(-l)+2+(- 


-3)+4 




19. l+(-7). 




22. 


(_6) + (-7) + (- 


8)+< 


[-9). 



In Exs. 23-26, find the numerical value of a + b + c + d,i£\ 

23. a = l, 6 = -2, c = -4, d = 6. 

24. a = 7, 6 = -7, c = 0, d = l, 
26. a=-7, 6 = 8, c = -9, (f = 10. 

26. a = 17, 6 = 12, c = -17, d = -ll. 

27. What number must be added to 3 to give 7 ? 

28. What number must be added to 7 to give 3 ? 
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29. What number must be added to — 7 to give 3 ? 

30. What number must be added to — 3 to give — 7 ? 

31. Add 4 yards, 7 yards, and 3 yards. 

32. Add 4 a, 7 a, and 3 a. 

33. Add 4 a^, 7 a^bx, and — 3 a"5a. 



33. Similar or like terms are terms which have the same 
literal factors, affected by the same exponents. 



a^b 



6(iaj2yand -7a««y, or -Sa^ftand 5L2, or 16 Vo + 6 and - 2Va + 6, 
are similar terms. 

Dissimilar or unlike terms are terms which are not similar. 

4 a^bc and — 4 a^bc^ are dissimilar terms. 

34. The sum of two similar terms is another similar term. 
The sum of 8 »* and — J a;^ is f x^. 

Dissimilar terms cannot be united into a single term. The 
sum of two such terms can only be indicated by connecting 
them with the + sign. 

The sum of a and a^ is a + a^. 

The sum of a and — 5 is a + (—&)» or a — ft. 

35. Algebraic sum. In algebra the word sum is used in a 
wider sense than in arithmetic. While in arithmetic a — 6 
denotes a difference only, in algebra it may be considered 
either the difference of a and b or the sum of a and ^ 6. 



The sum of • 


-a, -2a6, and4ae* la— a-2a& + 4aA 


Add: 


BXBBOISB U 




1. -3a 


a. 0? 8. TaiV 


4. — 4mn« 


-4o 


-2o* -7a*y 


— 6mn* 


-5o 


+ 3 a* + a^ 


-7mn» 
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5. 12 971X2; 


7. 7 mnp 


9. Udba^ 


Ibmxz 


— 8 mnp 


15 aba^ 


-28 ma» 


^9 mnp 


-17a5aj» 



6. c*(fe 8. 8a%c« 10. 11 aV 

4:(?de 11 a^6c» +lla^5 ^ 

I^d the sum of: 

11. 6a, 7a, - 2a, —12a, —15a. 

12. — 7 0^, 12 ajy, — 19 a^, — 7 a?y. 

13. - 8 a6c». - 7 db(?, - 9 afec^, — abc?. 

14. 4(a + 6), - 5(a + 6), 6(a + 6), - 7(a + b). 



16. — 6Va? + y, — 7VaJ + 3^, -8VaJ+y, -9VaJ + y. 

16. 4Va + 6 + c», — 8Va + 6 + c», -7Va + 6-f A 
Find the value of: 

17. — 11 jcy — 19 0^ — ajy — 27 ajy — 30 ay. 

18. 15m + 18m + m — 7m — 10m — 14tik 

20. 5 mn — 6 mn + 7 mn — 9 mn + 12 mw. 

21. ia6«-|a6^ + f a6* + fa6« 

22. 1.2a?yz + 2Aa?yz + .7a?yZ'-'l.^a?ya. 

24. \Qi?yV + \a?f:?^\a?^''Q?yh?. 
Add: 
25. a 26. a 

29. a 80. a' 

1 -1 



27. 


— a 


88. 


a 




-h 




-a« 


31. 


cP 


S2. 


-2 




-b 




b 
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33. —ax 34. 4a6c 36. ab 36. Va + ft 

— oa^ 4a6^c —^/a — b 

Simplify the following by uniting like terms : 

37. 6a4-46-5a-156 + 2a + 4a-76 + 6. 

38. 10c — llm + 5aj — 4y — 4aj — 12c + y + a? — w. 

39. 12mn« — 12mn*— llmn« + llmn* — 17 a?. 



40. Va + 6 + Va + 6* - 2 Va -f- & - 3 Va + 62 + Va + 6*- 

41. 6 a?^ — 17 aj*y — 19 mn + 12 mn — 6 mn — aj^. 

ADDITION OF POLYNOMIALS 

36. Polynomials are added by uniting their like terms. It 
is convenient to arrange the expressions so that like terms may 
be in the same vertical column, and to add each column. 

Thus, to add 26 od - 8 a6c - 15 6c, - 12 aft + 15 a6c -- 20 c^, 

— 5a6 + 10 6c — 6c^, and — 7a6c + 4 6c + c^, we proceed as 
follows: 26 o6- 8 o6c-. 15 6c 

-.12o6 + 15a6c -20c^ 

— 6 a6 + 10 6c - 6 c« 

- 7a6c+ 4 6c+ c« 

9a6 - 6c-.26c2 Sum. 

37. Numerical substitution offers a convenient method for 
checking the sum of an addition. To check the addition of 

— 3a4-4:6 + 5c and +2a — 26 — c assign any convenient 
numerical values to a, 6, and c, e.g, a = 1, 6 = 2, c = 1, 

then —3a4-464-5c=— 3 + 8 + 5 = 10, 

2a-26- c = 2-4-l = -3, 
the sum — a + 26 + 4c= —1+4 + 4 = 7. 

But 7 = 10 — 3, therefore the answer is correct. 

Note. While the check is almost certain to show any error, it is not 
an absolute test, e.g. the erroneous answer — a + 66 — 4c would also 
equal 7. 



ADDITION, SUBTRACTION, AND PARENTHESES 23 

38. In various operations with polynomials containing terms 
with different powers of the same letter, it is convenient to 
arrange the terms according to ascending or descending powers 
of that letter. 

7-\-x + 6x^ + 7x^ + 6x^ls arranged according to ascending powers 
of a. ba^ -7af^b + 4:a^bc-Sa^bcP + 7ab^d + 9b^ + e'^ is arranged ac- 
cording to descending powers of a. 

EXEBCISB 12 
Add the following polynomials : 

1. 5a-66-7c, -3a + 26-9c, and -8a-56 + llc. 

2. Sx-^By + Tz, 5a? + 9y — 82, — 4jr— 5y+3 2?, and —14a; 
+ Oy-z. 

3. 2a«-96^-3c«, - Bd" -{-llb^ -9 c', 4:a^ -Sb^+5c'y sjid 
-662-7c2 + 8al 

4. 5r — 6aj — 92? + ll v,7r — 9a? — Il2? + 8v, 4r — 82, and 

Sx + Uv. 

6. 26m-hl0x + Uv+Zy -12m+15aJ-202?, — 12a:-6m 

— 52;, and llz — lx. 

6. 12m — 14j9 4-132?, — 4m + 3/) + y, Im — x — ^y, —Sm 
+ 2flj — y, and — 10 m — 8/)-f 4y. 

7. — 5iB2^ — 2^2;- 7aj2?, 8a?y-|-3y2 — 22;^, —2xy'\-4:xz + 5z^, 

— xy + yz — ^i z^. 

8. 3a*-262-|-c2, -2a2 + 62_3c2, _:V + 36«-2c2, a« + 
2V + 4A 

9. 13(a + &)-5(6-t-c) + 7(c + c«), 5(a + 6) + 9(6 + c)- 
8(c + d), -4(a + &)-5(6 + c)+3(c + d), and -14(a + 6)- 
(c + d) + 6(& + c). 

10. 4V« — V^ — 3Vi, 2V^4-Vi, and — 4Va — Vy — V2?. 

11. a*-a* + 2a8, 3a«-4a* + 6a3, _8a«-7a* + 8a8, and 
-3a«-9a*-16a». 
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12. 1 + a? — aj*, ! — « + «*, — l + a; + a*, and — a; + aj*. 

13. 8(aj + 2/)2-7(a: + y) + 6, -5(a? + 3^)'-3(a? + 3^)-5, and 
3(a? + y)^ + 9(a: + y) + 2. 

14. a8 + 3a*6 + 3a62 + 6«, -2a»-268, a»-2a%-y, and 

15. 21i)g-17a^ + 92^, -21i>g-93/« + ay, and 3^-i)g + 
17 a^. 

16. a — 6, 6 — c, c — d, d — e, and e — a. 

17. 7a' + 46^-c8 + d*, c»-cP-e», b^-a^ + i?, and c'-ft' 

18. -3.6a-5.76 + 1.8c, 5.3 a - 4.3 c - 3.6 6, 11.26-2.2c 
-7.4 a. 

19. aJ*-2iB2 + ar'-l, 2aj»-2a* + l, 2 + aj*. 

20. si^-^2f-'llit^y'-xf, 4y'-3aj» + 2a^, 7iBV-6aJ2^H- 
oj^, 7ar»-4ajy2 + 4iB»y. 

21. 2a«-a2-a, 4a8-6a* + a, -a» + 8a* + 7a. 

22. 3m8 4.5m4-8, 10m' — 6-4m^ 2m»-2m-3. 

23. 4i)8 + 7p*-i> + l, 6i)*-3j98+i), 7-2p*+i9*, -!>« + 

24. 6*-63 + 52_5^i^ -26* + 26«-262-26 + 2, 36*- 
Sb^ + 3h^-3b + S. 

26. -9a + 3 + 16aHa*, 13a* + 6-4a + 8a», lla-15H- 

26. 5a8-4a% + 3a6«-2&», -4a« + 3a%-2a6«+6», 3a« 

-2a*6 + a62, 4a» + 3a26-2a&« + &^. 

27. 7a*-46* + 3a»6-2aW + 7a6^ -7a6« + 4a»6-7a* + 
daV, b^-Za%\ 

28. 6a*-76S 3a'6 + 3a26^ 6a%«-5a*, 6*-6a%. 

29. iiB2-2a? + iaj-3, ia^-f ar' + i, 2a:-f aj«. 

30. \x^^\x^\, ^a?^:i^x^\, ^a^-ja--^. 



ADDITION, SUBTRACTION, AND PARENTHESES 25 

SUBTRACTIOX 
BXEBOISE 18 

1. What is the remainder if 6 is taken from 12 7 

2. If from the 6 negative units, —1, —1, —1, —1, —1, 

— 1, four negative units are taken, how many negative units, 
remain ? What is therefore the remainder when — 4 is taken 
from -6? 

3. Instead of subtracting in the preceding example, what 
number may be added to obtain the same result ? 

4. The sum total of the units +1, +1, +1, +1, +1, —1? 

— 1, and — 1, is 2. What is the value of the sum if two nega- 
tive units are taken away ? If three negative units are taken 
away ? 

6. What is therefore the remainder when — 2 is taken from 
2 ? When - 3 is taken from 2 ? 

6. What other operations produce the same result as the 
subtraction of a negative number ? 

7. If you diminish a person's debts, does he thereby become 
richer or poorer ? 

8. State other practical examples which show that the sub- 
traction of a negative number is equal to the addition of a 
positive number. 

89. Subtraction is the inverse of addition. In addition, two 
numbers are given, and their algebraic sum is required. In 
subtraction, the algebraic sum and one of the two numbers is 
given, the other number is required. The algebraic sum is 
called the minuend^ the given number the subtrahend^ and the 
required number the difference. 
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Therefore any example in subtraction may be stated in a dif- 
ferent form; e,g, from —5 take —3, may be stated: What 
number added to — 3 will give — 5 ? To subtract from a the 
number b means to find the number which added to b gives a. 
Or in symbols, a-b = x, 

if 05 -f 6 = a. 

Ex. 1. From 6 subtract —3. 

The number which added to — 3 gives 5 is evidently 8. 

Hence, 6 -(-8) = 8. 

Ex. 2. From — 5 subtract — 3. 

The number which added to — 3 gives — 6 is — 2. 

Hence, (_ 6)-(-8) = -2. 

Ex. 3. From — 5 subtract + 3. 
This gives by the same method, 

-5-(+3) = -8. 

40. The results of the preceding examples could be obtained 
by the following 

Principle. To subtract, change the sign of the svbtrahend and 
add. 

The numerical results of Exs. 1-3 of course do not prove 
this principle, but it may be deduced as follows : 

The principle is obviously correct for a positive subtrahend. 

To find a — (— &) we have to find the number which added 
to — 6 will give the result a. 

But a 4- 6 added to — 6, gives a. 

Hence the required remainder is a + &, 

or> a-(-6) = a + 6. 

Note. The student should perform menially the operation of chang- 
ing the sign of the subtrahend ; thus to subtract — 8 a^b from — 6 a^ft, 
change mentally the sign of — 8 a^h and find the sum of — 6 a^b and 
+ 8a26. 
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41. To subtract polynomials we change the sign of eaxsh term 
of the subtrahend and add. 

Ex. From -^Go^-Sa^ + T subtract 2o^-'3a^-'5x-hS. 

Cheeky If a? = 1 



-6aj8-3a;2 

-8*8 + 50? 


+ 7 

-5aj + 8 
-1 




= -2 
= + 2 
= -4 


From 
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1. 6 take 8. 


5.-6 take - 8. 


9. 


-11 take -11 


2. -8 take 6. 


6. 6 take - 8. 


10. 


13 take -17. 


3. 8 take - 6. 


7. 11 take - 11. 


11. 


-12 take 7. 


4. -8 take -8. 


8. - 11 take + 11. 


12. 


take 64. 


Subtract the following numbers : 






13. lla?8 


16. d?h<? 
2a^h<? 


19. 


17ac2 
21 od 


14. 12 a^ 

^12a^y 


17. 36 mnp 
— 22 mnp 


20. 


-41a2y 
+ 41a26« 


15. - a^y 

-2a?y 


18. 

- 12 xyz 







21. Subtract 17 xyz from 6 xyz, 

22. Subtract the sum of 6 a? and 7 a? from — 12 x, 

23. From 26 a + 38 6 + 12 c subtract 26 a - 14 6 + 18 c, and 
check the answer. 

24. From 7 a* + 12 a + 3 subtract 2 a^ + 13 a — 7, and check 
the answer. 

25. From a;^— 7a;y + ^ take a;^ — 7a;2/ — ^. 

26. From -81 a2+12a6-752 subtract 81a2+22a6-14W 
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27. From6a-76 + 8c-9d take 12a-76-12c + 17d 

28. From 6«8-17aj2+6a;-3, subtract 3-7 aj+6 aj*- 9 arl 

29. From 7{B*-2«8 + 9 subtract 4-7a; + 3aj2-9aj*. 

80. From a«-3 a*6 +3 a&*-6» take -a» + 3 a% - 3 oft* + &* 

81. From a5 — 6c + cd — c?a, subtract ab + hc-\-cd-\-da. 

82. Froiri -2 + 8«8-4aj* — 2aj take 2«8-7aj* + 3a. 

83. From rnf — ^mn + ^n^ take 6 n* — wi* + 7 mn. 

84. From x + y take aj + y + 2; + u. 

85. From 19 a5 + 17 6c- 14 ac take 17 a6 + 19 6c + 14 oc. 

36. Subtract x + y from a? — y + 2 — w. 

37. Subtract 7aj'-6aj*-6aj + 2 from 7-6aj-6aj* + 2aj». 

38. Subtract 2ax — 7by — 5xy from 2 6y — 2aa?— 5a?y. 
89. From 2a? + y take x + y + z. 

40. From a^ + 1 take —a^ — a^ — a^^x. 

41. From — a^ — a?* — oj subtract aj* — 1. 

42. Subtract a + b + c from d. 

43. From x-\--\/x — Vy take 2aj — 2\/^— 2Vy. 

44. Subtract Vox + V6a; — Vca? from Vox -f Vfta? — V^. 

45. From 6(a; + y) + 4 Va — "Vx + y subtract 7(a; + y) — 5Vx 
+ 7-y/x + y. 

46. Subtract o^ + ^a^- Ja?-f from 2ar»-ia:« + Ja?-|. 

47. Subtract ^a»-|a*-f a-f from |a» + f a*-|a + l. 

REVIEW EXERCISE I 

1. To the sum of 3a — 46 + c and 6a — 26 — 7c add the 
sum of — 7a — 66 — c and — a + 6 — 8 c. 

2. From the sum of a — 26 + 3c and 2a — 36 + 4c subtract 
4a — 66 + 6 c. 

3. From x + y subtract the sum of 2x — y + z and a? — 33^ 

+ 4«. 
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4. From the difference of a?^x and a?— 1 subtraxjt a?-\-x-\-l. 

5. Subtract the sum of 5aj*— 6aj + 7 and — 4aj* — 6a; + 10 
from a?* — 6aj + 16. 

6. Subtract the difference of 4 m' — 2 m — 7 and 3m^ — 2m 
+ 7 from unity. 

7. Subtract the difference of 6 a* — 7 a + 2 and — 4 a' + 6a 
+ 2 from zero. 

8. Subtract the sum of a + 6 and a — 6 from a + b-\-c. 

9. Subtract the sum of x-\-y + z and x--y--z from the 
difference of x — y-\-z and '-x-\-y + z. 

10. What expression must be added to 6 a + 2 6 to produce 
7a-3&? 

11. What expression must be added, to of — a to produce 
a + 6? 

12. . What expression must be subtracted from 3 a + 2 6 + c 
to produce 2 a — 6 — c ? 

• 13. From what expression must a + 6 be subtracted to pro- 
duce a difference of2a — 36 + c? 

14. What must be added to — 3a + 26 — cto produce zero ? 

15. What must be subtracted from a — & to produce zero ? 

16. By how miich does a -}- & + c exceed a-^h + c? 

17. What number is less than 3 a + 2 6 by — 3a + 26? 

18. Add 3 X 2-, -5 x 2«, and - 9 x 2«. 

19. Represent the sum of 6 x 2*- 7 x 2« + 23 + 3 x 2^ as a 
multiple of 2*. 

20. Add 135x3^-140x3* -f20x3*-24x3^ 

21. A is a years old. How old will he be 10 years hence ? 
a years hence ? 

22. A is 10 years old. How old will he be in a + 6 years ? 
In 2 a — 10 years ? 

23. A was n years old when B was bom. How old will A 
be when B is 2 n years old ? 
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K a-\-b + c = m, a + 6--c = n, 2a — 3 6 + 4c=p, find 

24. m + n. 26. m + n-\-p. 28. m + n— p. 

25. m — n. 27. m — n+jj. 

29. What is the remainder obtained by subtracting any 
number from another one which is smaller by 10? 

80. If 6 a + 2 & is the subtrahend and 2a--Sb the re- 
mainder, find the minuend. 

31. Can you discover a short method for adding the ten 
consecutive numbers, 6 7 3 2 40, 673241, 673242, and so 
onto673249? 

Hint. Consider each number a binomial 

82- If 3-2*-5.2* + 7.2* = 2*.a?, findas. 

SIGNS OF AGGREGATION 

42. By using the signs of aggregation, additions and sub-, 
tractions may be written as follows : 

a— (+6 — c + d) = a — ft-hc — d. 

Hence it is obvious that parentheses preceded by the -f or 
the — sign may be removed or inserted according to the fol- 
lowing principles : 

43. I. A sign of aggregation preceded by the sign -f- rmay be 
removed or inserted without changing the sign of any term, 

II. A sign of aggregation preceded by the sign — may be re- 
moved or inserted provided the sign of every term inclosed is 

E.g. a + (b — c)=a-\-b— c 
a + (— 6 + c) = a— 6-f-c. 
a — (-\-b-~c) = a-'b-\-c. 
a 6 — c = a + 6 + c 
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44. If there is no sign before the first term within a paren- 
thesis, the sign -h is understood. 

a — (6 — c) = a — 6-f-c 

45. If we wish to remove several signs of aggregation, one 
occurring within the other, we may begin either at the inner- 
most or outermost. The beginner will find it most convenient 
at every step to remove only those parentheses which contain 
no others. 



Ex. Simplify 4a-{(7a-h66)~[-66+(-26-a-6)]}. 

4a-{(7a + 56)-[-66 + (-26-a^^)]} 
= 4a-{7a + 56-[-66 + (-26-a + 6)3i 
= 4a-{7a + 56-[-66-26-a + 6]} 
= 4a-{7a + 56 + 66 + 26 + a-6} 

=:4a-7a-56-66-26-a + 6 
= — 4 a — 12 6. Anaioer. 



BXEBCISB 15 

Simplify the following expressions : 

1. a + (6 -2c). 

2. a — (6 — 2 a). 

3. a*-(2 6« + a*-c^. 

4. a8-(4-a»-68). 

B. a-(-a-26 + c) + (-^a-i-6). 

6. 2aj — aj — y -}-(—« + y). 

7. 4:X+ + Sx + y. 

8. 6a^ + 94a;-7-(5aj*+3a;) + 6. 

9. (6a + 66) -(5a -46) + (3a -26). 

10. 17 a; — (16 a; + y) + (4 0? — y + 2) — a; + a 

11. (a -f 6 + c) - (a + 6 - c) - (a - 6 + c). 
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12. a +[6 -(a -6)]. 

18. a + 6-[(6 + d)-(a-6)]. 



14. m— (n— p)+[3m — 3n--6mJ. 

15. a'-'\a — \a'-'{-'a)\']. 

16. aj-[32^ + {32J-(2-aj) + y}-2a?]. 

17. — [m — (m + 7i) — (m — w)— (— w + n)]. 

18. 12a-K« + ^)-[^-(«-^)]-«l- 

19. 2a; — {« — (a; — y) — [« — « — y] — y}.' 

20. 12- 2 a- {-a-[2a-(a -7 -a)]}. 



21. 14-3a-^'9a-[10a-(lla-6-6a)]{. 

22. a-[-{-(-a)n. 

23. a-3-[-{-(-a + aT&)j]. 



24. aj + y-[-(a;-y)+f-a?+(a? — a?-y)}]. 

25. 1— {-a— (a + l)-[-a-(a-a-l)]J. 

26. a-(-{-[-(-a)]0. 

27. l-(-{a+(-a + l)|)-{a-a-l}. 

28. 6w + f4m-[8n-(2m + 4w)-22w]-7nJ 

4-[9w— (3n + 4m)+14n]. 

29. 1247-[1722-fl722+(933-1247)}]. 

30. rrom a + {(4 — 6) + (a — 4)— a - 7 j subtract 

a-|(6-6) + (6a-6)-(5a-7){. 

31. From the sum of a + {a — (6 — c) } and 

— a +[4 a — (5 6 + c)] subtract a — (6 — c). 

32. Simplify 4 a — [6 6 +(3 a — c) — {5 6 — c — a}] and check 
the answer by substituting a = 3, 6 = 2, c = 1 in the question 
and the answer. 

83. Simplify 9a- [-7a + {56- (a-6) + «- ^J] and 
check the answer by the substitution a = 1, 6 = 2. 
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46. Signs of aggregation may be inserted according to § 43. 

Ex. 1. In the following expression inclose the second- and 
third and the fourth and fifth terms respectively in parentheses : 

= a-(6-c) + (2(Z-6). 
Ex. 2. Inclose in a parenthesis preceded by the sign -^ the 
last three terms of 2a + 6-5c + 2(l 

= 2a-(-& + 6c-2d). 

EXERCISE 16 

In each of the following expressions inclose the last three 
terms in a parenthesis : • 

1. e + b + c-d. 3. 2a?-6ic'-7«8 + 6aj*. 

2. X'-2y + Sz-4:d. 4. 2^) - g +!>* - gl 

In each of the following expressions inclose the last three 
terms in a parenthesis preceded by the minus sign : 

5. a — b^c — d. 8. a + a' — & + &*. 

e. a — b + c + d, 9. 1 + a — 26 — c— cf. 

7. a + 26 — 5c — d. 10. x — y + z + m + n+p. 

EXERCISES IN ALGEBRAIC EXPRESSION 
EXEBCISE 17 

Write the following expressions : 

1. The sum of the squares of a and b. 

2. The square of the sum of a and 5. 

3. The difference of the cubes of x and y. 

Note. The minuend is always the first, and the subtrahend the second, 
of the two numbers mentioned. 
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4. The difference of the cubes of y and x, 

5. The cube of the difference of x and y, 

6. The product of a and b. 

7. The product of the cubes of a and 6. 

8. The cube of the product of a and b. 

9. The product of the sum and the difference of a and b. 

10. Six times the square of the difference of a and b dimin- 
ished by the quantity a minus b. 

11. The product of the difference of a and b and the quan- 
tity a* - 2 6* + A 

12. The sum of a and b diminished by the difference of a 
and&. 

13. a cube minus the quantity 2a^ minus 63^ plus 7 c* plus 
the quantity — a; + y. 

14. The sum of the cubes of a, — 6, and c divided by the 
difference of a and c. 

Write algebraically the following statements : 

16. The sum of a and b multiplied by the difference of a and 
b is equal to the difference of a* and 6*. 

16. The difference of the cubes of a and b divided by the 
difference of a and b is equal to the square of a plus the prod- 
uct of a and 6, plus the square of b. 

17. The difference of the squares of two numbers divided by 
the difference of the numbers is equal to the sum of the two 
numbers. (Let a and b represent the numbers.) 



CHAPTER III 

MULTIPLICATION 

MULTIPLICATION OF ALGEBRAIC NUMBERS 

EXEBCISB 18 

1. If a man makes $ 15 a day, how many dollars will he 
make in 6 days? 

2. If a man loses $15 a day, how many dollars will he 
make in terms of algebra in d days ? (Denote gain by +, and 
loss by — .) 

3. If from a man's fortune $ 15 are deducted 5 times, how 
much in terms of algebra does he make ? 

4. If from a man's debts $15 are deducted 6 times, how 
much does he gain? 

6. Express each of the Exs. 1-4 as a multiplication example, 
considering gain as positive, and loss or debts as negative. 

6. If we denote three days hence by + 3, by what must we 
denote three days ago ? 

7. If we denote northerly motion as positive, and three 
days hence as + 3, express the following as multiplication 
examples with algebraic symbols : 

(a) A ship sailing north at the rate of 3° per day and crossing 
the equator to-day will, in 6 days, be 18° north of the equator. 

(b) The same ship 6 days ago was 18® south of the equator. 

(c) A ship sailing south at the rate of 3** per day and crossing 
the equator to-day will, in 6 days, be 18° south of the equator. 

(d) The same ship 6 days ago was 18° north of the equator. 

85 
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8. If the signs obtained for the products in the preceding 
examples were generally correct, what would be the value of 

6x3, 6x(-3), (-6)x3, (-6)x(-3)? 

9. State a rule by which the sign of the product of two 
numbers can be obtained. 



47. Multiplication by a positive integer is a repeated addition ; 
thus, 4 multiplied by 3, or 4 x 3 = 4 + 4 + 4 = 12, 

-4 multiplied by 3, or (-4)x 3 = (-4) + (-4) + (-4) = -12. 

The preceding definition, however, becomes meaningless if 
the multiplier is a fractional or negative number. To take a 
number 2| or — 7 times is just as meaningless as to go to bed 
2^ times or to fire a gun —7 times. 

A more useful definition of multiplication which may be used 
iu nearly all multiplication problems, is the following : 

48. Multiplication is the operation of finding a number that 
has the same relation to one factor (multiplicand) as the other 
factor (multiplier) has to 1. 

Thus f is obtained from 1, by taking one fifth of unity three 
times, or 1=^+1+^. 

Therefore 6 multiplied by f is obtained by taking one fifth 
of 6 three times, or g^^^^^^^^_ 

49. The product of 4 multiplied by — 3 is obtained from 4 
in the same manner in which — 3 is obtained from 1. 

But — 3 = — 1 — 1 — 1, i.e. ~3 is obtained by subtracting 
three times 1. 

Therefore; (+4)x(-3) = -(+4)-(+4)-(+4)=- 12. 
and (-.4)x(-3)=-(-4)-(-4)-(-4) = + 12. 
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In multiplying algebraic numbers we have therefore the 
following cases : 4 x 3 =12 

(-4)x3 = -12. (§47,) 
4x(-3) = -12. 
(-4)x(-3) = + 12. 

50. Evidently the particular numbers chosen do not affect 
the sign of the answer, and hence the preceding illustrations 
lead to the 

Law of Signs : The product of two numbers with like signs is 
positive; the product of two numbers with unlike signs is negative. 

To obtain the absolute value of a product we multiply the 
absolute values of the factors. 

Thus (+ a)(+ 6) = + (ab). 

(+a)(-6)=-(a6). 
(_a)(+6) = -(a5). 
(~a)(-6) = + (a6). 

51. Some fundamental laws which are correct for arithmetic^ 
we shall assume for algebra. 

I. Commutative Law. 

(a) For addition, a + b^^b+a, 

e.g. 4 + 5=6 + 4 

(b) For multiplication, ab = ba, 

e.g, 4 • 5 = 5 • 4. 

J.e. Algebraic numbers may be added (or multiplied) in any 
order. 

n. Associative Law. 
(a) For addition, 

a + 6 + c = a + (6 + c) = (a + 6) + (^ 
e.g. 4 + 5 + 6 = 4 + 11 = 9 + 6. 
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(b) For multiplication, 

abc = a(bc) = ((ic)b ={ab)c, 
e.g. 2.3.4 = 2.12 = 8.3 = 6.4. 

J.e. The sum (or the product) of three or more algebraic 
terms does not depend upon the grouping of the terms. 

III. For the Distributive Law see § 55. 

These laws may sometimes be used to shorten the arithmetical work, 
e.(y. 14.(-ll).G).(-A) = (14.|).(-ll.-A)=2x2 = 4. 

EXBBCISB 19 
Find the values of the following products : 

1. 6x(-3). 4. (-16)x(-6). 

2. (-7)x( + 7). 5. 4x(~13). 

3. (-22) X (+7). 6, 13 X (-3). 

Note. If no misunderstanding is possible the parentheses about fac- 
tors are frequently omitted. 

7. -16X-4. 13. (-2)» 

8. +4- -4. 14, (-3)^ 

9. -7.(2|). 15. (-1)«», 

10. 2J.-f 16. 0^«. 

11. -6.27.20. 17. (-10)« 

12. (-10i).-f.-9.+|. 18. (-^)». 

19. Formulate a law of signs for a product containing an 
even number of negative factors. 

20. Formulate a law of signs for a product containing an 
odd number of negative factors. 

If a = 3, 6 = — 2, c = l, d = 0, and x = 5, find the numerical 
value of: 

21. 6 abc. 23. 7a6V. 

22.. 4aV. 24. -3aV. 
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25. -7<Afo?. • 32. 4a*-6&«-6c. 

26. 21a6V^ 33. 4a6-66» + 6cd. 

27. -(2a6c)2. 34. (a+6)»-A 

28. —2{dbc)\ 35. a + Jft*- (c + d)»}. 

29. ^-^aipcf. 36. 7a6V- 9 6c* + 7c. 

30. -4&*. 37. V3a + V^^^^+Vd 

31. (-4 c)*. 38. 2'' — a\ 

MULTIPLICATION OF MONOMIALS 

52. By definition, d?=ia • a • a^ and a" = a • a • a • a • a. 
Hence a^y,a'^=ia'a»ay.a'a*a»a'a = a^, Le, a*^*. Or in 
general, if m and n are two positive integers, 

a* X a'^^^ia • a • a ••• to m factors) • (a • a • a ••• to n factors) 
• = a a ••• to (m + n) factors. 

(!'" X fl" = (!'"+''. 

This is known as 

The Exponent Law of mttltiplication : The eseponent of the prod* 
net of several powers of the same base is equal to the sum of the 
exponents of the factors, 

53. To multiply two monomials, 6 a^h and — 7 a^6*rf*, we apply 
the laws of association and commutation, 

5a%»c x-7a%*d* = (5 • -7) • {a^^a^^ • (6». 6^ -^-^^ 
= -35a«6^ccf4. 

EXBBCISB 20 
Express each of the following products as a power i 

1. (j?'a\ 4. (aj + y)^-(a? + y)^ 

2. 6<.(-y»). 6. 2».2'. 

3. {xyy^(xy)\ 6. 143".143« 
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7. a^^'cfl". •10. o^.ic"- aj(—a^. 

8. aj-+*.aj-*. 11. aT'^-a. 

9. 2*.2«.2*.2. 12. a"-*. a. (-a). 

Perform the multiplications indicated : 

13. Sx' 5xy. 19. 7 a^ • 3 mn. 

14. 3a?y.(-6aJ2/*). 20. 25a?f7^ * {-Sxyz). 

15. -7a6.3aVc*. 21. (- 6 ojV^^) • (- 3 a?2/2f^. 

16. 22 aW . (- 5 a6«c). 22. ^ aahf - {--1 byh). 

17. (-lla*«^*c«).(-27aWc). 23. 7 a'ft^c • (9 aftV). 

18. (- 4 afbc) . 2 a%^cd. 24. (-12 pgr) • 12 mnr. 

26. 3a%V.(-4a&c).(-5a*c»). 

26. (- 2 a*6a;) . (- 2 aiy'aj) . 2 a6aj». 

27. 7mn« (— 5rip) • (— 2|)^). 

28. .(-3a^.(-2y).(-c). 

29. 2(aj + y)«.3(a;4-y)-3(a; + y). 

80. 3(a - 6)» . - 2(a - 6)* • (a - h)\ 

81. 6a«(m + n).(-7a6). 

82. (- 2 a»6-) . (a"6*). 34. 2- • 22- . 2** • 2^. 

83. a^+^-a-^-a. 86. (a + 6 + c) .(a + & + c)». 

MULTIPLICATION OF A POLYNOMIAL BY A MONOMIAL 

54. If we had to multiply 2 yards and 3 inches by 3, the 
results would evidently be 6 yards and 9 inches. Similarly the 
quadruple of a + 2 6 would be 4 a + 8 6, for 

4(a + 2 6) = (a + 26) + (a + 2 6) + (a + 26) + (a + 2 6) 
= 4a + 4(26)=4a + 86. 



MULTIPLICATION 41 

65. This principle, called the distributive law, is evidently 
correct for any positive integral multiplier, but we shall as- 
sume it for any number. 

Thus we have in general 

a{b + c) = a6 4- ac. 

56. To multiply a polynomial by a monomial, multiply each term 
by the monomial, 

^Sa^h(fia^bc + 2 6c - 1) =- ISa^bH - 6 a^ft^c + 3 o«6. 

BXEBCISB 21 

Perform the multiplications indicated. 

1. Sx(x + y + z). 6. 2'xyz(7 a?y + 2 ys^ - S a^z). 

2. -Sxyix^-f-^l). 7. -4:Xz(5a^z-Sxz^ + 2xz). 

3. 2mn(m*'-'7i^. S. -2bc{a*-b*-3c^ + d^). 

4. 4a%V(-4a+2ai>c-c^. 9. -5ix^(7xyz-5xfz^'-2s^. 

5. _5a2(-5a2-6a-5). 10. 6 xy'{2 a^ - 2 xy ^ f -- 1). 

11. 42)2g(-2pg+2^-3g* + l). 

12. f aX4a*-2a6-46*). 
^3. -a»(l -a» + a^ - a**). 

14. 5«(1 + 6 - 6* + 6"). 

15. (a + byi{a + by+{a + by + (a+b) + iy 

16. By what expression must x be multiplied to give the 
product aa: — 6a? + co; ? 

17. Express 3 aa; + 4 6a; — ca? as a product. 

18. How many x are contained in m^ — na; ? 

19. Express the sum of + n^x and — m^x as a multiple of x. 

20. Find the factors of a6 + ac — 3 a. 

21. Find the factors of 3 a6 + 3 6c - 3 ac. 

22. Find the factors of 3 ar* - 6 a;* - 15 a?. 

23. Find the factors of 5 a^b - 15 aV - 60 abc 
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MULTIPLICATION OF POLYNOMIALS 

57. Any polynomial may be written as a monomial by 

inclosing it within a parenthesis. Thus to multiply a — & by 

x-^-y—z, we write (a — b)(x + y — z) and apply the distributive 

law. 

(a^b)(x + y — z)=: x(a — b) +y(a^b) — z(a^b) 

= (ax~'bx) + (ay — by) — (az — bz) 

= ax — bx + ciy — by-'az + bz, 

58. To multiply two polynomials, multiply each term of one by 
each term of the other and add the partial pivdvcts thus formed. 

The most convenient way of adding the partial products is 
to place similar terms in columns^ as illustrated in the follow- 
ing example : 

Ex.1. Multiply 2a-36 by a-&b. 

2a-36 

a-56 



2 a^ - 3 aft 

- 10 aft + 16 6« 
2 a^ - 13 aft + 15 62 Product 

59. If the polynomials to be multiplied contain several 
powers of the same letter, the work becomes simpler and more 
symmetrical by arranging these expressions according to either 
ascending or descending powers. 

Ex.2. Multiply 2 + a3-a-3a* by 2a-a* + l. 

Arranging according to ascending powers : 

Check, If o = 1 

2-a-3a2 + a8 =-1 

1 + 2 g - ga « 2 



2 - a - 3 a2 + a* 
+ 4a-2a2-6a8 + 2<?* 

>- 2 q2 -I- gg + 8 q^ - gft 

2 + 3g-7g2-4a8 + 6g*-a« s— 2 
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60. Examples in multiplication can be checked by numerical 
substitution, 1 being the most convenient value to be substi- 
tuted for all letters. Since all powers of 1 are 1, this method 
tests only the values of the coefficients and not the values of 
the exponents. Since errors, however, are far more likely to 
occur in the coefficients than anywhere else, the student should 
apply this test to every example. 

Ex. 3. Multiply 3aV+6iB*2/+/-2aJ2/* by-2a?/+4i»*-5y* 
Arranging according to descending powers of x : 

Check. If a; = 1, y = 1 
6«6y + 3xV-2a:2^ + 2^ =8 

4a;*~2a;y^~6y* =-3 

24x»j/ + 12x6^4 __8x6y6 + 4x*y« 

-12a^y* -6x8y7_j. 4xV-2x2/® 

-30a^ -16xV + 10xy^-5yio 

24x»y -38x62^ + 4x^j/«-6x8y7_ 11x2^8+ 8x2^-6yio =-24 

61. The degree of a term is equal to the number of literal 
factors contained in the term. Hence the degree of a term is 
also equal to the sum of the exponents of the literal factors. 

— 17 a^b'^cd is a term of the 7th degree, since the sum of the exponents 
is 3 + 2 + 1 + 1. 

62. A homogeneous polynomial is a polynomial whose terms 
are all of the same degree ; as 6 x^yz — 3 xt^T^ — 2 2;*. 

The product of two homogeneous polynomials must be homo- 
geneous, since the degree of every term in the product must be 
equal to the sum of the degrees of the factors. This fact may 
be used as an additional check in some examples. 

leiXEBCISE 22 
Perform the following multiplications and check the results : 

1. (2a.-5 6)(7a + 4 6). 4. (5 a? - 3 y)(6 a; - 5 2/). 

2. (9r + 7 8)(2r-5 5). 5. (2a~3 6)(4a-5 6). 

3. (8p-^3g)(5i) + 7g). 6. {1 x-by){^x + 4.y). 
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7. (6aj-72/)(2aj-3y). 12. (8r~3 5)(2r + 6«). 

8. (a - 6 6)(a -- 7 6). 13. (9 x - 4: y)(3 x -^ 7 y). 

9. (6a-9)(6a + 9). 14. (6icy + 72j)(-3icy-4«). 

10. (9tt + 2t;)(4tt — 7v). 16. (— oo? — y)(— aa? + y). 

11. (9i)-4g)(2iJ-3g). 16. (a6c + 5)(6a6c-7). 

17. (9 abc - 4 a%*c^ (9 oftc + 4 a Vc*). 

18. (a.^ + aj + l)(aj-l). 

19. (- 3 a + 5 a* + 2)(- 6 a - 4). 

20. (3aj2-4-5a;)(2-3aj). 

21. (7-9r+3r»)(5-8r). 

22. (7r2-8r + 5)(7-9r). 

23. (5a*-3a6 + 262)(3a»-6a6-46^. 

24. (4aj*+l-aj)(aj*-3aj + 9). 

26. (9a^-7a^ + 82^(9aj*-8y> + 7ajy). 

26. (6u^ + 4:V^-5uv)(6u^ + 5uV'-4:V^. 

27. (a + a' + l + a'Xa-l). 

28. (a*-2a6 + &0(«* + 2a5 + 6«). 

29. (3a-46-5c)(4a + 56-3c). 

30. (5aj-72/+92;)(5aj + 7y-92;). 

31. (6r + 58-4:t){6r-5e + 4:t). 

32. (7a-6-2c)(--7a + 6-2c). 

33. (aj*~3ar»-4a^ + 5aj + 3)(a;-7). 

34. (a^5a^ + 3a?+l)(a^ + l + a). 

35. (a»-2a*-l)(a-a* + l). 

36. (a* - 4 a«6 + 6 a%2 - 4 a^ + 6*) (a^ - 2 oft + &*). 

37. (-aj8 + aj»/-aj«2^-f .V«)(aj^2^a?* + y*). 

38. (iB'+ar»+a? + l)(ar'-3aj-l). 

39. (aj«-iB«/-aJ* + 2/)(aj»-y + aj). 

40. (ai^ + aJ« + aj* + -c* + ar* + iB2 + a. + l)(a.-l). 
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41. (a> + ia + |)(2a + i). 47. (ap+« + 26)(a'+«-26). 

42. (i^''hx-\){\x + \). 48. (a--3a"'-^+4a— ^(a+1) 

43. (a* + l)(a*-l). • 49. (a -2 6)1 

44. (aj" + 2/-)(a;»»-2/"'). 60. (a+6-2c)l 

45. (aj«-i-l)(a;-l). 51. (a-26 + c-3d)l 

46. (aj^ + af^^ + ^/^XaJ-'-jT). 52. (a2-l)(a + l)(a- 1). 

64. (a-?>)(a2-2a6 + &0(« + ^)- 

65. (Q?^.f)(a?^f){a^^'!/). 

66. (a + l)(a-l)(a' + l)(a* + l)(a* + l). 

57. (m — n) (m + w)(m^ + wn + n^ (m* — mn + w^. 

69. (a — by. 61. (m-7i)*. 

60. (x + 2y)\ 62. (m + 2n + 3p)». 

63. (^a24.Ja-l)(2a-4)(6a-2). 

If M=za + h-\-c, N=a-\-b-c, P=za — b + c, and Q=: 
— a + 6 + c, find the following product: 

64. MJSr. 65. PQ. 66. NPQ. 
(For method of detached coefficients see Appendix I.) 

SPECIAL CASES IN MULTIPLICATION 

63. The product of two binomials which have a common term. 

(a? + 2) (a; + 4) = i»2 ^ 2 a; + 4 oj + 8 = a^ + 6 0? + 8. 

(aj-2)(aj + 4) = a^-2a; + 4a;-8 = a:2 + 2a;-8. 

(aj-2)(a;-4) = a2_2a:-4a; + 8 = aj2-6aj + 8. 

(4a + 7&)(4a-5 6) = 16a2 + 28a&-20a&-35 5«. 

= 16a2 + 8a6-3562. 
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64. The product of two binomials which have a common 
term is equal to the square of the common term, plus the sum of 
the two unequal terms multiplied by the common term, plus the 
product of the two unequal terms. 

(6 a — 6 6) (6 o — 9 6) is equal to the square of the common term, 
25 a^, plus the sum of the unequal terms multiplied by the common 
term, i.e. (— 16 6)(5o) = — 76a6, plus the product of the two unequal 
*^erms, i.e. + 64 hK Hence the product equals 25 a^ — 75 aft + 64 If^. 

EXERCISE 28 
Multiply by inspection : 

1. (aj4.3)(aj + 5). 16. {x + y)(x^y). 

2. (a-.4)(a-3). 17. (a2 + 5)(a2-6). 

3. (a_6)(a~4). 18. (a2-o6)(a*- 6&). 

4. (a-6)(a + 4). .19. {a^b'' + ^){o?b^-7). 

5. (a-l)(a~2). 20. {aV ^2(?){a^^ + 2(?), 

6. (a-8)(a-4). 21. (a*-7 6^)(a*-7 6*). 

7. (a;-12)(aj + 13). 22. (1 +2a;)(l + 3ic). 

8. (a;-.12)(aj-13). 23. (a- + 26")(a*-2 6"). 

9. (aj + 3)(aj + 3). 24. (100 + 3) (100 + 1). 

10. (aj-25)(aj-4). 26. (1000 - 6) (1000 + 7). 

11. (aj + 25)(aj-4). 26. 103x105. 

12. {x + 2y)(x + Zy). 27. 107x109. 

13. (a;-.4y)(aj-2y). 28. 1008x1009. 

14. (a-5 6)(a + 4 6). 29. 999x1016. 
16. (a-8)(a + 8). 

30. 47,796x28,534 = 1,363,811,064. Find the product of 
the two next higher numbers. (47,797 and 28,535.) 

31. A garden 285 yards long and 215 yards wide is length- 
ened and widened by one yard. Without multiplying 285 and 
215, find the increase in area. 
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• 

32. (2a + 7)(2a-3). 40. (6 + *0(»»-7). 

33. (4a + 9)(4a-8). 41. (a; - l)(a; + l)(a^ - 3). 

34. (3a-4)(3a + 6). 42. («T7+7)(a+7-3). 
36. (~a + 4)(--a — 4). 43. (a + y — 4)(aj + y-3). 

36. (-aj8 + 4ar)(-aj8-7a;). 44. (a + &)'. 

37. (2-7ic)(2-6aj). 45. (a -6)1 

38. (aj-4)(5 + aj). 46. (a + &)(«- 6). 

39. (aj-26)(36 + aj). 

47. Find two binomials whose product equals a^ — 5 a? + 6. 

48. Eind two factors of aj^ + 9 a? + 20. 

49. Find two factors of a?^ — 11 a; + 18. 



65. Some special cases of the preceding type of examples 
deserve special mention : 

L {a + by = a^ + 2ab + b\ 
II. (a-6)2 = a2-2a6 + 6«. 
m. (a + 6)(a-6) = a2-6«. 
Expressed in general language : 

I. The square of the sum of two numbers is equcU to the square 
of the first, plus twice the product of the first and the second, plus 
the square of the second. 

II. The square of the difference of two numbers is equal to the 
square of the first, minus twice the product of the first and the 
second, plus the square of the second, 

III. The product of the sum and the difference of two numbers 
is equal to the difference of their squares. 

The student should note that the second type (II) is only a 
special case of the first (I). 

Ex. (4 ««+ 7 2/2)2 is equal to the square of the first, i.e. 16 a^, plus twice 
the product of the first and the second, i.e. 66sfiy^, plus the square of the 
second, ue. 49 if^. Hence the required square equals 16 as^+ 56x^+49^. 
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EXERCISE 24 

Multiply by inspection : 

1. (x + yf. 22. (af-2r)'. 

2. (a + 4)1 23. (9n + ^)«. 

3. (i>-g)'. 24. (x + y)(x^y). 

4. (71-4)1 25. (a» + 4)(a«-4). 
6. (s-7)« 26. (p(? + (?)(p(/-(?). 

6. (a + 1)*. 27. (5«*-<^(55« + «^. 

7. (m2 4-2)». 28. (6mV + 4)(6mV-4). 

8. (d*-7)« 29. (aj22/»-4«)(ay + 42;). 

9. (a + 2 5)1 30. (4ajV^-j9<)(4ajy2»+p*) 

10. (x-7yy. 31. (af' + 3r)(a^-2r). 

11. (cP-4<^». 32. (a*"+ll)(aj*--ll). 

12. (m2-12n«)« 33. (x^-7t^(x^-7y^. 

13. (2aj-7y)«. 34. (m*-2nO(2w* + m«). 

14. (2a + 96)«. 36. (a* + 2a6)(2a5 + a»). 
16. (4m~3w)«. 36. (d*-7)(- 7 + («*). 

16. (2a^-3fy. 37. (w'-7)(7 + w^). 

17. (4aW-7)2. 38. (c(P-12/)(-12/+ccP). 

18. (4cp€* + 3/«)». 39. [(a + 6)-c][(a + 6) + c]. 

19. (6scy-33/V)l 40. [m + n-ij][m + w+i)]. 

20. (7miip8g~3wyg*)«. 41.. (a-2& + 3c)(a-26-3c). 

21. (m--l)« 42. (40 + 1)2. 

43. (100-3)«. 48. 203». 63. (40+2)(40-2) 

44. 21». 49. 997^ 64. 41x39 

45. 102«. 50. 53« 66. 57x63. 

46. 61«. 61. 54« 66. 997x1003. 

47. 99*. 62. 96*. 67. 6.5 x 7.5. 

68. Prove that (w + ^)* = n(n + 1) + J. 

69. Illustrate Ex. 58 by numerical examples. 
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66. The product of two binomials whose corresponding terms 
are similar. 

By actual multiplication, we have 

3aj + 2y 
5x — 4y 



15a^-\'10xy 

~12ayy--8y» 
15aj2- 2a^-8y» 

The middle term of the result is obtained by adding the 
product of 5x'2y and — 4y*3a?. These products are fre- 
quently called the cross products. 

3aj + 2y 

5a; — 4y 
10xy-12xy 
Hence in general, the product of two binomials whose corre- 
sponding terms are similar is equal to the product of the first two 
terms, plus the sum of the cross products, plus the product of the 
last tefms. 

EXBBCISB 26 
Multiply by inspection : 

1. (2aj + 3)(a;-5). 7. (c?-lV)(2a^-^V). 

2. (3aj-2)(aj-7). 8. {4.a^W-2){Sa^W + ^). 

3. (3aj-2)(3a;-3). 9. {2;x?--^f){2a?^5'i/'). 

4. (6a?-l)(2a; + 3). 10. {27?y''a){2x'y-'l a). 

5. (5a-6)(a-26). 11. (-ar» + 2a6)(2«»-3a6) 

6. {lmn+p)(2mn — Zp). 12. (^^x — ly){^y — lx). 

67. The square of a polynomial. 

{a + h + cf=a^+W + (?-\-2ah + 2ac + 2hc. 

(a-b+c-df 

z=a^^V+(»+cP—2ab+2aC''2ad'-2bc+2bd-2cd. 
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The square of a polynomial is equal to the sum of the squares 
of each term increased by twice the product of eojch term with • 
each that follows it. 

The student should note that the square of each term is 
always positive, while the product of the terms may have the 
plus sign or the minus sign. 

EXERCISE 26 

Find by inspection : 

1. (x + y + zf. 7. (2a*-36»-3c^l 

2. (m + n-py. 8. (x + y + u-Sy. 

3. (m-n-Sy. 9. (2a-26 + 2c-d)*. 

4. (m + 2n-4)l 10. (3x-4:y-z-\'2uy. 

5. (d2-2e + l)2. 11. (a^-2aj2 + 3aj-7)*. 

6. (2d-3e-4/)*. 

68. In simplifying a polynomial the student should remember 
that a parenthesis is understood about each term. Hence after 
multiplying the factors of a term, the beginner should inclose 
the product in a parenthesis. 

Ex. Simplify (x + 6) (a; - 4) - (a? - 3) (x - 5). 

Check. If re = 1, 
(X + 6)(a - 4)-(x - 3)(« - 5) = (7 . -.3)-(-2 . -4) = -29. 
= [a;2 + 2a; - 24]-[x2- 8x + 15] 
= x2 + 2 a; - 24 - x^ + 8 a; - 15 
= 10a -39. =10-89. =-29. 

EXERCISE 27 
Simplify the following expressions, and check the answers ; 

1. (a;-7)(a;-8)-(aj-14)(a?-4). 

2. 3(aj-9)-5(aj + 7). 

3. (a + 7)(5a4-3)-2(a«-3a + 7> 

4. (a + 6)2-(a-&)2. 
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6. (m + 2)(m-2) + (m-7)(m-2)-3(m'-3m). 

6. 12(a + l) + 17(a-2)-5(a-3)(a-2). 

7. (d + e)(d-e) + ((f-c)2-(d + e)2. 

8. 3(» + yy-(3a;-y)(3aj + y)-2(2y« + 3ajy). 

9. (a + &)(a + c)-(6 + c)(6 + a) + (c-fa)(c + 5). 

10. (a-26)2 + (6-2c)24-(c-2a)l 

11. (x + y){x-y) + (y + z)(j^ — z)-\-(z + x)(z-^x). 

12. (a + 6 + c)2-(a + 6 + c)(a + 6-c). 

13. a(a + 6)-[(a-&)» + 6(a-6)]. 

14. (a-6)2+(6-c)2 + (c-a)2-(a + 6 + c)l' 

15. 4(a:-4y)(aj-f4y)-2(a;-43^)*-2(aj*4-8y^. 

16. 4(a-6)(a + &)-4(a-2&)(a-6) + 126(a-6). 

17. 4(a + 6)(6-a)-3(6-a)(a + 6)-a(a-6). 

18. (5a? + 6y)*-(3a;~72/y-f (4a?-52/)(4a? + 52/). 

19. (7a;-82/)'-(4ic-y)2-(3aj4-42/)(3aj-43^). 

20. (3a;-7)*-(5ic-2)«-(6a; + 7)(7-6aj). 

21. 4(9p-8g)(9p + 8g)-2(7j:>-3g)2-(2p-5g)l 

22 3(aj-17)(a:-13)-4(aj-9)(aj-17) + (a;-13)(a;-9). 

23. (a; + 5)«-(a;~9)2-140. 

24. 5a;(3a;-ll) + 2(4a:-7)*-75a^-7(9 + 2a;)* + 167. 
26. (3aaj4-46)2+(4aa;-36)2-(5aa;-7 6)2 + ll&'. 

26. 9(5aa;-36)2-4(6aic-7 6)«-(9aa; + 56)(9aa;-66)- 
21 a6aj. 

27. .(2.5aj + 3)(6-2a;) + (1.5-ic)(4 + 2aj)+7(a?~4)l 

28. (mn + 1)* — 3mn(mri + l). 

29. (a: + l)(ic + 2)(a; + 3)-(aj + 2)(aj + 3)(aj + 4)-3(aj+2) 
(aJ + 3). 

30. (iJ + 2n)*-3(p-67i)(/) + 7w). 
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31. (a^-fa^ + aj + l)(aj-l)-(aj« + l)(aj + l)(ir-l). 

32. a4-3[4-3(2-a)]. 

33. 5d-(6d-5) + [6-4(d-9)]. 

34. 12mn-5(2m7i — 7) — [3mn — 4(mn — 2) — (mn — 2)]. 

35. l(a-\-xy-(a-'Xyi^2l(a + x)(a''X)--(a-xyi. 

36. (2a;-l)(3a; + 5)(aj + l)-(a;-l)(a?-2)(a; + 3). 

37. (3a; + 5)(2a?-3)(a?-l)-(aj-l)(a? + 2)(a;-3). 

38. 3(a + 26,(«-^)-4(2a-36)(3a + 5) + 6(2a-96). " 

39. a?-(9a4-86-7c)(/+9') + (10a + 85-7c)(/-9r). 

40. (3a-6c)(4a-3d)-{(2a-5c)(6a-lld)-(37cd- 
6ac)}. 

41. From subtract three times the difference between the 
squares of (a + b) and (a — b) and add the result to 6 a5. 



CHAPTER IV 

DIVISION 

. 69. Division is the process of finding one of two factors if 
their product and the other factor are given. 

The dividend is the product of the two factors, the divisor 
is the given factor, and the quotient is the required factor. 

Thus to divide — 12 by + 3, we must find the number which multi- 

— 12 
plied by + 8 gives — 12. But this number is — 4 ; hence — ^ = — 4. 

+ 8 

70. Since +a*+& = 4-a& 

4-a«— & = — oft 

^a--\-b = — ab 

and — a*— & = + a6, 

it follows that ±^ = -J- & 

+ a 

+ a 



+ ab _ 






71. Hence the law of signs Is the same in division as in 
multiplication : Like signs produce plus, unlike signs minus. 

72. Law of Exponents. It follows from the definition that 
a^-^a^=^a% for a^ x cif=a\ 

Or in general, if m and n are positive integers, and m is 
greater than w, a'^-^a'^^^ C" -", for a'^^'^aJ* = a**. 

63 
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The exponent of a quotient of two powers with equal bases 
equals the eosponent of the dividend diminished by the eopponent 
of the divisor. 

DIVISION OF MONOMIALS 

78. To divide 10 x^t^z by —2oify', we have to find the 
number which multiplied by — 2 x^y^ gives 10 aj'y^. This 
number is evidently --byhfz. 

Therefore, 10a;^y»g g^ 

Hence, the quotient of two monomials is a monomial whose 
coefficient is the quotient of their coefficients, preceded by the proper 
sign, and whose literal part is the quotient of their literal parts 
found in accordance with the law of exponents. 

EXERCISE 28 

Perform the divisions indicated : 

1. -64^-4. g 98pV. 15 96 m'^n'^af^ 

-Tq * * 12m»/i»a?' 

2. 64 -f- — 4 

3. 



~20a'a:V -144aW 

44a , • ^ 20 a'a^ ^^' _i6a'c * 



•11a 



17a5« -limp a'- -50dV 



17 5« ^^ (a + Vl^ 

^ 6aV)V ^ ^ a^b 

*• :r2^6V' 12. §i^^. ., ^, ,r 

e. "11-^^. ,3 2^>^^ -2(a4-^-c)« 

,y ~12a^y«2^ j^^ -16mpV. -^Oa-y* 
-3a^yz^' * -16mpV* 



DIVISION 66 



DIVISION OF POLYNOMIALS BY MONOMIALS 

74. To divide ax + bx + cx by a? we must find an expression 
which multiplied by x gives the product aa; + 6a? -f ex. 

^^* x(a + b-hc)=:ax + bX'^cx. 

Hence 2£±5£il25 = a + 6 + c. 

X 

To divide a polynomial by a monomial, divide each term of the 
dividend by the monomial and add the partial quotients thus 
formed. 

— 3 xysr 

BXEBCISB 29 
Perform the operations indicated : 
- 56ax-6Sbx . 4 a^-3a^4-6a? 

X, — • 4. — • 

1 x —a; 

« --26aV4-39a«(? ^ -.9a« + 6a»-3a» 

13a» -3a3 

-14a«6V + 21a^6V ■- 11 ar^3^ + 22 a^y« - 33 a^ 

^la^Wc" ' ' llxy 

4aW-40a8a5» + 8aV 



7. 
8. 



4a^ 
■-12a'yc« + 6a^&V--18a%V 
ea^'b^c' 



^ 25p«~20p^-5j?« 

— 5p* 
-^ 49 mVx ~ 28 m Vy + 7 mV 

-Im^n^ 
J- 169 ar^j/V-- 26 a^yV + 39 aVg« 
13ar^y224J 

12. (927^s«-115r3s*-161r»5« + 69r«s«)-j.23r». 

13. (187a^2/'-121a^!/3_g8a;2^* + 231ar^/)--llajy. 
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14. (75 ab^ - 105 a% - 165 aV + 180 a&) h- 15 ah. 

15o (6.8 a5 - 8.5 oc - 5.1 ad + 3.4 ae) -h 1.7 a. 

^g 6(a-{-bY + 15Ca + b)\ ^^ a^ + aJ^-\-a- 

-3(a4-6)* * a» 

l-y^ 4(a? — y) — 8(a;-y)^ ^^^ a?^ + x^y^ + af^ 

— 2(aj — y) ' -^afy'' 



DIVISION OF A POLYNOMIAL BY A POLYNOMIAL 

75. Let it be required to divide 25 a — 12 + 6 a^ — 20 a* by 
2 a^ + 3 — 4 a, or, arranging according to descending powers of 
a, divide 6a»-20a2 + 25a-12 by 2a«-4a4-3. 

The term containing the highest power of a in the dividend (t*.e. 6a^) is 
evidently the product of the terms containing respectively the highest 
power of a in the divisor and in the quotient. 

Hence the term containing the highest power of a in the quotient is 

1^. or 3«. 

If the product of 3a and 2o2 _ 4^ + 3, U,6a^ - 12 a^ + 9a, be sub- 
tracted from the dividend, the remainder is — 8 a^ 4- 16 a — 12. 

This remainder obviously must be the product of the divisor and the 
rest of the quotient. To obtain the other terms of the quotient we have 
therefore to divide the remainder, — 8 a^ + 16 a — 12, by 2 a^ — 4 a + 3. 

We consequently repeat the process. By dividing the highest term* in 
the new dividend — 8 a^ by the highest term in the divisor 2 a^, we obtain 

— 4, the next highest term in the quotient. 

Multiplying — 4 by the divisor 2 a^ — 4 a + 3 we obtain the product 

— 8 a^ 4- 16 a — 12, which subtracted from the preceding dividend leaves 
no remainder. 

Hence 3 a — 4 is the required quotient. 
The work is usually arranged as follows : 

6a»-20a2 + 26a-12 [2a2~4a + 8 
6a8-12ag + 9a |3a-4 

- 8a2+16a-12 

- 8a2+16a-12 
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76. The method which was applied in the preceding example 
may be stated as follows : 

1. Arrange dividend and divisor according to ascending or 
descending powers of a common letter. 

2. Divide the first term of the dividend by the first term of the 
divisor, and write the result for the first term of the quotient, 

3. Multiply this term of the quotient by the whole divisor, and 
subtract the result from the dividend, 

4. Arrange the remainder in the same order as the given 
expression, consider it as a new dividend and proceed as 
before, 

6. Continue the process until a remainder zero is qbtained, or 
until the highest power of the letter according to which the dividend 
was arranged is less than the highest power of the same letter in 
the divisor, 

77. Checks. Numerical substitution constitutes a very con- 
venient, but not absolutely reliable check. 

An absolute check consists in multiplying quotient and 
divisor. The result must equal the dividend if the division 
was exact, or the dividend diminished by the remainder if the 
division was not exact. 

Ex. 1. Divide 8a« + 8a-4 + 6a*-lla2 by 3a-2. 
Arranging according to descending powers, , 



6a4 + 8a8-llo2-|.8a-4 


Check, If a = 6 = 1, 
3a-2 =7i-l 


6a*-4a3 


2a8 + 4a2-a+2 =7= 


+ 12a8-lla2 
+ 12o8-8a2 

- Sa^ + Sa 

- 3o2-|.2a 




+ 6a-4 
+ 6a-4 
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Ex. 2. Divide a*-46*-6a»6 + 9a262];jy26«-3a6+a« 
Arranging according to descending powers of a, we have 

q4,.3q86 4.2aa&a \a^^Sab-2b^ 

-2a26<» + 6a6«-46* 
-2aa6a^6a&»-46* 

0%ecA;. The numerical substitution a =: 1, & = 1, cannot be used in this 
example since it renders the divisor zero. Hence we have either to use 
a larger number for a, or multiply. 

(a2-3a6 + 2 62)(a2--3a6-26«) 
= [(a^ -Sab) + 2 62] [(a2-. 3 aft) -.268] 
= (aa_3a6)2-46* 
= a*-6a86 + 9a262-46*. 

Ex.3. J)iYidea? + b^ + (?-SaJbchja + b + c. 

Check. Ifa=6=c=l, 
=0^3 



a8-3a6c + 58 + c« 


a + 5 + c 




a« + a*6 + a^c 


o2 - a6 - ac + 62 - 


- 6c + c2 


- a26 - a^c - 3a6c + 6« + c" 

— a^ft — ab^ — a6c 




- a^c 4. afts _ 2 a6c + 6« + c» 

— a^c — abc - ac^ 




a62 4.68 4.62c 




- a6c + ac2 - 62c 4. c« 

- a6c -62c-6ca 




ac2 


+ 6c2 + c« 
+ 6c2 + c8 





Ex. 4. Divide a"'+'* - 2 a-+* + a"-! by a"'+* + 2 a* + a~-l 

(jw+8 „ 2 a"»+* + a"*~* I gm+i 4. 2 qw 4- a«»^i 

o"*+» + 2 q«*+2 4, qm+i |a2-2a + l 

— 2 a"»+2 _ 3 (j5»+i 4. <i»»-i 

— 2 o"»+8 — 4 q"*+^ — 2 g** 

a«»+i 4. 2 a"» + a"*~^ 

qm+l 4. 2 q"» 4- gw*-! 
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BXEBCISB 80 
Divide : 

1. a?-lx+12 by aj--4. 

2. a*- a -72 by a- 9. 

3. 6a2 + 23a6 + 206« by2a + 5&. 

4. 15&2-196c-56c» by36-8c. 
6. 42ic«-10a^-123^ by 7aj + 3y. 

6. 4a«-1216« by 2a- 11 6. 

7. 21a« + 13a6-2062 by 7a-56. 

8. 16r«-46?-s + 15«* by 2r-5a. 

9. 40%*-53wv + 6v2 by 5t*-6v. 

10. 18p* + 19pg-12g* by2p + 3g. 

11. 90m'-281mri — 85n« by 5m-17n. 

12. 72^2 ^ 7pg _ 2 g2 by 8i) - g. 

13. ix?-{-f hjx + y. 

14. a? — 3^ by « — y. 

15. 2a»-9a* + lla-3 by2a-3. 

16. 13p + l+47j9' + 35p« by 5p + l. 

17. 4a^-24a-9 — 3a* by a-3. 

18. 2a» + 18-3a-7a2 by 2a + 3. 

19. aJ* — 16y* by 0?- 2y. 

20. 9a« + 24a6 + 166»-36c* by3a + 46 + 6a 

21. 16a?-40a^ + 252/*-92;* by4aj-5y-3«. 

22. 16 + 40a + 25a2-49a* by 4 + 5a-7a«. 

Perform the operations indicated and check the answers : 

23. (216a» + 125)-^(36a'-30a + 25). 

24. (128a<6»-160a«62 4-2(l*»6 + 15a0-5-(3a«-8a6) 
26. (1 - Z2f) -J- (1 + 2p + 4i)2 + 8i)» + 16i>*j. 
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26. (81«y + 723^-63a^ + 56y-49«y + 63aj«y) 

+(9a?4-8-7a;). 

27. (l + 81a*-18a^+(l-6a + 9a2). 

28. (15aJ* + 7a: + 7a? + 15aj« + 4)-*-(3aj« + 2a? + l). 

29. (7aj»-2aJ* + 82a:« + 146a? + 72)-8-(9 + 8a:-aj»). 

30. (15a*--34a« + a2 + 2a-8)-i-(3a*-5a-4). 

31. (42m< + 174m8 + 70-338m + 4m*)-*-(3m« + 3m-7). 

32. (18i)*~9j9g«-.33i)8g+32i)V-89*)-^(6p2-7j9g+8g«). 

33. (56a* + 119a%H466*-53a»6-47ay)-8-(7a*+96*-4a6> 

34. (a»-y»)-^(a?-y). 36. (a* - 6*) -!- (a + 6), 

35. {%7?-21 f)-^{2a?'^Zy). 37. (a« + 6«) -!- (a + 6). 

38. (81 a*6< - 625 c*) -t- (3 a6 - 5 c). 

39. (a* + a*y4-6*)-h(a*-a6 + 6«). 

40. (4a*-13aV + 96*)-*-(2a2 + a6-36^. 

41. (a« + 3a26 + 3a6* + 6' + c^-i-(a + 6 + c). 

42. (a«-3a6 + 6» + l)-!-(a-h6 + l). 

43. (a'-6a6 + 96«-c«-2ccZ-.(F)-5-(a-36-c-d). 

44. (a8-3a% + 3a6*-6»-l)-!-(a-6-l). 

45. (a» + 2>'-3a6 + l)-»-(a« + 6' + l-a6-a-6). 

4g a^-y^ , 43 6 g"* 4- 23 a"'-^6 + 20 a*>-%^ 

^^ a^ + a^yg"-fy*» ^ ^^ 1.48^-63.080^ + 3.62^ 

4g a«>-<-« + 3 0"*+' 4- 3 a"*^^ -f oT ^^ .3jg'+.03j)g-.069' ^ 
a"'+^ + 2a"' + a"'-^ ' * .6p-.2g 

Find four terms of the quotient : 

53. —i— 64. -^. 

l + « 1— » 
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SPECIAL CASES IN DIVISION 

78. Division of the difference of two squares. 
Since (a + fe)(a- 6) = a«- 6«, 

— = a + 6, and — = a — 6. 

a — b a + b 

Le, the difference of the squares of two numbers is divisible 
by the difference or by the sum of the two numbers. 

3« — 4y 

(a + 6) + (a - y) 

BXERCISB 81 
Write by inspection the quotient of: 

g 49a^y*->64g' 

11 xyz + 2ab 

25cf-l 
5a* + l' 

3 (a-f6y^4a^ 
(a + 6)-2aj^ 

Find exact binomial divisors of each of the following ex- 
pressions : 

9. a*-b\ 15. 169 a* -y~ 

10. nfi-i^. 16. d^-b\ 

11. »»-y*. 17. (a + 6)«-225j9^ 

12. a"-&". 18. (a-6)^-25gi^ 

13. ajy- 625. 19. (a + & + c)2-l. 

14. 289a%«-196. 



1. 


o-l 


2. 


6'-4 
6 + 2 


3. 


C»-46P 


c-2d 


if 


4i»»-9»» 




2a! + 3y 



7. 
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Find two factors of: 

20. 10,000-81. 22. 999,991. 

21. 6099. 23. 63.91. 

79. Division of the 8ttm or the difference of two cubes. 

By actual division, we obtain 



a — 6 



= tt* + a6 + 6« 



and t±^=a'^db'+b\ 

a + b 

The difference of the cubes of two numbers divided by the 
difference of the two numbers equals the square of the first, plus 
the product of the first and the second^plus the square of the second. 

The sum of the cubes of two numbers divided by the sum of the 
two numbers equals the square of the first, minus the product of 
the first and the second, plus the square of the second, 

EXERCISB 82 
Write by inspection the quotient of : 
1. (aj8. — y8)-4-(a?-y). 6. (m' — 125)-*-(m — 5). 

3. (c8 + 1)h-(c + 1). 7. (64a«+276»)-^(4a+36). 

4. (mV-l)-h(mn-X). 8. (a«- 6«)-h(a« — 6^. 

BXERCISB 88 

Determine what binomial or binomials, if any, will divide 
each of the following expressions, and find the quotient op 
quotients : 

1. m« + 8. 4. a^2/8 + 27. 7. 343 — aV- 

2. m»-8. 5. aj'-64. 8. 612 + a^. 

3. a8/-27. 6 a«6» + c«. 9. Q? + f. 
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10. 729iB8-2^. 14. a^ + 121. 18. 1000a«/ + 2'. 

11. a?« + 126. 15. aj«-y*. 19. 216a«-86^ 

12. a^~125. 16. a^-f. 20. (aj + y)«-82». 

13. a^-121. 17. a^-bV. 21. a« + 6«. 

Find numerical divisors of the following : 

22. 1000-64. 24. 1001. 26. 8027. 

23. 1000 + 27. 25. 1,000,001. 27. 64,000,001. 



CHAPTER V 
UNBAR EQUATIONS AND PROBLEMS 

80. The first member or left side of on equation is that part o! 
the equation which precedes the sign of equality. The second 
member or right side is that part which follows the sign of 
equality. 

Thus, in the equation 2 x + ^ = as — 0« the first member is 2 x + 4, the 
second member is x — 9. 

81. An identical equation or identity is an equation which is 
true for all values of the letters involved. 

Thus, (o + 6) (a — 6) = o^ — &2^ no matter what values we assign to a 
and b. The sign of identity sometimes used is =, thus we may write 

82. An equation of condition is an equation which is true only 
for certain values of the letters involved. An equation of con- 
dition is usually called an equation. 

X + 9 = 20 is true only when x = 11 ; hence it is an equation of 
condition. 

83. A set of numbers which when substituted for the letters 
in an equation produce equal values of the two members, is 
said to satisfy an equation. 

Thus X = 12 satisfies the equation x + 1 = 13. x = 20, y = 7 satisfy 
the equation x — ^ = 13. 

84. An equation is employed to discover an unknown number, 
usually denoted by a?, y, or z, from its relation to known 
numbers. 

04 
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85. If an equation contains only one unknown quantity, any 
value of the unknown quantity which satisfies the equation is 
a root of the equation. 

9 is a root of the equation 2x + 2 = 20. 

86. To solve an equation is to find its roots. 

87. A numerical equation is one in which all the known quan- 
tities are expressed in arithmetical numbers ; as (7 — x)(x + 4) 

88. A literal equation is one in which at least one of the 
known quantities is expressed by a letter or a combination of 
letters; as a; -f a = fta? — c. 

89. A linear equation or an equation of the first degree is one 
which when reduced to its simplest form contains only the 
first power of the unknown quantity ; as9a? — 2 = 6aj-f7. 
A linear equation is also called a simple equation. 

90. The process of solving equations depends upon the fol- 
lowing principles^ called axioms: 

1. If equals be added to equals, the sums are equal, 

2. Ifeq-'ials he subtracted from equals, the remainders are equal, 

3. If equals be multiplied by equals, the products are equal, 

4. If equals be divided by equals, the quotients are equal, 

5. Like powers or like roots of equals are equal. 

Note. Axiom 4 is not true if the divisor equals zero. E.g. 0x4 
= 0x6, bat 4 does not equal 5. 

91. Transposition of terms. A term may be transposed from 
one member to another by changing its sign. 

Consider the equation x-{'a = b. 

Subtracting a from both members, x=b ^ a, (Axiom 2) 
I,e. the term a has been transposed from the left to the right 
member by changing its sign. 
Similarly, if a? — a = 6. 
Adding a to both members, x^b-i-a, (Axiom 1) 
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The result is the same as if we had transposed a from the 
first member to the right member and changed its sign. 
It follows from § 91 that: 

92. Any term that occurs with the same sign in both members 
of an equation may he canceled. 

93. Tfie sign of every term of an equation mxiy be changed 
*oithout destroying the equality. 

CoDsider the equation — x + a= — & + c 

Multiplying each member by — 1, X'-a = b — c. (Axiom 3) 

SOLUTION OF LINEAR EQUATIONS 

94. Ex. 1. Solve the equation 6aj~5 = 4aj-fl. 

Transposing 4 x to the first, and 5 to the second member, 

6a;-4x = l + 6. 
Uniting similar terms, 2 x = 6. 

Dividing both members by 2, x = 3. (Axiom 4) 

Check. When x = 3. 

The first member, 6 x - 6 = 18 - 5 = 13. 

The second member, v4x + l = 12 + l = 13. 

Hence the answer, x = 3 is correct. 

Ex. 2. Solve the equation 4 - 3 (a? - 2) = 6 (a? + 3) - 6 oj. 

Simplifying both members, 4 — 3x + 6 = 6x + 18 — 6x. 
Transposing, -3x-6x + 6x = -4-6 + 18. 

Uniting terms, — 3 x = 8. 

Dividing by — 3, x = — J. 

Check. Ifx = -f. 

The first member, 4 - 3(x - 2) = 4 - 3(- V) = 4 + 14 = 18. 

The second member, 6 (x + 3)- 6 x = 6(J)- 6(- f) = 2 + 16 = la 
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95. To solve a simple equation, transpose the unkTiown terms 
to the first member, and the known terms to the second. Unite 
similar terms, and divide both members by the coefficient of the 
unknown quantity, 

Ex. 3. Solve the equation (4 — a?) (5 — a) = 2 (11 — 3 a?) + oj*. 

Simplifying, 20 - 9 a; + a^ = 22 - 6 « + x^. 

Canceling x^ and transposing, — 9 x + 6 x = — 20 + 22. 

Uniting, -3x = 2. 

Dividing by — 8, x = — |. 

Check. Ifx = -f 

The first member, (4 - x) (6 - x) = (4 + 1) (5 + J) = V^ . Jji = ifA = 26 j. 

The second member, 2 (11 - 3 x) + x^ = 2 (11 + 2) + J = 26 + J = 26J. 

■Ex. 4. Solve the equation 1.3 a? -[.3 -.5 (a? -3)] =3.8 -a?. 

Simplifying, 1.3 x - [.3 - .5 x + 1.5] = 3.8 - x, 

or, L3x - .3 + .5 X - 1.5 = 3.8 - x. 

Transposing, 1.3 x + .5 x + x = .3 + 1.5 + S.S. 

Uniting, 2.8 x = 5.6. 

Check. Ifx = 2. . « = 2. 

The first member, 1.3 x - [.3 - .5 (x - 3)] = 2.6 - [.3 - .5 (- 1)] 

= 2.6 -.8 = 1.8. 
The second member, 3.8 - x = 3.8 - 2 = 1.8. 

NoTB. The decimals in Ex. 4 could be removed by multiplying each 
member by 10. 

Ex. 6. Solve the equation ^ (« — 4) = ^ (a? + 3). 

Simplifying, Jx — 2 = Jx+l. 

Transposing, Jx — Jx = 2 + 1. 

Uniting, Jx = 3. 

Dividing by J, x = 18. 
Check. K X = 18. 

The left member J(« - 4) = J x 14 = 7. 

The right member J(^ + 3) = i x 21 = 7. 

Note. Instead of dividing by J both members of the equation ) x = 8; 
it would be simpler to multiply both members by 6. 
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BXBBCISB 84 
Solve the following equations and check the answers : 

1. 3a: = 17 + 2a:. 8. 14 a:- 12 aj = 10 -3 ax 

2. 5aj = 3aj + 12. 9. 69-7aj = 99-13a5. 

3. 2aj = 10-3aj. 10. 5aj + 36-9a? = 12. 

4. 7aj + 16 = 30. 11. 9a?-^23 = 13-3aj. 

5. 25 + 3a: = 46. 12. llaj-72 + 9a?=88 + 10a; 

6. 4aj-29 = ll. 13. 4a:-27 = l-3aj. 

7. 16a?-7 = 15aj-3. 14. 24 -3 a? = 25 -4 as. 

15. 25 + 6aj-8aj = 17-4aj + 12. 

16. 20-7aj + 9 = 40-6a; + 30. 

17. 7aj = 59-(12a: + 21). 

18. 6aj-(lla:-10) = 87-(21 + 13a?). 

19. 10a:-(4a: + 2) = 6-(21a?-19). 

20. 7(8 a? -5) = 77. 

J51. 5(2aj + 7) = 9(2aj-5). 

22. 6(3 a; -8) = 7(5 a? -19). 

23. 5a? + 7(2aj + 3) = 59. 

24. 13aj-2(4aj-5)=66-3aj. 

26. 6(5aj-2)-5(6a;-5) = 4(9-.2aj)+l. 

26. 7(6 « + 5) -8(3 -4 a?) + 24 = 12(2 aj + 3) +199. 

27. aj* + 13a?-(a^-aj) = 5(2aj + 3) + 5. 

28. aj(a? + 10)-6(a;-5) = 4-(a?-a:^. 

29. (aj-l)(aj + 6) = (aj + 5)(aj-2). 

30. (a?.-5)(a?-7) = (aj + 4)(aj-9)-13. 

31. (aj + 3)(aj-6) = (a;-5)(aj + 6)-20. 
82. (a? + 9)(aj+2) = (aj-3)(aj + l) + 60. 
88. (a?-13)(»-5) = (aj-10)(a?-ll> 



1 
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34. (2aj + 2)(4a;-3) = (4aj-4)(2aj + 3). 

•35. (3a?-5)(2aj + 5)-(aj + l)(6aj-4) = 0. 

36. (4aj-Hl)(7a? + 4)-(14aj + l)(2a:-l) = 285.' 

37. (aj + 6)«-(aj-9)« = 14(). 

38. (aj-7)2 + (a; + 4)8=(aj-3)» + (aj + 5)« + ll.> 

39. (aj + 4)«-(a;-6)«=(aj + 2)«-(aj + 3)« + 161. 

40. 2(aj + iy-(2aj-3)(aj + 2) = 12. 

41. ^4(aj-l)(a?-2)-2(a;-7)(2aj + l)-6 = 0. 

42. (5aj-2)(a;-3)-5(aj-l)(iB-4) + 14 = 0. 

43. (4y-7)(9y-48)-12(3y + l)(y-6)=0. 

44. aj(a? - l)(a? + 7) = (a; + l)(iB + 2)(aj + 3). 

45. 22aj-[3-(3aj-2)] = 2aj-.(4»-3). 

46. |aj-2 = |aj + 3. 

47. Ja? + ^» = 15. 

48. |aj + 15 = |aj-17. • 

. 49. ^X'\-\X'\'\x + \x=zl. 

50. K«-4) = -i(»-l-2). 

61. 19-(17+|a;) = ^a? + 7. 

52. 4aaj-3)-A« = l(2aJ-16)-6. 

5?. 8.7aj + 6.8 = 5aj + 7.6 + 3.8aj. 

54. .38 a? - .18 a? - (.93 - .29 x) = .21 - (.41 x - .28). 

66. iB«- (.2a; + 3)(3ic + .4) = (4aj + .7)(.laj - 3) - 1.95. 

SYMBOLICAL EXPRESSIONS 

96. Suppose one part of 70 to be a?, and let it be required to 
find the other part. If the student finds it difficult to answer 
this question, he should first attack a similar problem stated 
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m arithmetical numbers only, e.g. : One part of 70 is 25 ; find 
the other part. Evidently 45, or 70 — 25, is the other part. 
Hence if one part is a?, the other part is 70 — x. 

Whenever the student is unable to express a statement in alge- 
braic symbols, he should formulate a similar question stated in 
arithmetical numbers only, and apply the method thus found to the 
algebraic problem, 

Ex. 1. What must be added to a to produce a sum b? 

Consider the arithmetical question : What must be added to 7 to pro- 
duce the sum 12 ? 

The answer is 5, or 12 — 7. 

Hence b — a must be added to a to give h, 

Ex. 2. oj-fy yards cost' $100; find the cost of one yard. 

If 7 yards cost one hundred dollars, one yard will cost ^ « 

100 

Hence \fx + y yards cost 1^100, one yard will cost dollars. 

x + y 

EXERCISE 85 

1. By how much does 7 exceed a ? 

2. By how much is 5 6 greater than 3 & ? 

3. What number exceeds a by 7 ? 

4. What is the 4th part of a? ? 
6. What is the nth part of a ? 

6. By how much does the third part of a exceed the fourth 
part of 6 ? 

7. By how much does the double of a exceed the tenth part 
of 6? 

8. Two numbers differ by 9, and the smaller one is n. Find 
the greater one. 

9. Divide 20 into two parts such that one part equals x. 
10. Divide a iwto two parts such that one part is 7. 
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11. What is the dividend if the divisor is a and the quotient 
is&? 

12. What is the quotient if the dividend is x + y and the 
divisor is m ? 

13. What number divided by 10 will give a? as a quotient ? 

14. By what number must x + yhe divided to give 10 as a 
quotient? 

15. What is the dividend if the divisor is d, the quotient is 
g, and the remainder is r ? 

16. Divide a into two parts such that one part is &. 

17. How much does a lack of being b ? 

18. What is the excess of a + 12 over 6 + 12 ? 

19. What is the excess of a + 6 over 6 + c ? 

20. The difference between two numbers is d and the smaller 
one is x. Find the greater one. 

21. What number must be subtracted from 2 a? + 4, to give a 
remainder 3 a? — 5 ? 

22. A is a; years old and B is y years old. How many years 
is A older than B ? 

23. A is a? years old. How old was he 7 years ago ? How 
old will he be y years hence ? 

24. If A's age is x years, and B's age is y years, find the sum 
of their ages 6 years hence. 

26. X exceeds an unknown number by y. Find that number. 

26. Two numbers differ hj x-{-y, and the greater one is 3 y. 
Find the smaller one. 

27. A product consisting of two factors equals a. Find one 
of the factors, if the other equals 2 a?. 

28. The smallest of 3 consecutive numbers is x. What are 
the other two ? 
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29. The greatest of four consecutiYe numbers is y. Find 
the other numbers. 

30. A has m dollars, and B has y dollars. If A gives B 
4 dollars, find the amount each will then have. 

31. How many cents are in a dollars ? In & dimes ? 

32. A man has a dollars, b dimes, and c cents. How many 
cents has he ? 

33. A room is x yards long, and y yards wide. How many 
square yards are there in the area of the floor ? 

34. Find the area of the floor of a room which is 2 yards 
longer and 3 yards wider than the one mentioned in Ex. 33. 

35. The area of a rectangular field equals a square feet and 
its length equals h feet. Find (a) the width of the field. 
(b) The length of a fence surrounding the field. 

36. The sum of two numbers is m + 2n, and one number 
equals y. Find the other number. 

37. By what must 7 be multiplied to produce a product 
x + y? 

38. What is the excess of m + n over 5 + n? 

39. What is the cost of 6 apples at x cents each ? 
^^40. What is the cost of 1 apple, if x apples cost 7 cents ? 

41. What is the price of 3 apples, if x apples cost n cents ? 

42. What is the price of x apples, if one dozen cost n cents ? 

43. A man bought apples at the rate of m cents per dozen 
and pears at the rate of n cents per dozen. How many cents 
did he pay for x apples and ^, pears ? 

44. A man spent x dollars in buying books at n dollars each. 
How many books did .he buy ? 

46. X years ago a man was 20 years old. How old is he 
now? 
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46. If A is 2 a? + 4 years old, how many more years must lie 
live to be 80 years old ? ^ 

47. A cistern is filled by a pipe in a minutes. What fraction 
of the cistern will be filled by the pipe in one minute ? 

48. If a man walks 4 miles an hour, how many miles will 
he walk in n hours ? 

49. If a man walks r miles an hour, how many miles will 
he walk in t hours ? 

60. If a man walks 20 miles in t hours, how many miles 
does he walk each hour? 

61. If a man walks at the rate of r miles per hour, how 
many hours will it take him to walk 20 miles ? 

62. How many miles does a train move in t hours at the rate , 
of X miles per hour ? How far does it move in y minutes ? 

63. A man traveled a miles on foot, h miles by boat, and the 
remainder by train. How many miles did he travel by train 
if the whole journey was 100 miles ? 

64. Find 5% of 100 a. 66. Find a % of 7. 
66. Find 6% of x. 67. Find x% of a. 



97. To express in algebraic symbols the sentence : "a exceeds 
h by as much as h exceeds 9," we have to consider that in this 
statement "exceed" means minus (— ), and "by as much as" 
means equals (=). Hence we have 

a exceeds 6 by as much as c exceeds 9. 

a - 6 = c - 9. 

Similarly, the difference of the squares of a and h increased 

a* - 6« + 
by 80 equals the excess of a? over 80. 

80 == a» - 80. 

Or, (a«-6*)+80 = rf»-80. 
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In many cases it is possible to translate a sentence word by 
word in algebraic symbols ; in other cases the sentence has to 
be changed to obtain the symbols. 

There are usually several different ways of expressing a sym- 
bolical statement in words, thus 

a-^h^^c may be expressed as follows : 

The difference between a and 6 is a 

a exceeds h by c. 

a is greater than 6 by c. 

h is smaller than a by c. 

The excess of a over h is c, etc. 

EXBBCISB 86 
Express the following sentences as equations : 

1. The double of a is 10. 

2. One third of 6 is 17. 

3. The double of a exceeds one third of h by c. 

4. The difference of a and h increased by 19 is c. 

5. Three times the sum of a and h exceeds c by as much as 
c exceeds 7. 

6. Four times the difference of x and y increased by one 
fifth of c is equal to 9 times the product of h and c. 

7. The product of the sum and the difference of a and h 
diminished by 90 is equal to the sum of the squares of a and h 
divided by 7. 

8. Twenty subtracted from 2 a gives the same result as 7 
subtracted from a. 

9. Nine is as much below a as 17 is above a. 

10. a? is 5% of 720. 13. 20 is 9% of a + 6. 

11. a? is 6 % of a. 14. 70 is « % of m. 

12. 50isiB% of 700. 
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16. If A's age is a? + 20, B's age is 4 a; + 12, and C*s age is 
3 a? + 10, express in algebraic symbols the following statements : 

(a) A is 5 years older than B. 

(b) The sum of A's age and B's age is 60. 

(c) A's age exceeds B's age by as much as B's age exceeds 
C's age. 

(d) C is three times as old as A. 

(e) In 5 years A will be as old as C is now. 

(/) Five years ago the sum of B's and C's ages was 40. 

(g) In 6 years A will be as old as C was 2 years ago. 

(h) X years ago B's age was 20. 

(i) In X years the sum of A's and B's ages will be 70. 

{jD One half of A's age plus one third of B's age equals 40. 

16. If A, B, and C have respectively 2 a?, 3 a? — 700, and 
a? + 1200 dollars, express in algebraic symbols: 

(a) A has 5 dollars more than B. 

(6) If A gains $20 and B loses $40, they have equal amounts. 

(c) If each man gains $500, the sum of A's, B's, and C's 
money will be $12,000. 

(d) A and B together have $ 200 less than C. 

(e) If B pays to C $ 100, they have equal amoimts. 

(/) If A pays to B $50, and C gains $500, then A and C 
together have $600 more than B. 

17. A sum of money consists of x dollars, a second sum of 
5x — 30 dollars, a third sum of 2aj + 1 dollars. Express as 
equations : 

(a) 5% of. the first sum equals $90. 
(&) a % of the second sum equals $ 20. 

(c) a? % of the first sum equals 6 % of the third sum. 

(d) a^o oi the first sum exceeds 6 % of the second sum by 
$900. 

(e) 4 % of the first plus 5 % of the second plus 6 % of the 
third sum equals $8000. 

(/) «% of the first equals one tenth of the third sum. 
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18. Express the following equations in words ; using for the 
letters x and y the words " a number " and " another number.'^ 

(a) x + 12 = 22. (e) a?+(3a;-7) = 2a: + 19. 

(6) a?- 12 = 17, lf)x-^y = 2y-x. 

(c) 3a-7 = 2aj. (g) 3 » - (a; - 2) = 122. 

(d) 1 + 1 = 119. Qi) ^+^^S{x^y)=12(x-^y). 

19. If A, B, and C have respectively «, y, and z dollars,. ex- 
press the following equations as verbal statements : 

(a) xr^2y. (f)z^y = 200. 

(b) x = y + z. , . ?^y = z. 

(c) 3« = 400. ^^ 4^3 

(d) jj^x = 200, (h) a; + 300 = 2 + 100. 

(e) .05aj + .04y = 212. (t) a; - 250 = y + 100. 

PROBLEMS LEADING TO SIMPLE EQUATIONS 

98. The simplest kind of problems contain only one unknown 
number. In order to solve them, denote the unknown number by 
X (or anotJier letter) and express the given sentence as an equation. 
The solution of the equation gives the value of the unknown number. 

The equation can frequently be written by translating the 
sentence word by word into algebraical sj'^mbols; in fact the 
equation is the sentence written in algebraic shorthand, 

Ex. 1. Three times a certain number exceeds 40 by as much 
as 40 exceeds the number. Find the number. 

Let X = the number. 

Write the sentence in algebraic symbols. 

Three times a certain no. exceeds 40 by as much as 40 exceeds the no. 
3x X -40= 40— X 

Or, 8aj-40 = 40-a;. 

Transposing, 8 aj + x = 40 + 40. 

Uniting, 4x = 80. 

X = 20, the required number. 
Check. 8 a; or 60 exceeds 40 by 20 ; 40 exceeds 20 by 20. 
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Ex. 2. In 15 years A will be three times as old as he was 
5 years ago. Find A's present age. 

Let X = A's present age. 

The verbal statement (1) may be expressed in symbols (2). 

(1) In 15 years A will be three times as old as he was 6 years ago* 

(2) a; + 15 = 3 x (x - 5) 
Or. » + 15 = 8(aj-5). 
Simplifying, « + 15 = 3 x - 15. 
Transposing, as — 3x = - 15 — 16. 

Uniting, -2x = -30. 

Dividing, x = 15. 

Check, In 15 years A will be 30 ; 5 years ago he was 10 ; but 
30 = 3x10. 

Ex. 3. To a quantity of water contained in a vessel, 56 
gallons were added, and there was then in the vessel 8 times 
as much as at first. How many gallons did the vessel contain 
at first? 

Let X = the number of gallons contained in the vessel at first. 

The verbal statement expressed in letters gives x + 56 = 8 x. 

Transposing, » — 8 x = — 56. 

Uniting, -7x = -56. 

Dividing, x = 8, the required number of gallons. 

Check. If 66 gallons are added to 8 gallons, the result is 64 or 8 x 8 
^Uons. 

Note. The student should note that x stands for the number of 
gallons, and similarly in other examples for number of dollars, number 
of yards, etc. 

Ex. 4. 56 is what per cent of 120 ? 

Let X = number of per cent, then the problem expressed in symbols 



would be 


66 = :^. 120 
100 




or {x=s56. 


Dividhig, 


Xrr46|. 


Hence 


66 Is 46}% of 12a 
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BXEBCISB 87 

1. What is the number which when subtracted from 40 will 
give the same result as when added to 14 ? 

2. Find the number whose double increased by 4 equals 22. 

3. What number added to three times itself gives a sum of 
44? 

4. Find the number whose double exceeds 7 by 5. 

5. Four times a certain number diminished by 6 Is equal 
to three times the number increased by 2. Find the number. 

6. What number exceeds 6 by as much as three times the 
number exceeds 24 ? 

7. What number is as much below 25 as four times the 
number is above 30? 

8. If 47 be added to 9 times a certain number, the result 
will be 11 jiimes the excess of the number over 1. Find the 
number. 

9. Five times a certain number is greater by 4 than six 
times the difference of the number and 2. Find the number. 

10. Thirty years hence A will be five times as old as he is 
now. Find his present ajge. 

11. A man walks a certain distance, then travels three times 
as far by train, and then travels 30 miles by boat. If the 
whole journey is 77 miles, how far does he walk ? 

12. Twenty-eight years hence a man will be twice as old as 
he will be two years hence. How old is he now ? 

13. Fifteen years hence a man will be twice as old as he 
was 5 years ago. How old is he now ? 

14. To each of the numbers 1, 13, and 5, an unknown number 
is added. If the product of the first two sums is equal to the 
square of the last sum, what is the number ? 
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16. A cistern is filled by a pipe, and the quantity let in after 
8 minutes is 45 gallons more than the quantity let in after 5 
minutes. Find the number of gallons let in per minute. 

16. A train moving at a uniform rate runs in 5 hours 41 
miles more than in 3 hours. How many miles per hour does 
it run ? 

17. A man is 33 years old, and his son is 12 years old. 
How many years ago was the father four times as old as 
the son ? 

18. A man is 36 years old, and his son is 11 years old. How 
many years hence will the father be twice as old as the son ? 

19. 60 is 5 % of what number ? 

20. 12 is what per cent of 22 ? 

21. A has $20, and B has $30. How many dollars must B 
give to A to make A's money equal to 4 times B's money ? 

22. John and Henry have the same number of marbles. If 
John buys 20 marbles more and Henry loses 10, then John 
will have four times as many as Henry. How many has 
each? 

23. A man bought two houses for the same price. He sold 
one at a profit of $3000, and the other at a loss of $1500, 
receiving twice as much for the first as for the last. How 
much did he pay for the houses? 

24. A man wished to purchase a farm containing a certain 
number of acres. He found one farm which contained 20 acres 
too many, and another which lacked 15 acres of the required 
number. If the first farm contained twice as many acres as 
the second one, how many acres did he wish to buy ? 

25. If the sixth part of a number be added to 18, the result 
is the same as if three quarters of the number were subtracted 
from 29. Find the number. 
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99. If a problem contains two unknown quantities, two verbal 
statements must be given. In the simpler examples these two 
statements are given directly, while in the more complex prob- 
lems they are only implied. We denote one of the unknown 
numbers (usually the smaller one) by x, and use one of the 
given verbal statements to express the other unknown number 
in terms of x. The other verbal statement, written in algebraic 
symbols, is the equation, which gives the value of x, 

Ex. 1. One number exceeds another by 8, and their sum is 
14. Find the numbers. 

The problem consists of two statements : 
I. One number exceeds the other one by 8. 

II. The sum of the two numbers is 14. 

Either statement may be used to express one unknown 
number in terms of the other, although in general the simpler 
one should be selected. 

If we select the first one, and 

Let X = the smaller number. 

Then a? + 8 = the greater number. 

The second statement written in algebraic symbols produces 
the equation »+(« + 8)=14. 

Simplifying, a? + a? + 8 = 14. 

Transposing, a? + aj = 14 — 8 

Uniting, 2 05 = 6. 

.Dividing, a = 3, the smaller number. 

a + 8 = 11, the greater number. 

Another method for solying this problem is to express one unknown 
quantity in terms of the other by means of statement II ; viz. the sum of 
the two numbers is 14. 

Let X = the smaller number. 

Then, 14 — x = the larger number. 

Statement I expressed in symbols is (14 — x) — x =8, which leads of 
course to the same answer as the first method. 
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'Ex, 2. A has three times as many marbles as B. If A 
gives 25 marbles to B, B will have twice as many as A. 

The two statements are : 
I. A has three times as many marbles as B. 
II. If A gives B 26 marbles, B will have twice as many as A. 

Use the simpler statement, viz. I, to express one unknown quantixy in 
terms of the other. 

Xiet X = B^s number of marbles. 

'^ Then, 3 a; = A's number of marbles. 

To express statement II in algebraic symbols, consider that by the 
exchange A will lose, and B will gain. 

Hence, z + 26 = B^s number of mafbles after the exchange. 
3 a; — 26 = A's number of marbles after the exchange. 

Therefore, x + 26 = 2 (3 x - 26). (Statement II) 

Simplifying, x + 26 = 6 x - 60. 

Transposing, x — 6x = — 25-60. 

Uniting, — 6 x = — 76. 

Dividing, x = 15, B's number of marbles. 

3x = 46, A's number of marbles. 

Check. 45-26 = 20, 15 + 26 = 40, but40 = 2 x20. 

100. The numbers which appear in the equation should always 
be expressed in the same denomination. Never add the number 
of dollars to the number of cents, the number of yards to their 
price, etc. 

Ex. 3. Eleven coins, consisting of half dollars and dimes, 
have a value of $ 3.10. How many are there of each ? 

The two statements are : 
L The number of coins is 11. 
XL The value of the half dollars and dimes is $3.10. 

Let, X = the number of dimes, then, from I, 

11 — X = the number of half dollars. 
e 
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Selecting the cent as the denomination (in order to ayoid fractions) wa 
express the statement II in algebraic symbols. 

60(ll-a;) + 10x = 310. 
Simplifying, 660 - 60 aj -plO x - 310. 

Transposing, -60«+10« = -660 + 310. 

Unitmg, - 40 a; = - 240. 

Dividing, x = 6, the number of dimes. 

11 — X = 6, the number of half doUaiB. 

Check. 6 dimes as 60 cents, 6 half dollars = 260 cents, their sum is 
13.10. 

BXEBCISB 88 

1. Two numbers differ by 33, and the greater is four times 
the smaller. Find the numbers. 

2. Find two numbers whose sum is 72 and the greater of 
which equals five times the smaller. 

3. The difference between two numbers is 8, and if 16 be 
added to the greater, the result will 'be three times the smaller. 
Find the numbers. 

4. The difference between two numbers is 2, and the dif- 
ference between their squares is 16. Find the numbers. 

6. The sum of two numbers is 47, and their difference is 9. 
Find the numbers. 

6. Divide 20 into two parts, one of which increased by 14 
shall be equal to the other increased by 10. 

7. One number is 5 less than three times another number. 
If the second number is subtracted from five times the first 
number, the result is 25. What are the numbers ? 

8. Divide 22 into two parts such that one part multiplied 
by 5 is equal to the other part diminished by 2. 

9. Find two consecutive numbers whose sum is equal to 
243. 
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10. Find two consecutive numbers, the difference of whose 
squares is equal to 27. 

11. A's age is three times B's, and in 10 years A's age will 
be twice B's. Find their ages. 

12. A and B divide a sum of money. A receives $5 more 
than B, and five times B's money diminished by three times A's 
money equals $25. How much does each receive? 

13. The length of a rectangular field is three times its width, 
and a fence surrounding the field is 248 yards. Find the length 
and width of the field. 

14. A is 27 years older than B, and B's age is as much below 
20 as A's age is above 33. What are their ages ? 

15. Two vessels contain together 7 pints. If the smaller 
contained 2 pints more, it would contain half as much as the 
larger one. How many pints are there in each vessel ? 

16. On December 21, the night in St. Petersburg lasts 13 
hours longer than the day. How many hours does the day last ? 

17. The difference of two numbers is 8, and their sum is five 
times the smaller. Find the two numbers. 

18. A man built a house costing three times as much as the 
lot. If the house cost IP8000 more than' the lot, what was the 
price of each? 

19. A line 46 inches long is divided into two parts. Twice 
the larger part exceeds three times the smaller part by 30 
inches How many inches are there in each part ? 

20. A has $16 less than B. If B gives $20 to A, A will 
have five times as much as B. How many dollars has each? 

21. A commenced business with three times as much capital 
as B. During the first year A lost $ 600, B gained $ 200, and 
A had then only twice as much as B. How much capital had 
each at first? 
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22. A mail has $ 6.25 in half dollars and quarters. He has 
three times as many quarters as half dollars. How many half 
dollars and quarters has he ? (Ex. 3, § 100.) 

23. The sum of $3.50 is made up of 19 coins, which are 
either half dollars or dimes. How many are there of each ? 

24. John and Henry together have 50 marbles. If John 
had 6 marbles more, he would have three times as many as 
Henry. How many has each? 

25. John and Henry toge^er have 60^. If John gives 
Henry 6f^ he will have 4 times as much as Henry. How many 
cents has each ? 

26. Henry bought 13 apples, some at the rate of 4/ per 
apple, the rest at 3^ per apple. How many did he buy of 
each kind if he paid 45 f^ in all? 

27. A and B together buy 200 lbs. of sugar. A takes 113 
lbs. and B takes the remainder. If A uses 3^ lbs. per day and 
B uses 2\ lbs. per day, after how many days will they have 
equal quantities of sugar ? 



101. If a problem contains three unknown quantities, three 
verbal statements must be given. One of the unknown numbers 
is denoted by a, and the other two are expressed in terms of x 
by means of two of the verbal statements. The third verbal 
statement produces the equation. If four or more unknown 
quantities occur in the problem, the method is similar. 

If it should be difficult to express the selected verbal state- 
ment directly in algebraical symbols, try to obtain it by a series 
of successive steps. 

Ex. 1. A, B, and C together have $80, and B has three 
times as much as A. If A and B each gave $5 to C, then 
three times the sum of A's and B's money would exceed C's 
money by as much as A had originally. 
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The three statements are : 

I. A, B, and C together have $80. 
II. B has three times as much as A. 

m. If A and B each gave $6 to C, then three times the sam of A*s 
and B's money would exceed C^s money by as much as A had originally. 
Let X = the number of dollars A has. 

According to II, 3 a; = the number of dollars B has, 

and according to I, 80 — 4 a; = the number of dollars C has. 

To express statement III by algebraical symbols, let us consider first 
the words **if A and B each gave $6 to C." 

a; — 6 = number of dollars A had after giving $5. 
3x — 6 = number of dollars B had after giving $6. 
90 — 4 a; = number of dollars C had after receiving $10. 
Expressing in symbols : 

Three times the sum of A's and B's money exceeds C's money by A'a 
3 X (a;-5 + 3x-6) - (90-4a;) = x. 

original amount. 

The solution gives a; = 8, number of dollars A had. 

3x = 24, number of dollars B had. 

80 — 4 a; = 48, number of dollars C had. 

Check, If A and B each gave $5 to C, they would have 3, 19, and 68 
respectively. 3 (3 + 19) or 66 exceeds 68 by 8. 

Ex. 2. A man spent $1185 in buying horses, cows, and 
sheep, each horse costing $90, each cow $35, and each sheep 
$ 15. The number of cows exceeded the number of horses by 
4, and the number of sheep was twice as large as the number 
of horses and cows together. How many animals of each kind 
did he buy ? 

The three statements are : 
L The total cost equals $ 1186. 

XL The number of cows exceeds the number of horses by 4. 
III. The number of sheep is equal to twice the number of horses and 
cows together. 
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Let i a; = the number of horses, 

then, accordihg to II, a; + 4 = the number of cows, 
and, according to III, 

2 (2 a + 4) or 4 05 4- 8 = the number of sheep. 
Therefore, 00 a; = the number of dollars spent for horses. 

35 (x + 4) = the number of dollars spent for cows, 
and, 15 (4 X + 8) = the number of dollars spent for sheep. 

Hence statement I may be written, 

00a; + 36 (a; + 4) + 15 (4a; + 8) = 1185. 
Simplifying, 00 a; + 35 a; + 140 + 60 a; + 120 = 1185. 
Transposing, 90 x + 36 x + 60 x = - 140 - 120 + 1185. 

Uniting, 185x = 925. 

Dividing, . x = 5, number of horses. 

X + 4 = 9, number of cows. 
4 X 4- 8 = 28, number of sheep. 

Check. 5 horses, 9 cows, and 28 sheep would cost 5x90+9x35-f 
28x15 or 460 + 316 + 420 = 1185; 9-6 = 4; 28 = 2(9 + 5). 

BXEBCISB 89 

1. Find three numbers such that the second is three times 
the first, the third is four times the first, and the difference 
between the third and the second is five. 

2. Find three numbers such that the sum of the first two is 
14, the third is twice the first, and the third exceeds the second 
by 4. 

3. Find three numbers such that the second exceeds the 
first by 3, the third exceeds the first by 10, and the third is 
twice the first. 

4. Find three numbers such that the sum of the first and 
second is 5, the sum of the first and last is 6, and the last is 
twice the first. 

5. Find three numbers such that the sum of the first two is 
8, the second exceeds the last by one, and the square of the last 
exceeds the square of the first by 7- 
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6. The difference between two numbers is 4 ; a third number 
is 5 less than the sum of the first two ; and the sum of the first 
and third numbers is 14. What are the numbers ? 

7. Divide 20 into three parts such that the second part is 
twice the first, and the first part exceeds the last by 4. 

8. A is three times as old as B, and C is five years younger 
than A. Three years ago the sum of their ages was 6^ years. 
What are their ages ? 

9. A is five years older than B, and three years younger 
than C. Seventeen years ago C was twice as old as B. Find 
the age of each. 

10. A man has 5 sons each three years older than the next 
younger. The age of the eldest three years hence will be three 
times the present age of the youngest. Find the age of each. 

11. Divide 50 into three parts such that the first part is 8 
more than the second, and the third increased by 34 is twice as 
large as the sum of the first and second parts. 

12. A is five years older than B, and C is three times as old 
as B was five years ago. In five years C^s age will be 10 times 
the difference between A's and B's ages. Find the age of each. 

13. The three angles of any triangle are together equal to 
180®. If the second angle of a triangle is 10® larger than the 
first, and the third is twice the sum of the first and second, 
what are the thiee' angles ? 

14. There are 420 sheep in three flocks. The second con- 
tains twenty sheep more than the first, and the third twice as 
many as the first. How many sheep are there in each flock ? 

15. There are 500 sheep in three flocks. The second con- 
tains twice as many as the first, and if 10 be taken from the 
third and added to the first, the third will contain as many as 
the first and second together. How many sheep are there in 
each flock ? 

16. Find three consecutive numbers whose sum is 126. 
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17. Find four consecutive numbers such that the last ib 
twice the first. 

18. Find three consecutive numbers such that the difference 
of the squares of the third and first is 20. 

19. A, B, and C divide a certain sum of money. A receives 
$50 more than B. A and C together receive $300^ and B has 
$ 150 less than C. How much does each receive ? 

20. Three boys, A, B, and C, divide a certain number of 
marbles, so that A and B together receive 22, A and C ^, and 
B and C 27. How many marbles does each receive ? 

21. A, B, and C have together 240 sheep. B has twenty 
more than A, and G has as many as A and B together. How 
many sheep has each ? 

22. B has twice as many acres as A, and has three times 
as many acres as B. If A and C together have 1400 acres, 
how many acres has each ? 

23. A has one third as much money as B. C has $ 25 more 
than A, and $ 15 more than B. How much has each ? 

24. In a room there were twice as many women as children, 
and three more men than children. The number of men and 
women together was 9. How many children were there j)resent ? 

26. A horse, carriage, and harness cost $300. The horse 
costs $10 less than the carriage and $70 more than the har- 
ness ; and the carriage and harness together cost $ 180. Find 
the cost of the horse. 

26. In 3 classes there are 120 pupils. The second class con- 
tains 10 more than the first, and the first and third together 
have 80 pupils. How many pupils are there in each class ? 

27. The sum of the four angles of any quadrilateral is 360^ 
If the second angle is twice as large as the first, the third twice 
as large as the second, and the fourth 30° larger than the third, 
find the value of each angle. 
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28. A has as many pennies as B has dollars, C has as many 
five-dollar bills as B has dollars, and together they have $ 72.12. 
How much has each ? 

29. Three farms contain together 1280 acres. The first con- 
tains 200 acres more than f of the second, and the third 10 
acres less than | of the second. How many acres does each 
farm contain ? 

30. The capacity of the first of three barrels is f of that of 
the second, and the capacity of the second ^ that of the third. 
If the contents of the third barrel be poured into the empty 
first barrel, there will be 10 gallons left. How many gallons 
does each barrel hold ? 

31. The surface of the earth consists of 5 zones, the torrid, 
two temperate, and two frigid zones. Each temperate zone is 
^ of the torrid, each frigid is -^ of each temperate, and the 
surface of the earth is approximately 200,000,000 square miles. 
How many square miles does each zone contain ? 



102. Arrangement of Problems. If the example contains 
quantities of 3 or 4 different kinds, such as length, width, and 
area, or time, speed, and distance, it is frequently advantageous 
to arrange the quantities in a systematic manner. 

E.g. A and B start at the same hour from two towns 27 miles 
apart, B walks at the rate of 4 miles per hour, but stops 2 
hours on the way, and A walks at the rate of 3 miles per hour 
without stopping. After how many hours will they meet and 
how many miles does A walk? 





TlMB 

(In hoars) 


Eatb 
(mUes per hour) 


DiSTANOS 

(mUes) 


A. . . . 


X 


8 


82; 


IS . • • • 


«-2 


4 


4(a;-2) 
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Explanation. First fiU in all the numbers given directly, i.e. 3 and 1 
Let X = number of hours A walks, then x — 2= number of hours B 
walks. Since in uniform motion the distance is always the product of 
rate and time, we obtain 3 x and 4 (x — 2) for the last column. But the 
statement **A and B walk from two towns 27 miles apart until they 
meet ** means the sum of the distances walked by A and B equals 27 miles. 

Hence 3x + 4 (x - 2) = 27. 

Simplifying, 3xH-4x-8 = 27. 
Uniting, . 7x = 36. 

Dividing, x = 6, number of hours. 

3 X = 16, number of miles A walks. 

This is, of course, not a new method for solving problems, 
but simply a convenient mode of arranging the solutions of 
some examples, which, however, may be solved without this 
arrangement. 

Whenever various denominations occur repeatedly in the 
«ame connection, or when similar operations have to be per- 
formed repeatedly with several quantities, this arrangement 
will be found advantageous. Examples in which one quantity 
is found by multiplying the numerical values of two or more 
quantities belong to this group. In the following list the 
numerical values of the last column are equal to the products 
of the numerical values of the first two columns, provided care 
is taken in regard to the denomination. 

Length width and area of rectangle 

Rate of speed time distance covered 

Number of per- number of dollars number of dollars all 

sons each paid paid 

Number of yards price per yard total cost 

Number of coins value of each coin total value of coins 

Principal rate per cent interest 

Ex. 1. The length of a rectangular field is twice its width. 
If the length were increased by 30 yards, and the width decreased 
by 10 yards, the area would be 100 square yards less. Find 
the dimensions of the field. 
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Length 
(yards) 


Width 
(yards) 


Area 

(square yards) 


First field .... 


2x 


X 


2x8 


Second field . . . 


2a; + 30 


a; -10 


(2x + 30)(x-10) 



The area would be decreased by 100 square yards gives 

(2a; + 30) (a; - 10) = 2a;2 - 100. 
SimpUfy, 2«a+ lOx - 300 = 2x2 - 100. 

Cancel 2 x^ and transpose, 10 x = 200. 

x = 20. 
2 X = 40. 
The field is 40 yards long and 20 yards wide. 

Check, The original field has an area 40 x 20 = 800, the second field 
70 X 10 or 700. But 700 = 800 - 100. 

Ex. 2. A certain sum invested at 6% brings the same in- 
terest as a sum $200 larger at 4%. What is the capital? 



Principal 
(No. of dollars) 


Eatb% 


IlTTBRBST 

(No. Of dollars) 


X 


.05 


.06 X 


xH-200 


.04 


.04 (XH-200) 



Therefore .06 x = .04(x + 200). 

Simplify, .05 x = .04 x + 8. 

Transposing and uniting, .01 x = 8. 

Multiplying, x = 800 ; $800 = required sum. 

Check, ♦SOO x .06 = $40 ; $1000 x .04 = $40. 



EXERCISE 40 

1. A rectangular field is 20 yards, and another 25 yards wide. 
The second is 10 yards longer than the first, and the sum of 
their areas is equal to 1600 square yards. Find the dimensions 
of each. 
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^ £. A rectangular field is 14 yards longer than it is wide 
If its length were increased by 10 yards, and its width de- 
creased by 4 yards, the area would remain the same. Find 
the dimensions of the field. 

3. A rectangular field is twice as long as it is wide. If it 
were 50 feet shorter and 20 feet wider, it would contain 2000 
square feet less. Find the dimensions of the field. 

4. A certain sum invested at 4% brings the same interest as 
a sum $300 larger invested at 3%. Find the first sum. 

5. A sum invested at 5.%, and a second sum, twice as large, 
invested at 4%, together bring $52 interest. What are the 
two sums? 

6. An investment of $ 2500 brings a yearly interest of $114. 
A part of the capital is invested at 4%, and the remainder at 
5%. How many dollars are invested^at 4% ? 

^ 7. A bought 12 oranges for a certain sum. If each orange 
had cost one cent more, he would have received 10 oranges for 
the same money. What was the price of each orange ? 

, ' 8. Six persons bought an automobile, but as two of them 
were unable to pay their share, each of the others had to pay 
$40 more. Find the share of each, and the cost of the 
automobile. 

9. Ten yards of silk and 20 yards of cloth cost t(^ether 
$35. If the silk cost three times as much per yard as the 
cloth, how much did each cost per yard? 

10. Twenty yards of silk and 30 yards of cloth cost together 
$85. If the silk cost 50^ more per yard than the cloth, what 
was the price of each per yard? 

11. A man bought 7 lbs. of coffee for $1.79. For a part he 
paid 24^ per lb. and for the rest he paid 35^ per lb. How 
many pounds of each kind did he buy ? 

12. Sixteen persons subscribed $138. Six of them paid 
fequal amounts, and the remaining ones paid each one dollar 
more. Find the share of each man. 
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13. Twenty men subscribed equal amounts to raise a certain 
sum of money, but four men failed to pay their shares, and in 
order to raise the required sum each of the remaining men had 
to pay one dollar more. How much did each man subscribe ? 

14. A cistern is filled in a certain time by a pipe which lets 
in 20 gallons per minute. Another pipe letting in 25 gallons 
per minute fills the cistern in one minute less. In how many 
minutes does the first pipe fill the cistern ? 

15. A cistern is filled in a certain time by a pipe letting in 
2l gallons per minute. If another pipe, which lets in 14 gal- 
lons per minute, is opened 3 minutes longer than the first, 6 
gaBbns less than in the first case will be poured in. In how 
many minutes does the first pipe fill the cistern ? 

16. A sets out walking at the rate of 3 miles per hour, and 
three hours later B follows on horseback traveling at the rate 
of 6 miles per hour. After how many hours will B overtake 
A, and how far will each then have traveled? 

17. A and B set out walking at the same time in the same 
direction, but A has a start of 3 miles. If A walks at the rate 
of 2^ miles per hour, and B at the rate of 3 miles per hour, how 
far must B walk before he overtakes A ? 

18. A sets out walking at the rate of 3 miles per hour, and 
one hour later B starts from the same point traveling by coach 
in the opposite direction at the rate of 6 miles per hour. After 
how many hours will they be 27 miles apart ? 

19. A and B start walking at the same hour from two towns 
17^ miles apart, and walk toward each other. If A walks at 
the rate of 3 miles per hour, and B at the rate of 4 miles per 
hour, after how many hours do they meet and how many miles 
does A walk ? 

20. The distance from New York to Albany is 142 miles. 
If a train starts at Albany and travels toward New York at the 
rate of 40 miles per hour without stopping, and another train 
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starts at the same time from New York traveling at the rate 
of 42 miles an hour, how many miles from New York will they 
meet? 

21. Two men start at 12 o'clock from two towns 17 miles 
apart, and travel toward each other. One walks at the rate of 
3 miles per hour, but rests one hour on the way; the other 
travels at the rate of 4 miles per hour and rests 3 hours. At 
what hour do they meet ? 

22. A and B start from two towns 20 miles apart and travel 
toward each other. A starts at 1 p.m., B starts at 2 p.m., and 
they meet at 5 p.m. If B travels one mile per hour faster than 
A, find the number of miles each travels per hour. 

23. A picture which is 2 inches longer than wide is sur- 
rounded by a frame 1 inch wide. If the area of the frame is 
40 square inches, what are the dimensions of the picture ? 

MISCELLANEOUS PROBLEMS 

24. The formula which transforms Fahrenheit readings of a 
thermometer into Centigrade readings is C =f (F — 32). 

If C = 40^ find the value of F. 

25. Change the following readings to Fahrenheit readings: 
(a) 0° C, (6) 100° C, (c) 60° C, (d) - 12° C. 

26. At what temperature do the Centigrade scale and Fah- 
renheit scale indicate equal numbers ? 

27. The formula for the distance which a falling body 
passes over in t seconds is S = Jgr^. (Ex. 7, p. 16.) 

If S = 240 ft. and ^ = 4 seconds, find the value of g. 

28. The formula for compound interest is 



•=K'^i5o)"-^- 



(For the meaning of the letters see Ex. 4, p. 16.) 

Find the principal that will bring $ 662 interest in two years 
at 10 % compound interest. 
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29. A number increased by 7 gives the same result as the 
number multiplied by 7. What is the number ? 

30. If a number be added to 3, the sum multiplied by 3, the 
product diminished by 20, the difference multiplied by 6, and 
the product diminished by 55, the result will be 5. Find the 
number. 

31. A has as many dollars as B has cents. If A should give 
B f 6.93, B would have as many dollars as A has cents. How 
much money has each ? 

32. A man made as much money as he had and $100. He 
made as much money as he then had and $200; again he 
made as much as he then had and f 300, and found that he 
had finally $ 3100. How many dollars had he at first ? 

33. A man met some beggars, and after giving each 4 ^ had 
9^ left. He found that he lacked 7^ to be able to give each 
beggar 6^. How many beggars were there ? 

34. A mason Wbrking 8 hours a day, in the course of a week, 
builds a number of cubic meters which exceeds 43 as much as 
43 exceeds the number of cubic meters which he would build 
working 7^ hours a day. How many cubic meters does he 
build per hour ? 

35. A has $6 more than B and gives to B as much as B 
has. Then B gives to A as miich as A then has, and once more 
A gives to B as much as B then has ; and finds that A has 
now as much as B. How many dollars has each at first ? 

36. A boy has the same number of sisters as brothers, while 
his sister has 1^ times as many brothers as sisters. How 
many sons and daughters are there in the family ? 



CHAPTER VI 
FACTORING 

103. An expression is rational with respect to a letter, if, 

after simplifying, it contains no indicated root of this let- 
ter; irrational, if it does contain some indicated root of this 
letter. 

a^ 1- V& is rational with respect to a, and irrational with respect 

to6. ^ 

104. An expression is integral with respect to a letter, if 
this letter does not occur in any denominator. 

^ + a& 4- 6^ is integral with respect to a, but fractional with respect 
h 

to&. 

105. An expression is integral and rational, if it is integral 
and rational with respect to all letters contained in it ; as, 

aa + 2 a& + 4 cK 

106. The factors of an algebraic expression are the quantities 
which multiplied together will give the expression. 

In the present chapter only integral and rational expressions 
are considered factors. 

Although Va* — h^ X Va^ — h^ = a^ — 6*, we shall not, at this 
stage of the work, consider Va^ — h^ a factor of c? — h\ 

107. A factor is said to be prime, if it contains no othei 
factors (except itself and unity) ; otherwise it is composite. 

The prime factors of 10 a^h are 2, 6, a, a, a, &. 

96 
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108. Factoring is the process of separating an expression into 
its factors. An expression is factored if written in the form 
of a product. 

Cai^ _ 4 a; + 3) is factored if written in the form (x - 3) (x - 1). It 
would not be factored if written x(x » 4) + 3, for this result is a sum, 
and not a product. 

109. The factors of a monomial can be obtained by 
inspection. 

The prime factors of 12 xV ar© 3, 2, 2, x, x, x, ?'» y- 

110. Since factoring is the inverse of multiplication, it fol- 
lows that every method of multiplication will produce a 
method of factoring. 

E,g. since (a + &)(a - &) = a' - 6^, it follows that or - 6^ can be 
factored, or that a» - ft^ = (a + 6) (a - 6). 

111. Factoring examples may be checked by multiplication 
or by numerical substitution. 



TYPE I. POLYNOMIALS ALL OF WHOSE TERMS 
CONTAIN A COMMON FACTOR 

mx + m/'{-mz = m(x +/ + z)' (§ 55.) 

112. Ex. 1. Factor 6 a^f -^ 9 a^f -{- 12 xt/*. 

The greatest factor common to all terms is 3 xy^. Divide 

6xV* -««¥* + 12 xy* by 3xya, 

and the quotient is2x* — 3xyH-4j^. 
But, dividend = divisor x quotient. 

Hence 6 ofiy^ - 9xV + 12 xy* = 3 xy«(2 x^ - 8xy + 4 ^. 

Ex. 2. Factor 

14 a*6«c« - 21 a^b^c^ + 7 a^b^c^ = 7 a^bkiH2 a^ - 3 68 + 1). 
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BXEBOISB 41 
Factor the following expressions : 

1. 15abx-'9Vx. 9. 4a»6-5aV+6acP. 

2. 9a»-6a». 10. 17 mV- 51 mV+85mn. 

3. 16a^-4aj». 11. 15 aJ'b^x - 9 l^y + 12 b\ 

4. 14 ocd - 7 c(f + 21 c^d*. 12. 9a^fz'^-'6a^f:^'{-SxY2^. 

5. 3 a^- 6 0^4- 9 a. 13. 14icV-21aj82/82;+49iB82^V. 

6. Sp*y + 2py-'6p^y^. 14. 12 mV-18mV— 24mV 

7. 5a^f -15 xy.+ 20 xyz. 16. llpV-^Sp^g^ + llp*^. 

8. 7>» — 7mn — 7j:;. 16. aj*+ »* — aj* + aj. 

17. 39a»6V-26a*6V4-13a«6V. 
W. 51 my - 34 mY 4- 12 my. 

19. 2a^-^4:a?y + 6a^ + Sf. 

20. 4a;V-28aj»2/« + 40ay-48ay. 

21. x{a + b) + y(a'hb). 

22. 3a^(m + w)-22/8(m + n). 

23. 6 aV(p + g) - 4 a6X|) + g) - (p + ^). 

24. 4ta?(x-^y)-7s^(x-y). 27. ^^(aj - 3) - 3 «(« - 3). 

25. 4aj»-12aJ"+^-6aJ"+*. 28. 3aj2(a; + 9) - (aj + 9). 

26. 6 a^6* — 3 a^ft**. 29. am + bm -{• an + bn, 

TYPE II. QUADRATIC TRINOMIALS OF THE FORM 
x^-^-px + q, 

113. In multiplying two binomials containing a common 
term, e.g. (x — S) and (x-^5)y we had to add —3 and 5 to ob- 
tain the coefficient of x, and to multiply —3 and 5 to obtain the 
term which does not contain a; or (a? — 3) (a? + 5) = 05* + 2 a? — 15. 
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In factoring a?+2x — 15 we have, obviously, to find two 
numbers whose product is —15 and whose sum is +2. 

Or, in general, in factoring a trinomial of the form a^-^px+q, 
we have to find two numbers m and n whose sum is p, and 
whose product is q-, and if such numbers can be found, the 
factored expression is {x + m)(x + n). 

Ex. 1. Factor a?* - 4 a? - 77. 

We may consider —77 as the product of —1 . 77, or —7 • 11, or — 11 • 7, 
or — 77 • 1, but of these only —11 and 7 have a sum equal to —4. 
Hence x^-^x-77 -(x- ll)(x + 7). 

Since a number can be represented in an infinite number of 
ways as the sum of two numbers, but only in a limited member 
of ways as a product of two numbers, it is advisable to consider 
the factors of q first. If q is positive, the two numbers have 
both the same sigh as p. If q is negative, the two numbers 
have opposite signs, and the greater one has the same sign as p. 

Not every trinomial of this type, however, can be factored. 

Ex. 2. Factor a^ - 11 a 4- 30. 

The two numbers whose product is 30 and whose sum is —11 are —5 
and —6. 

Therefore a^ - 11 a + 30 =(a - 6)(a - 6). 

Cheek. Ifa=l, a«-ll a+30=20, and (a-5)(a-6) = -4 . -6=20. 

Ex. 3. Factor x^+ 10 oa; - 11 al 

The numbers whose product is — 11 a^ and whose sum is 10 a are 11 a 
and —a. 

Hence x^ -\- 10 ax - U a!^ =(x -\- 11 a)(x - a). 

Ex. 4. Factor a^ - 7 a^ + 12 /. 

The two numbers whose product is equal to 12 y« and whose sum equals 
-7y»are -4y« and -3y«. Hence 3fi^7x^-^12tfi=(x^-Sy^X^-^y^)' 

Ex. 5. Factor 1 - 3 a - 10 a^ 

This expression is a special form of the general type, obtained by let- 
ting 35 = 1. 

Hence 1 -3a - 10a2 = (1 - 5a)(l + 2a). 
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114. In solying any factoring example, the student should first 
determine whether all terms contain a common monomial factor. 

BXEBCISE 48 

Factor the following expressions : 

1. aj"-5aj + 6. 24. m* + 28 mn + 187 n« 

2. it^ + ox-^e. 26. a%* + 2a6-35. 

3. a^ — 3a + 2. 26. a^yV- 19 xyz + ^iS. 

4. a^ + 7a + 12. 27. a*-4a2-21. 

5. aj*-4a-21. 28. aJ^ + 17a^ + 60. 

6. m* + 4m-21. 29. a* - 11 a%* -h 24 6*. 

7. g»4.5g-.i4. 30. a*6* - 13 a*6*c«- 30 c^. 

8. 2^-7y — 18. 31o 9m + m* + 20. 

9. ^-83^ + 15. 32. a^ + 2b^-3ab. 
10. aj*^5a — 14. 33. 7--8m + m*. 
!!• a? + 2x + l. 34. 3m — 4 + ml 

12. m*-14m + 3a 35. l-7m + 12m« 

13. a* — 3aj — 4. 36. m*-25. 

14. y*-38y + 37. 37. a^-5a^ + 6aj. 
16. ^-363^-37. 38. 3a2-36a + 33. 

16. m2-19m + 48. 39. 3 m8-15m*-18m. 

17. 6^-146-51. 40. 5f-^105y-^20f. 

18. aj2-32a?-hl75. 41. 6 afe^ + a«6 - 5 aW. 

19. a?-8aj + 16. 42. 6 aj^ + 2 aj» - 36 a. 

20. 0^ — 17aaj + 30c^. 43. 98x^-28 0^ + 20?. 

21. a2-12a6-13V. 44. aj*» - 7 ic" + 12. 

22. m* + 15mw-34nl 46. m'+^-'9m'+^n+20m'n\ 

23. i)"-7i)gr + 12g*r». 46. (a + 6)*-7(a + 6)-l& 

47. (a + 6)*-12(a + &)' + 20(a + 6). 

48. a«-3a6. 
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TYPE III. QUADRATIC TRINOMIALS OF THE FORM 
pji^ + gx+r. 

115. According to § 66, 

(4a; + 3)(5a-2)=20aj» + 7aj-a 
20 a? is the product of 4 a; and 5 x. 
— 6 is the product of + 3 and — 2. 
+ 7 a? is the sum of the cross products. 

Hence in factoring 6 a?* — 13 a? + 5, we have to find two bino- 
mials whose corresponding terms are similar, such that 

The first two terms are factors of 6 o^. 

The last two terms aire factors of 5, 

and the sum of the cross products equals — 13 x. 

By actual trial we find which of the factors of 6 aj* and 5 
give the correct sum of cross products. 

If we consider that the factors of 4- 6 must have like signs, 
and that they must be negative, as — 13 a; is negative, all possi- 
ble combinations are contained in the following : 

6a?-l 6a?-5 3a;-l 3a?-5 

X X 

2a?-5 2a;-l 

— 31 a? — 11 a? — 17 a? — 13 ar 

Evidently the last combination is the correct one, or 
6a;*-.13aj + 5=:(3a?-5)(2aj-l). 

116. In actual work it is not always necessary to write down 
all possible combinations, and after a little practice the student 
should be able to find the proper factors of simple trinomials 
at the first trial. The work may be shortened by the following 
considerations : 

1. i/" p is positive, only positive factors of^ need he considered. 

2. Tjf p and r are positive, the second terms of the factors have 
Oie same sign as q. 
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3, If '^ is positive, and r is negative, then the second terms of 
the factors have opposite signs. 

If a combination should give a sum of cross products, which has the 
same absolute value as the term qx, but the opposite sign, exchange the 
signs of the second terms of the factors. 

4. Ifpoc^ + qx + r does not contain any monomial factor, none 
of the binomial factors can contain a monomial factor, 

Ex. 1. Factor 3aj" — 83a; + 64. 

The factors of the first term consist of one pair only, viz. 3x and x, 
and the signs of the second terms are minus. 54 may be considered the 
product of the following combinations of numbers : 1 x 64, 2 x 27, 3 x 18, 
6 X 9, 9 X 6, 18 X 3v 27 X 2, 64 X 1. Since the first term of the first factor 
(3 as) contains a 3, we have to reject every combination of factors of 64, 
whose first factor contains a ^. Hence only 1 x 54 and 2 x 27 need be 
considered. 

3«-l 3«-2 

-83« 
Therefore Sx^ - 83x + 64 = (3a5 - 2)(aj -27). 

Ex. 2. Factor 9 a?* + 20 a? - 21, 

9 x^ = 9 X • X or 3 X • 3 X, but the second combination has to be rejected, as 
21 contains a 3, and as consequently one of the resulting binomial factors 
would contain the monomial factor 3. Hence 9 x • x has to be selected. 

The last term 21 may be factored as follows : 1 x 21, 3 x 7, 7 x 3, and 
21 X 1. According to (4), only 1 x 21 and 7x3 need to be tried. 

^x+1 ^35 + 7 




-188x -20x 

The second combination produces the absolute value of the middle term 
but the wrong sign, hence the factors are 

(9x — 7)(x + 3). 
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117. The type j?a^ + gi«-f-r is the most important of the 
trinomial types, since all others (II, IV) are special cases of 
it. In all examples of this type, the expressions should be 
arranged according to the ascending or the descending powers 
of some letter, and the monomial factors should be removed. 

BXBBCISB 43 
Factor the following expressions : 

1. 3a2-a;-2. 21. 2a«-3a&-2&\ 

2. 5a2-9a-2. 22. 4a2-a-14. 

3. 3a2-10a; + 3. 23. 60 a^ - 59 a6 - 20 6«. 

4. 4:ix? + 7x-2. 24. 12 oJ* - 23 a? + 10. 
6. 3a*-5a + 2. 26. 8a«-38a5 + 35. 

6. 2a?-9a? + 4. 26. 2-5a* + 3a*. 

7. 9ic*-26a?-3. 27. 3-a?-2a?. 

8. 4a^-8a? + 3. 28. 6-a?-2iB». 

9. 4a^-lla?-3. 29. 12-2ar»-6aj. 

10. 662 + &-12. 30. 12-ar»--a;. 

11. 4a?-5a;-6. 31. -- b x - si? -\- Q. 

12. 6a*-19a + 10. 32. 4 ar^ + 10 a^ + 4 2/*. 

13. 9m*-17m-2. 33. S o?f +22 xi^ - Q t^. 

14. 5a^ + 26a? + 5. 34. 24 a» + 42 a^ft - 45 a&l 

15. 6a*-.17a-f-12. 35. 30 oj^i/ + 95 aV - 35 a?/. 
lfi^4a*-4a&-3&2. 36. 3a;"+* + 5a;«+^+2a?«. 

17. 4 + 13aj + 3a2. 37. 2(a + &/ + ll(a + 6) + 5 

18. 6aj* — 7a;2^-3y2. 38. 4 (a? +y)^ - 8 (a? + 3^) + 3. 

19. 2a* + 13a5 + 662. 39. 3a^«-aj«-2. 

20. 16a^-77a + 10. 40. aaj2 + (a + 6)aj + ft. 
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TYPE IV. THE SQUARE OF A BINOMIAL 

118. Expressions of this form are special cases of the pre- 
ceding type, and may be factored according to the method used 
for that type. In most cases, however, it is more convenient 
to factor them according to § 65. 

a? — 2a^ + y2 = (a? — y)* 

A trinomial belongs to this type, i,e, it is a perfect square, 
when two of its terms are perfect squares, and the remaining 
term is equal to twice th^ product of the square roots of these 
terms. 

The student should note that a term, in order to be a perfect 
square, must have a positive sign. 

16a;2 - 24xy + Oy^ jg a perfect square, for 2V16xa x V&p = 24 xy. 
Evidently 16 x^ - 24 xy + 9 y^ = (4 x - 3 y)\ 

To factor a trinomial which is a perfect square, connect the 
square roots of the terms which are squares by the sign of the re- 
maining term, and indicate the square of the resulting binomial 

EXBBOISB 44 

Determine whether the following expressions are perfect 
squares or not, and factor whenever possible: 

1. a^ + 2ab + b\ 7. jp^ + Sp + 16. 

2. a«-2a&-&«. 8. l-4m + 4m'. 

3. c» + 2c(f-"Cp. 9. 9 + 6p+jp^. 

4. aj* + 4a? + 4. 10. 4-6p+i>». 

6. a?-6x-j-9. 11. a» — 14a+49. 

6. ix?-2x + i. 12. a« + 18a + 81. 
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13. a* + 6a~9. 25. -'df + 2ab-V. 

». a*-6ad + 9&* 26. 168 1/^ + a^ - 26 ojy. 

16. 4a^-12a5 + 96*. 27. a« + 2a6. 

16. 9mV + 42mw + 49. 28. + 12 aJ* + 36 a** + 1. 

17. 4aj2y2 — 20a^»+252*. 29. 2mV-m*-n«. 

18. 4aJ*-15iBy2* + 93^;^. 30. 860:2^6353^543.^ 

19. 36a*-60a26« + 256*. 31. a^" - 2 a-ft"* + 6 *-. 

20. 225a«-30iB» + l. 32. 22«-6.2»-h9. 

21. 4a«~8a& + 4&* 33. 98 aJ*2r^ - 56 icY + 8 0^2^. 

22. m« + 2m« + m. 34. 25 a^ - 101 ay^ + 4 y*. 

23. m*-12m%«-366*. 35. 4 a* - 52 a« + 144 a^. 

24. 2a* + 12a&-186«. 36. (a + &)* - 24 (a + 6) + 144. 

37. (a-6)«-2aj(a-6) + iB«. 

TYPE V. THE DIFFERENCE OF TWO SQUARES 

119. According to § 65, 

a«-6» = (a + 6Xa-&)> 
i.e. the difference of the squares of two numbers is equal to th« 
product of the sum and the difference of the two numbers. 

Ex, 1. 4a!V-9«* = (2a'3/* + 3z»)(2aiV-3«»), 

Ex. 2. 16o»-64 6«' = 16(a»-4 6»») 

= 16(a« + 2 6»)(o«-2 6»). 

Ex.8. a*-b*=(a*+b^(ci*-b^ 

Von. tfl-i-b^ is prime. 
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EXERCISE 45 
Resolve into prime factors : 

1. m*-w». 16. 4a»-9a&". 

2. p^-<f. 17. 7a^«-7y". 

3. a«-9. 18. 16ic»-196a?. 

4. 16 -6«. 19. 9ai®-81. 

6. 4a«-l. 20. 100-900a^«>. 

6. l-25a«6«. 21. a*-a«. 

7. a'h^'^2^(?. 22. 144 a* -a^ 

8. a%2-36&«. 23. 9a^V-9«y. 

9. 49a*6*-16c*. 24. 12a8-36V. 

10. 36a«-25 6«. 25. a*»-l. 

11. 169 c*- 121 cPe*. 26. 64 a*" -9 6*". 

12. 225a«-144a6l 27. 3*»-2*». 

13. a«-6«. 28. 2ba^'''''-22^arV. 

14. a* -6*. 29. 10000-1. 
16. a«-6«. 30. 99.91. 

120. One or both terms are squares of polynomials. 

Ex. 1. Factor a2—(c + (f)l 

a^ - (c + d)* = (a + c + d)(a - c -(J). 
Ex. 2. Resolve into prime factors and simplify 
(4a+3&)*-(2a-5&y. 

(4a+36)2-.(2a-66)2=[(4a+36) + (2a-5 6)][(4a+36)-(2a-5 5)] 
= [4 a+3 6+2 a-6 6][4 a+3 6-2 a+6 6] 
= (6a-2 6)(2a+8 6) 
=2(3 a -6) .2(a+4 6) 
=4(3o-6)(a+4 6). 
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EXBBOISE 46 

Resolve into prime factors : 

1. (a + &)2-c*. 7. {aJ^^^oFf'-ia-hy. 

2. (a.-y)2-2». 8. (4a + 6)2-(3a?-y)2. 

3. (a+6/-9c«. 9. l-(3a-6 6)«. 

4. tt*-(6 + c)l 10. 3-3(a + 6)«. 

6. 4a«-(6-c)«. 11. (a + 6 + c)2-(a; + y-2;)^. 

6. (a + 3&)2-16c«. 12. (a+26+3c+d)«-(e-f-/)'. 
Resolve into factors and simplify : 

•13. (a + hy-a^ 17. (3a + 5)2- (2a~l)2. 

14. a* -(a -6)1 18. (3 a^ - a)^ - (a + &)l 

16. (a + 2&)*-9a*- 19. (4a + 6 6)«-(a-7 6)^. 

16. 26a*-(2a-6&)« 20. (a + & + c)*-(a + 6)l 

TYPE VI. THE SUM OR DIFFERENCE OF TWO CUBES 

jr'+jr', and x^—/^. 

121. According to § 79 : 

^ — f^ix — yXa^ + xy + f). 

Ex. 1. Factor 8 iB^-l. 

8a:«-l = (2aj2)«-(l)« 

= (2a;2--l)(4a:* + 2a;2 + l). 

Ex.2. Factor8a» + 27&«. 

8 a® + 27 6« = (2 a^y + (3 62)8 

= (2 a8 + 3 62)(4 a« - 6 a^h^ + 9 6*). 

After a little practice the student may omit the intermediate step and 
write the factors at once. 

Ex;. 3. 126a«6"-343c» 

= (5a%*-7c8)(25a*6« f 35 a%V + 49 c«). 
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EXBBCISB 47 
Factor the following : 

1. a^-b\ 10, 125a3 + 6». 19. Sa^-Slx^. 

2. a8 + &». 11. 8a8-27 6l 20. aj«^-1331. 

3. a»-l. 12. 216a^+125b\ 21. aj3-28*. 

4. a^ + l. 13. 1000 -aj^. 22. 1001. 

6. l+a«. 14. 216a3~6V. 23. 1,000,001. 

6. 8-a». 15. aj«-27i»y. 24. 1,000,027. 

7. 8a3-f 1. 16. 2aj3 + 54 2r*. 26. 64,001. 

8. 27 6«-l. 17. a" + 6". 26. 64,000,001. 

9. 64a«-6l 18. aJ + 27 a^\ 27. 999,973. 



122. In factoring a' — 6*, the expression may be considered 
either the difference of two squares or the difference of two 
cubes, producing respectively the following results : 

a« - 6* =(a«-f- &")(«' -6") 

a« ^ &« = (a^ - 6«)(a* + a'b^ + &*). 

The factors of the first result can easily be factored again, 
while it is difficult to factor the last factor of the second re- 
sult. Hence the prime factors of examples of this type can be 
obtained most readily by considering them the difference of 
two squares. 

Ex. a«-64 = (a» + 8)(a8-8) 

= (a + 2)(a*-2a + 4)(a-2)(a« + 2a + 4). 

BXBBCISB 48 
MISCELLANEOUS EXAMPLES 
Resolve into prime factors : 
1. l-iB*. 3. a«ft«-729. 6. l-m«c^. 
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7. a^-4»« + 3. 17. a«6«-26a%»-27 6l 

8. aJ*-2a?-3. 18. a^-5aj» + 4. 

9. 3 a* -3 a*- 36. 19. a?^'-a?. 

10. 4m«-32m*-36m*. 20. a"-5a«+4. 

11. a*-6a%«-36 6*. 21. 729a%«-a26«. 

12. a* + 4a»-6a. 22. (a + 6)^-l. 

13. a^^ab\ 23. (a + 6)«-l. 
14.. 3i)«-39i)* + 108i?». 24. (a? + t/)*-l. 

15. 18aJ*^74a?3^ + 8y*. 26. 3««-2««. 

16. a^-7«'-8. 

TYPE VII. GROUPING TERMS 

123. By the introduction of parentheses, polynomials can 
frequently be transformed into bi- and trinomials, which 
may be factored according to types I-VI. 

A, After grouping the tei^ms, we find that the new terms contain 
a common factor. 

Ex. 1. Factor ax + bx + ay+by. 

ax+bx + ay + by=: x(a + b) +y(a + &) 
= (a + 6)(a; + y). 

Ex.2. Factoric' — 6a? — a? + 5. 

as* - 5*8 - « + 5 = a;2(a; _ 5)-(a; - 6) 

= (a;-5)(» + l)(a?-l). 

EXBBOISB 49 

1. wm + ym + xn + yn. 4. 2am + 2ap — 3 5m — 3&p. 

2. a? + xy + ax + ay. 6. 6am — Sbm — 6an + 3bn 
8. 2ax-'Sbx + 2ay''3by. 6. 2 2/*- 2r* + 42/ — 2. 
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7. j^if—jfif'-pq + l. 14. a^ — a — a^xy'\'Xy. 

8. a^ + mxy — 4t Qpy — 4: mif. 16. jf + p^ — J^^q — ^» 

9. 6a? + 3xy'-2ax^ay. !&• 1 — a? — x* 4- aJ^. 

10. c«d«+e*d*-cy* -€«/«. 17. i)^-6i>« + 2p-10. 

11. 3a^-7x* + 3a? — 7. 18. a« - o^o? - op +jpaj. 

12. 6aJ*-13ic'-12aj+26. 19. m«-13m*-7m* + 91 

13. a? — 0?— oj + l. 20. ax+bx+ay+by+aa+bz. 

It is sometimes necessary to change the order of the terms of 
the given expression before the method can be applied. 

21. ax+by — ay—bx. 

22. aj'-21+3a?-7a?. 

23. aV~3 6V + 36W-ay. 



B, By grmiping, the expression becomes the difference of two 
squares, 

Ex. 1. Factor a*- 6 a6 + 96^ - 16c«. 

a* - 6 a6 + 9 62 - 16 ca = (aa - 6 a6 + 9 62) - 16 c^ 
=(a-3 6)2-(4c)a 
= (a-86 + 4c)(a-36-4c> 

Ex.2. EactorQaj*— y* — 42* + 4y2r. 

9aja - y2 _ 4;j2 + 4 y^ =9a;2 -(y« - 4y« + 4««) 
= (3a;)2-(y-2 2f)« 
= (3 a; + y - 2«)(3aj - y + 2#). 

Ex.3. Factor 4a^-6« + 9a?--42^-12aaj + 46y. 

Arranging the terms, 

4 a2 - 62 + 9x2 - 4 j^ - 12 aa; + 4 6y 

= 4 a2 - 12 ox + 9 a;2 - 52 ^. 4 5y _4 j^ 
= (4 a2 - 12 ax + 9x2)-(62 - 4 jy 4.4y«) 
= (2a-3x)2-(6-2y)2 
= ( 2 a - 3 X + 6 - 2 y ) (2 a - 3 flc - 6 -f 2 y) . 
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EXERCISE 50 

1. a«-2a5+6«-l. 7. 25c2~2ajy-aj«-y«. 

2. rf-4a&+46«-c'. 8. a^+b^+2ab-a^+2xy-y^. 

3. aj»-6ajy + 9y2_26rf. 9. 16aJ*-4a*-4ad-&«. 

4. l-a2 + 2ad-&«. 10. 3-3a2 + 6a6-3&«. 
6. 16m*-4a?-4a^-3/«. 11. a-a»~6a%- 9a6l 
6. ie-a*-V + 2db. 12. aj»-10aj + 25-121A 

13. a» + 12a + 36-aj2-f-4a?t/-4y«. 

14. a^-a? + 6«-y*-2a6-2a^. 

16. a*-2a%» + 6*-25aJ*-40ajV-16y*. 



C By groupingy the expression becomes a trinomial of the form 
of pa? + qx + r (or its special cases II and IV). 

Ex..l. Factor 3a.'«-6icy + 32^-10a; + 102^ + 3. 
8aJ2-6aBy + 8y«-10a5+10y + 3 = 3(aj2-2xy + ya)-10(aj-y) + 8 

= 3(x-y)2-10(a;-y) + 3 
= [3(a;-y)-l][(a;-y)-3] 
=:[3x-3y-l][ac-y-3]. 

Similar, although a type of VII A is the following example : 
Ex. 2. 4aj* — 12aj2^ + 92/*-2a? + 32^. 

4a^-12«y + 9ya-2a5 + 3y=(2aj-3y)2-(2aj-3y) 
= (2a;-3y)(2aj-3y-l). 

BXEBOISE 51 

1. a« + 2a + l + a5 + 5. 3. a*-4a6+46*-3a+6&+2. 

2. a«-2a6 + 6«-a+6. 4. aj»-y2 + 2iB-22(. 

6. aj»-3aj2^ + 2t/*-2a? + 4y. 

6. aj»-6aJ2^ + 93r*-7a? + 21y-f-12. 

7. 4a« + 8a& + 462-5a-56 + l. 

(For additional methods of factoring, see Appendix II and 
Chapter XVI.) 
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SUMMARY OF FACTORING 

I. First find monomial factors common to all terms. 
II. Binomials are factored by means of the f ormuliB 

a2-62 = (o + *)(o-*). 

fl?-f 68=(o + 4)(a*-a« + 60. 

III.' Trinomials are factored by the method of cross products, 
although frequently the particular cases II and IV are more con* 
venient. 

IV. Poljrnomials are reduced to the preceding cases by grouping 
terms. 

EXBBCISB 58 
MISCELLANEOUS EXAMPLES 
Factor the following expressions : 

1. a*-&l 14. 17 a«- 26 a -18. 

2. a* + l^-.2ab. 16. 20 a» - 220 a + 606. 

3. a^ + 2db. 16. a'-729a. 

4. a?^Sdb + 2V. 17. 7a»-.7. 

6. 3a*-.10a& + 3&«. 18. 7 a» + 77 a»& - 84 oM, 

6. 6a6-3a2-3&*. 19. a» - c* -f- 2>* - 2 a6. 

7. fl^-a^ft. 20. 2 a^ + 16 db -^130 V. 

8. a^-ahK 21. a*-l-26-&«. 

9. 2a^ — ic* — y*. 22. a? — aa? — 6a? + a6. 

10. aj»-16aj2 + 66a?. 23. 2aj8 + aJ* — 3a? 

11. a* — 16a. 24. 2 — a? — a?. 

12. 8aJ*-65aj» + 8aj". 25. (a + 6 + c)* — 1. 

13. 3aaj + 26a; + 3ay + 26y. 26. l-(a + 6)«. 
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42. 


a?o' 


-6'o'- 


•asy+ay. 




43. 


a?- 


■3x'-i 


+ 3. 




44. 


a?- 


• 2a! + l 


-y'- 




46. 


3^- 


•6a!» + a! 


1-6. 




46. 


d?- 


■ b^ + a- 


-6. 




47. 


a?- 


■ 172x + ni. 


20. 


48. 


3a!« 


-3a?- 


720 a!'. 
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27. a?-3/*. 

28. Idt^-'ldb. 

29. 8iB*-31a^-4 

30. a*-l + 2a6 + 6^. 

31. 9x*-9a». 

32. a?y^ + a?^7f--7. 

33. (a + 6)«-9(a + &) + 20. 

34. 3aa^-3af + 5ba?-'5by'. 49. 225 oJ* - 120 a*^/* + 16 y*. 

35. 27ajV + «y. 60. a^ + a^b + ab^ + bK 

36. 9aj»-82a? + 9. 51. aj' + (a-6)a?-a6. 
37.- (a-f-6)*-8. 52. ar^ + 4a?-a?-4. 

38. 729aj»-1003^. 53. x* + 2a? + l-4(a? + l). 

39. 289aj»-34ajV + aJ2/* 54. a^-a. 

40. 128-2a». 56. a?" - 8 oj^ + 16 «. 

41. 10a*-33a»-7a«. 56. 36a*"-9V». 

57. aj"(a+5)+4a?(a + &)+4(a + 6). 

58. a^-2a6 + 6*-6a + 66. 
69. a2-4a5 + 36*-6a + 66. 

60. a^-2a5+6*-6a+6&+6. 

61. 6aj«'-12a^ + 62/*-37aj + 37y + 6. 

62. aj^-2/« + aj»-y". 

63. a* + 6Hc* + 2a6 + 2ac + 2&c. 

Simplify the following expressions, and factor the result : 

64. (aj-l)(a?-2)-6. 
66. (a? +4) (a? -3) -18. 

66. (a? + 7)(a?-2)-(2aj-9)(3aj + 2) + (a?-3)(a;-10)-30 

1 



CHAPTER VII 

HIGHEST COMMON FACTOR AND LOWEST COMMON 
MULTIPLE 

HIGHEST COMMON FACTOR 

124. The highest common factor (H. C. F.) of two or more 
expressions is the algebraic factor of highest degree common 
to these expressions ; thus a* is the H. C. F. of a' and a%^. 

Two expressions which have no common factor except unity 
are prime to one anotfier, 

125. The H. C. F. of two or more monomials whose factors 
are prime can be found by inspection. 

The H. C. F. of a* and a^b is al 

The H. C. F. of a%V, a^l^c^, and a*b^ is a«&l 

The H. C. F. of (a + bf and (a + by (a - &)* is (a + 6)« 

126. If the expressions have numerical coefl&cients, find by 
arithmetic the greatest common factor of the coefficients, and. 
prefix it as a coefficient to H.C.F. of the algebraic expressions. 
Thus the H. C. F. of 6 a^yz, 12 a^fz, and 60 a^y^ is 6 ar^. 

The student should note that the power of each factor in the 
H. C. F. is the lowest power in which that factor occurs in any 
of the given expressions. 

BXEBOISB 58 
FindtheKCF. of: 



1. 


6a% 2a^l?. 


6. 


4.a^a?, 6a8a^, 12aaj«. 


2. 


9a%V, ISa^feV. 


6. 


19aj2/, 96a»8, H'j ^^ 


3. 


17 a*6»c, 51 cU 


7. 


12a^2^2^, 18aJ*2/^2«, 24.7^:f. 


4. 


24a%«, %f7hi. 


8. 
114 


SaPfz, ^a^i/'z, 15ajy«. 
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9. 4a26V, iea*bH\ 64a%V. 

10. 98a%V, ISOa^feV, -300a*6V. 

11. Wa'ba^f, -45^2^, - 90 a^^aY- 

12. 3(a + 6/, 4(a + &)^ 3(a + 6)V-6). 

13. 3(aj + l)(a? + 2), 12 (a? + 1) (a? +3), 6(aj + l)^ 

14. (a + 6)»(c +d)«, (a +6)(c + d)«, (a + by(c + d) 
16. 6(a? + y)», S(x + yy(x^y), 9(x + y)(x^yy 
16. 6aXa + 6)«, 8a(a + &)«, 10 a\a + b) 



fi 



\7 



127. To find the H.C.F. of polynomials, resolve each poly- 
noinial into prime factors, and apply the method of the 
preceding article. 

Ex. 1. Find the H.C.F. of x'"4:xy + 4f, a?-'3xy + 2f, 
and a^-Tanf + lOy". 

a2-7a;y + 10y2 = (x-2y)(x-6y). 
Hence the H.C.F. =aj-2y. 

Ex. 2. Find the H.C.F. of 6a*-6a6^ 2a?-8a^ + 6aV^, 
andl2a*-12a%». 

6a* - 6 a68 = 6 a(a« - 6») =6 a(a - 6)(a2 + o6 + 6^. 
2a«-8a26 + 6a62 = 2a(a2_4a6 + 862) = 2a(a-6)(a-36). 
12 a* - 12 a%^ = 12 a^(a^ - 6^) = 12 a\a + 6) (a - 6). 
Hence the H.C.F. =2a(a-6). 

128. If 7 a is contained in several expressions, obviously 
— 7 a must be contained also. Similarly, if a — & is a common 
factor of several expressions, — a +&, or 6 — a, is a common 
factor also. From this it follows that each set of expressions 
has really two highest common factors, whose absolute values 
are equal, but whose signs differ. E.g. Ex. 1 of § 127 has the 
two answers, a? — 2 y and 22/— a; Ex. 2, 2 a(a—b) and —2 a(a—b) 
or 2 a(6 — a). 
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BXEBCISB 54 
FindtheH.C.F. of: 

1. 3ajV, 12ajy-18ajV- 

2. 12a^f2^, Sa^fsfi-'lSa^. 

3. 36 a\ 12aV + 24aW. 

4. 9 oa;- 12 aV, 24aW + 36aW. 
6. a^-b% 4a26 + 4a6«. 

6. 4a'-9&», 10a«6 + 15aV. 

7. daa^-lGaf, 12abx + 16aby. 

8. 16 a%* - 25 6V, 24 a6«- 30 6^a 

9. 4:0i^ + 12xy + 9y', 16a? + 24y. 

10. m* — 4a*, m^ + 2mx, 

11. mf — ffy inn? + mny m?n + mn\ 

12. 4aj' + 12iB2y^9a^^ 16ajy + 24^. 

13. 9a3-f-24a% + 16a&», 18a« + 24a%. 

14. 4aW + 12a*ajy-f 9ay, 18a^ + 27(iV 
16. a + b, a*-6*, a« + 6». 

16. cwj + ay — &« — &y and af-^b^. 

17. iB2-7a? + 12, aj«-8aj + 16. 

18. aj"-3a? — 4, aj'-8a? + 16, a? — 16aR. 

19. a* + 3a-18, c?-.27, a»-6a + 9. 

i 20. a^ + 2 a-S, a^ + 7 a + 12, a* + 27 a. 

21. a^ + 3a?-64, a? + a?-42, aj» + 2a?-48. 

22. 2a« + 9a + 4, 2a« + lla + 6, 2a*-3a-2. 

23. 3a« + 15a% + 18a5«, 3a* + 9a% + 6aV. 

24. a« + 4a5 + 36^ a* + 2a6-36«, a^ + 9db + lSV. 
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85. aj»-.4ajy + 43^, aj'-Sy', «*-16y*. 

26. a^-2x*-3aj + 6, 2a?-5aj + 2. 

27. 3a%-3a%-21a6, 7a2-7a-49. 

28. a — 6, — a + 6. 

29. a — 3 a?, 3i3 — a. 

30. 13a«-13y, 26y-26al 
81. 3ic*-10a? + 3, 9a? — a*. 

129. If only one of the given expressions can be factored by 

inspection, determine by actual division if its factors are con- 
tained in the remaining expressions. 

Ex. 1. Find the H. C. F. of a;«-4, and a?-3a?« + 8a?-12. 

The factors of x* — 4 are x — 2, and x + 2. By dividing x» — 3 x^ 
+ 8 X — 12 we find that x — 2 is a factor, bat x + 2 is not a factor. • Hence 
the H. C. F. = X - 2. 

130. If several but not all expressions can be factored by in- 
spection, find the H. C. F. of those which can be factored, and 
test the factors of the H. C. F. by actual division as in the 
preceding case. 

Ex. 2. Find the H.C.F. of a?-3aj»-8a? + 24, a?-27, and 

a«-3x2-8x + 24 = ai2(x-3)-8(x-8) = (x-8)(*»-8). 
«« - 27 = (X - 8) (x« + 3 X + 9). 

The H. C. E. of these two expressions is x — 8. 



x«- 


■ 2x« + 6x- 
.8x2 


- 27 X - 8 

a? + x 


±1 




a? + 6x 
a^-8x 






9x- 
9x- 


-27 
-27 





Hence the H.O.F. = x - 8. 
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131. If divisor and dividend are both arranged, the division 
can be exact only if the first and last terms of the dividend 
are respectively divisible by the first and last terms of the 
divisor. 

Ex. 3. Find the H.C.F. of ic» + 3aj«-llaj-26 and (3aj-l) 

(aj-3)(aj + 2). 

Since «« is not exactly divisible by 3 «, 3 x — 1 has to be rejected, and 
since 26 is not exactly divisible by — 3, x — 3 has to be rejected. Hence 
only X + 2 has to be tried. But actual division shows that x + 2 is a 
factor of x8 + 8 x2 - 11 X - 26. Therefore x + 2 is the H. C. F. 

BXBBCI8B 55 
Find the H.C.F. of: 

1. a«-3a + 2, a*-6a« + 8a-3. 

2. 4a'-l, 4a«-6a*-4a + 3. 

3. a'-3a + 2, a* + a-2, a8 + 2a«-a-2. 

4. 2a?* + 6aj3 + 2iB», a?* - 9 or* + 9 a? - 70. 

6. aj*~4aj + 3, 3iB2-10aj + 3, aj»-6iB2+lla?-6. 

6. 8iB8-l, 4ar*-l, 4a?8 + a;-l. 

7. 80^-1, 8iB2 + 4a? + 2, 16 a;* + 4 ic* + 1. 

8. a^-aj, aJ*-7a? + 6, a?*-3ar» + 5a* + 3a?-6. 

9. a:» + 5a?-24, ar» + 4a:2- 26aj + 15. 

10. 3a*+a-2, 4a' + 4a*-a--l. 

(For another method of finding the H.C.F. of expressions 
which cannot be factored by inspection, see Appendix III.) 

LOWEST COMMON MULTIPLE 

132. A common multiple of two or more expressions is an 
expression which can be divided by each of them without a 
remainder. 

Common multiples of 3x3 and 5y are 30 x^, 00 x!^, 300 x^, etc. 
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133. The lowest common multiple (L.C.M.) of two or more 
expressions is the common multiple of lowest degree; thus, 
icy is the L.C.M. of a^y and act^. 

134. The L.C.M. of two or more monomials whose factors 
are prime can be found by inspection. 

The L. C. M. of a*6« and a«6 is a^b^. 

135. If the expressions have a numerical coefficient, find by 
arithmetic their least common multiple and prefix it as a coef- 
ficient to the L. C. M. of the algebraic expressions. 

The L. C. M. of 3 (i«6«, 2 al^h^i^, 6 c« is 6 a^b^cfi. 

The L. C. M. of 12(a + by and (a + by(a - by is 12(a + b)\a - by. 

136. Obviously the power of each factor in the L.C.M. is 
equal to the highest power in which it occurs in any of the 
given expressions. 

137. To find the L.C.M. of several expressions which are 
not completely factored, resolve each expression into prime 
factors and apply the method for monomials. 

Ex. 1. Find the L. C. M. of 4 a^b^ and 4 a* - 4 aW 

4(i*-4(|26» = 4a2(a2_58). 
Hence, L. CM. =4 a^bfi(^a^ - 6«). 

Ex. 2. Find the L.C.M. of a*-^, a^ + 2ab'{-b^, and 6-a. 
aa-6a=(a + 6)(a-6). 
a» + 2a6 + 62=(a + 6)*. 
6-a = -(a-6). 
Hence the L. C. M. = (a + by (a - 6). 

Note. The L. C. M. of the last example is also — (a + by (a — 6). In 
general, each set of expressions has two lowest common multiples, which 
have the same absolute value, but opposite signs. 
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BXBBCISB 66 
Find the L. C. M. of: 

1. X, aj2, a?. 6. 12, 15a«, 25db% lOV, 18a%. 

2. 0?, 3ajy, Bocy'. 6. 8a%a;, 12cfa^, 14^. 

3. iB», 3a^, 5a»», 12. 7. 6ajy, 4y», 20aj*y», 45aj». 

4. 2a*a;, 3y»y, 4a»jr2. 8. 13ay^, 15ajy, 9a^, c*. 

9. 4a«&cd, 200^0?, 40a&c»d, 8(?. 

10. 2a\ 4n*, 6a«, 6. 

11. 9a?, Sxy, 2(x + y). 

12. 4(aj-y)«, 3(a; + y)^, 12(x-y)(x + y). 

13. (a + &r, (a + 6)*+^ (a + &)'-+^ 

14. (a;-l)(aj-2)«, (a? - 2) (a; - 3)^ (a-3)(a?-l)« 

15. 3 a?, 5y, o^ — xy^. 

16. 4a;2^ 33/*, 6a;y-6aY. 

17. 6(a? + y), 3a;-3y, 6a?y + 6^. 

18. 4a&c, 9a*-16a?2. 

19. a^-h\ a»-&». 

20. a* + &^ a*-a6 + &*, « + &. 

21. a?2 + 5a? + 6, a?« + 4a; + 3, aj» + a?. 

22. 4a?*-4a?2, 3a?2 + 6a? + 3, 6aj2-12aj + 6. 

23. 4a2-h2a-2, 4a«-l, 4a* + 4a-a 

24. 3ix?-\-3x, ba?^6,16x. 

25. a? + l, x^2^ a? + 3. 

26. 2a? — 1, 4a?4-2, 4a? — 1. 

27. 2a;2__^_i^ 2a^ + x-3, 4a?* + 8a? + a 

28. 1-a?, a?-l, a?2-l, a?*-l, aj^-1. 
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29. 6aj«-54, 7(a;-3)*, 3a^-9a? + 3. 

30. a" — aj* + aj — 1, 35* — oj. 

31. 3a*-lla + 6, 3a*-8a + 4, a^-Ba + 6. 

32. 2a?-Sa?-2x, 2a?-15x^'-Sx, a?-10x + 16. 

33. 12a*+23a6+10y, 4a« + 9a6 + 55«, 3a* + 5a6 + 26^ 

34. (a — &)(6--c), (&-c)(c-a), (c — a)(6-a). 

35. (a + &)«-c«, a*-(& + c)«. 

36. a?* — 1, 0^ — 2»' + 4aj-3. 

(The method for finding the L. C. M. of expressions which 
cannot be factored by inspection will be found in Appendix III.) 



CHAPTER VIII 

FRACTIONS 

REDUCTION OF FRACTIONS 

138. A fraction is an indicated quotient ; thus - is identical 

with a -4- 6. The dividend a is called the numerator and the 
divisor b the denominator. The numerator and the denominator 
are the terms of the fraction. . 

139. Since a fraction represents an indicated division, the 
proofs of all fundamental properties may be based upon the 
definition of division ; viz, : 

? = a? means a = bx. 
b 

140. If both of the terms of a fraction be multiplied by the 
same expression, the value of the fra>ction is not tJiereby aUered. 

Expressed in symbols, 

if - = a?, then — = x, 
b mb 

According to the preceding paragraph, this really means 

if a = bx, then ma = mbx. 

But in this form the correctness of the conclusion is obvious. 

(§90,3). 

Hence it is proved that ?=^. 
b mb 

141. If both the terms of a fraction be divided by the same 
expression, the value of the fraction is not thereby altered ; or 

ma__a 
mb b' 

This follows from the preceding article. 

122 
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142. A fraction is in its lowest terms when its numerator 
and its denominator have no common factors. 

Ex. 1. Reduce ^ to its lowest terms. 

Remove successively all common divisors of numerator and denomini^ 
tor, as 3, «, y^^ and sfl (or divide the terms by their H. C. F. 3a:yV). 

Hence ex^^ ^2z 

9x^^sfi 3x 

143. To reduce a fraction to its lowest terms, resolve numerator 
and denominator into their factors, and cancel all factors that are 
common to both. Never cancel terms of the numerator or the 
denominator; cancel factors only. 

Ex. 2. Reduce <^°~^^' + 8a ^^ ^^^ lowest terms. 
6a*- 24 a^ 

a« - 6 qg + 8 q _ aCa^ - 6 q + 8) 
6q*-24q2 6q2(q9_4) 

^ q(q-2)(q-4) 
6q2(q + 2)(q-2) 

q-4 
6 a{a + 2) * 

-6 a* + 60 a^b + 66 a^b^ - 6 q^Cq^ - 10 q6 - 11 6^) 

-12qio(qa-12162)(a2_52) - 12qio(q + 116)(q- 116)(q + 6)(a-6) 

- 6 q2(q - 11 5)(q + 6 ) 

- 12 a^%a + 11 6)(q - 116)(q + 6)(a - b) 

1 

2 q8(q + 11 6) (q- 6)* 

144. By the law of signs in division 

+ a _ —a __ ■+^— "-<^, 

+ &"■-& -& +&" 
That is, a fraction is not altered if the signs of both its 
terms are changed; but the sign of the fraction is changed if 
the sign of either term is changed. 
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Ex. 4. Reduce ^ ? , to its lowest terms. 
6* — a' 

_ (a-b)(a + 2b) 
(a + 6)(a-6) 

_ a + 2b 
o + ft' 
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Reduce to lowest terms: 

1. 9*!. 6. -^^- 11. ^^=^. 

3 as* 125 a?y 9a;-9y 



16a*6* * 16a» ' 6a%-6a6« 

250a?y^z^ 35 a«*-^%^>+» aa; + &g 

25q^i/^'' ' la^b^ * ' ex ' 

34 a^6V 12m + 12n 25ra?-35n^ 

85a^6V' ' 24ic + 24y' ' SBsx^Adsy 

23aV -^ 9a%+12a5* ,^ 4a«~96« 



46a*i»V 9a%-15a68 ' 2a + 3.b 

16. i^'-^^V 21. l+«' 



(2a-3&)« * 3a«-3a» + 3a* 

-^ oaj + ftic — caj o„ 3aj* — 10aj4-3 

ay + by — ci/ 9ar — 6a?+l 

jg m^~2mn + n» 4a» + 12a& + 9&' 

m»-w« * ' 16a6 + 246« 

19. 9a^ + 6a? + l ^^ a«-7a + 12 



9a*-l ' a«-8a + 16 

a%2c« + a6c ' a«-8a4-16 
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a'-7a+12 2j)'-pg-3(?* 

2o' + 9o + 4 ' o« + y + 2a&-^c' 

• 2a« + lla + 6 ' o*+(y' + 2ac-&» 

16a!' + 2a!y-y» 3!g«-21g^+36a!» 

• 12!^ + scy-f ' ar'-8a! + 15 

2m'-mn-6«V a^^\ 

3m'-7j»n + 2n» o» + 6» 

fiw + «3/ + ca* + C2/ a*—lfi 

„, 2ac-2ad-3&c + 3M. „. (a,+ 6)» 

' 2ae-2ad+3bc-3bd ' o»+6» 

m' — 1 142)g*— 14jpg 

o^ mn — 2m + 3n — 6 .- a — & 

mn — 2m — 3w + 6 o — a 

145. If only one of the terms of the fraction can be factored by 
inspection, find, if possible, the H. C. F. according to § 129, 
and divide numerator and denominator by it. 

Ex.1. Reduce ^ "^'^ ]^ ^' + ^^ ^J ^^ to its lowest terms, 
9 a* — ob a + 35 

9 aa - 36 a + 36 = (3 a - 6)(3 a - 7). 

But 3 a — 6 cannot be a factor of the numerator. (Art. 131.) 
Hence only 3 a — 7 need to be tried. 

Actual division shows that 3 «» — 13 «« + 23 a — 21 is exactly divisible 
by 3 a — 7, and that the quotient is a^ — 2 a + 3. 

Therefore 3a«-13a« + 23a -21 ^ (3a - 7)(a«- 2a + 3) 
9 a2 - 36 a + 36 (3 a - 6) (3 a - 7) 

_ gg - 2 g + 3 
8a-6 
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146. Since a factor of each term of a fraction is also a factoi 
of their difference or sum, we can frequently find the H. C. F. 
of these terms without factoring them, and thereby reduce the 
fraction. 

Ex. 2. Reduce ^^.^tK'^i^"^ to its lowest terms. 

The difference between numerator and denominator = 3 a* — 4 « — 16 

= (3x+6)(a-3). 
3 oc + 5 is not contained in either term. (Art. 131.) 
Hence if there is a H. C. F., it is a; — 3. 

By trial x — 3 is found to be the H. C. F., and the fraction reduces by 
division to 2|!i2x + ll. 
2»2-x + 6 

BXBBOISE 58 
Keduce to lowest terms : 

* 3aj2-10a; + 3 ' * a» + 3a%+ 4a6«+2y' 

2 ar^~7a?+6 ^ 3a^ + 7a'~8a-2 

' 2af-^5a^ + 2x ' 3a»4-2a«~10a + 5* 

'. aj»-9ar* + 20a? * * aj»-3aj2 + 3aj-2* 

. a^ + 6a?' + 7a; + 10 ^ 5a?-3ich/ + 2xf-4:y^ 

g a^-6a:' 4- 11 a?-6 --. 2a?*4-a^-2a;- l 

ic»-8 ' ' Sa^-ha^-Sx-^r 

1 47. Reduction of fractions to equal fractions of lowest common 
denominator. Since the terms of a fraction may be multiplied 
by any quantity without altering the value of the fraction, we 
may use the same process as in arithmetic for reducing frac- 
tions to the lowest common denominator. 
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Ex. 1. Eeduce J f „ , -— -, and ---^ to their lowest com- 
mon denominator. 

The L. C. M. of 6 b^^, 8 a*, and 4 a62 is 12 a^lAc^ 

To reduce to the denominator 12 cfibhi^, numerator and denomi- 

^b'hC^ 19/z8h2rS 

nator must be multiplied by " o or 2 <i». 

Similarly, multiplying the terms of ^^ by 4 bh^, and the terms of 

-^by8a^«,wehave-ii«^, »^^' , and ^^^^V> 

148. To reduce fractions to their lotoest common denominator^ 
take the L, C, M. of the denominxitors for the common denominator. 
Divide the L, C. M, by the denominator of ea^h fraction, and 
multiply each quotient by the corresponding numerator. 

Ex. Reduce — , — ^«j-2 — ^ 6 

(x + 3){x^Sy (aj-3)(aj-l) (aj-l)(ic+3) 

to their lowest common denominator. 

The L.C.D.=(a; + 3)(« - 3)(a; - 1). 

Dividing this by each denominator, we have the quotients (x — 1), 
(x + 3), and (x-3). 

Multiplying these quotients by the corresponding numerators and 
writing the results over the common denominator, we have 

Sx^-Sx 3xg + 7g-6 ^^^ 6X-15 

(x+3)(x-3)(x-l)' (x+3)(x-3)(x-l)' (x+3)(x-3)(x-l) 

Note. Since a = -, we may extend this method to integral expressions. 

EjXBBOISE 59 

Reduce the following to their lowest common denominator : 

^ 2a^ 5a? o k a? . «?» 1 4 

'• 3^' 4^«' ^- ^' ^* ^- ? a^ 3^' 

12^ jr_ 111 ft ^ 3a^ 

• 5(?b^ SaV ' a' b' c' 4.<?d' 2c*d«' 
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3cy« 5 off 2a? 3a + 2 2a* + l 

' loflfa^ 2a*l^c*' 3abc ' 3a-9' a»-9 * 

9. J-, -.A^. 12 3 « 6 



a^b^ a^ — ab ' x + a x — a a? — a^ 

13 3a 4a 6a 

' a« + 2a6 + 6^ a2-2a6 + 6«' a«-6«* 

a? + 3 x + 2 a? + l 

• aj*-3a; + 2' aj2-4a; + 3' aj2-5a? + 6' 

16. _£_ 6^ ^P 

17. j£. 9 7g 

18 ^' + ^' 2& a6 

' 2a6 ' a^-ab' a^-V 



ADDITION AND SUBTRACTION OF FRACTIONS 

149. Since - + - = (Art. 74), fractions having a common 

c c c 

denominator are added or subtracted by dividing the sum or the 

difference of the numerators by the common denominator. 

160. If the given fractions have different denominators, 
they must be reduced to equal fractions which have the 
lowest common denominator before they can be added (or 
subtracted). 
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Ex.1. Simplify J^Lt^^^. 6a-& 



2{2a-3b) 4(2a + 3&) 

The L. C. D. is 4(2 (I - 3 6)(2 a + 3 6). 

Multiplying the terms of the first fraction by 2(2 a + 3 &), the terms of 
the second by (2 a — 3 6) and adding, we obtain 

2a-f36 6a-b ^ 2(2a + 36)(2a + 3&) + (2o - 85)(6a - 6) 

2(2 a - 36) 4(2a + 36) 4(2 a - 3 6)(2 a + 3 6) 

_ 8 qg + 24 a6 -f 18 Rg + 12 qg - 20 a6 + 3 58 

4(2a-36)(2a + 3 6) 
_ 20aa-f4q6 + 2162 
4(2a-3 6)(2a+3 6)* 

161. The results of addition and subtraction should be 
reduced to their lowest terms. 

Ex.2. Simplify ^±^+ , i^t\ . -4^^' 

(j^ — ah — a(a — 6), 
flg - 3 aft + 2 62 =((! - 6)(a - 2 6). 
a^ - 2 a6 = a(a - 2 6). 
Hence the L. C. D. = a(^a - 6)(a - 2 6). 

q + 26 . 2q + & q-36 

a^^ab aa - 3 aft + 2 62 a2 - 2 a6 

_ (q + 2 6)(q - 26)+ a(2a + 6)--(q - 3 6)Cq - 6) 

a(a-6)((i-2 6) 
_ aa - 4 68 ^(2 qg 4- a6)-(q2 - 4 q6 + 3 62) 

q(q-6)(q-2 6) 
_ q2_462 + 2a2 4.q6-qa^4q5_35a 

q(q-6)(q-2 6) 
_ 2 q2 + 5 a5 - 7 52 ^ (2 q + 7 6)(q - 6) 
q(q - 6)(q - 2 6) a(a - 6)(q - 2 6) 
_ 2q + 76 ^ 
q(q-2 6)* 

Note. In simplifying a term preceded by the minus sign, e.g. 
— (q — 3 6)(q — 6), the student should remember that parentheses are 
understood about terms (§ 68) ; hence he should, in the beginning, write 
the product in a parenthesis, a& — rq2 — 4 q6 + 3 62). 
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BXBBCISES 60 

Simplify : 

, 5a-7& 3a-5& , lla-Sb 

3a4-46 5a-7b 6a-\-llb 
9 15 45 ' 

-o a + ft a — & , a^2b 
ea 5b 2a 

4. ±_±. 14. ^-^y-^ny+^+y. 

2a^ 2xy 3f 

15. -^ + -^. 

a? + 3 a; + 4 

2a+3& 3a-7& ,« 1 1 



6^d 








5 be . 3ac 


7a6 
2c 



4a 5& » — 3 a? — 4 

.y^ 6a^-lly , 15y-8a: , ^^^ -A_ + _6^. 
. 13a; 17y x-l x + 1 

3, 7a? + 5y _ 2y-3a; ^4y^ ^^ _5 2^^ 

6a* 7^2 3a»; a + ya — 3^ 

^ 2 , 9a-2& a-t-& ,« 4a 36 



5a 15a6 10a* a-2& a-3& 

10 7'u—Sv 5u-{-6v 5uv^Sv ^ l + a? 1 — x 
12 wv 18 V 30'«4 ' * 1 — aj l+a?' 

11. x + l f Hint : Let x=f.^ 21. 5^Il|l + ^^. 

y\ 1/ aj + 3ya; — 32^ 

12. 2a + 3 ^ g ^ 3a-26 ^^ a? + y a;-3y ^ g'~4.v« 

6 a* 2&* 6 aft ' x — y a? + y ^ — y^ 

23 2a-36 2a + 36 8a* + 18y 
' 2a + 36 2a-36"*" 4a*-96*' 

^^ AQi?^-f 4.x-y 
*4»* — y* 4a;4-y 
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' as-9 x-3'^a?-12x + ^' 

26. «!_+_«_ +2. 

27. _«_ + .« + * ^ - 



a« + a6 a&-6» a*-6« 
28. l-,^A^+;" + 2. 



a 2a— 4 3a— 6 

29. -^-^, + ^. 
« — 4 a? — 3 X 

80. _i-__iL__^. 
a-1 a« + a + l a»-l 

31. a — 1 + — ^• 

a + 1 

32. a + b 5L^. 

a — 6 

a?-4 3a?-5 5a^ + 9a? + 14 
* 2ic-l a? + 2 2aj2 + 3aj-2' 



34. * 3 1 . 

3,-1 a!-2 x-3 


36. ^ + \ * . 

x+m x+b x+c 


86. -6 \ ' • 

oj — a a? — 0?— c 


37 2 1 1 1 2 
(a!-l)» ' (a!-l)« ' a!-l 


13B 16 1 


19 


^ ■ 9(0!- 7) 4(3!- 


■2) 36(a! + 2) 


39. - « -1. 


6 2b-a 



a^^2ab + b'' a2 + 2a6+6* a«-6» 



1 1 

41. — ± ^ + 



aj«_3a? + 2 a:«-4a; + 3 aj"-5a? + 6 
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Ao a« + a6 + 6«^a«-aft + 6* 
a+0 a—b 



43. 



3 m 3 wi 

l-m2~l + m* 



44. -^^^4 



2a^ 



45. 2_- 3_ + §-. ^ 



l-3a? l-2a? a? l--6a; + 6aj* 

46. .^i^--^^_(a+6). 
ar — ab ar-\-db 

47 4 a« 256» 2a 5b 



48. 



2a;~l 2a; + l 9(a^4-2) 



49. -1 ?- + --i -M.. 

a-2 a + 2 a« + 4 a*-l 

Solution 

Combining the first two fractions, 

_J 1^ 4 ^ 

0-2 a + 2 o2-4' 

Combining fl) with the third fraction. 



(1) 



_i_ + _i. = _8^. (2} 



Combining (2) with the last fraction, 

8a2 8(|2 120 a« 



04-16 a4_i (o4_i6)(a*-l) 
50. -2^-^ + - ^^ 



(8) 



a + & a — & d?—V 

51 1 + a? 1 — a? , l+g' 
1 — 0? 1 + a; 1 — oj* 

52 3p4-4g 3j)-4g 24pg 

• 3^-_4g^3p.|.4g 9p2-16g« 
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53. -^ + -^+ 2« 



a + 1 a-1 a* + l a* — 1 

64. -2_ + _L.__A_. 
a; + y as — J' '"' — 2'* 

1 4ft 1 26 

■ a + ft a»-ft* a-b a» + 6« 



(a — b)(a — c) (6 — a)(6 — c) (c — a)(c — 6) 

Solution. In examples of this type it is advisable to arrange all factors 
in the denominator in a similar manner ; here in alphabetical order. 

Instead of (6 — a), write — (a — 6). 
Instead of (c — a), write —(a — c). 
Instead of (c — &), write —(6 — c). 

Substituting the values and considering § 144, the expression becomes 

a 6_ J c 

(a - 6)(a - c) (a - 6)(6 - c) (a - c)(6 - c)' 

The L.C.D. is (a - 6)(6 - c)(a - c). 
Hence the expression equals 

a(5 — c)- 6(a — c) + c(q-6) _.q 
(a-6)(6-c)(a-c) 

57 -?-^4.-A^ 60 3 ^ , Ig 

• l-aj"^aj-l • 2a-3 3-2rt"^9-4aa' 

68. -1^+.!^. 61. ^ ^ ^ 



a — 6 6 — a 3 + x S — x 0^ — 9 

69. --^+-^--^-. 62. a + ^--i- + -JL-. 

a^-1 a + l l-a? a + 1 1-a a-1 

cfi 3 



63. a* + a + l + 



1-a a-1 






(a-6)(a-c) (6-c)(6-a) (c-a)(c-6) 
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66. ,_^^_-, + ,^_A_^4 
67. 



(a-b){a--d) (b^d)(b-^c) (c-a)(c-6) 



a? + 3x + 2 S + 2x-a? 
68. _^=1_ + -£±1 ^-^ . 

2aj — 1 

4ar — 4a5-|-l 

152. Reducing mixed expressions to improper fractions. Since 
an integral expression may be written in the fractional form 
with the denominator 1, this is merely a special case of addi- 
tion of fractions. E.g. a + - = 2 + 5=:?5?±^. Hence the 

c 1 c c 
numerator of the required fraction is obtained by multiplying 
the integral expression by the denominator of the fraction and 
adding (or subtracting) the numerator of the given fraction. 

EXERCISE 61 
Reduce the following expressions to fractional form : 

1. a__. 7. a-3+--^ 

2. ^ + 1. 8. o«-a + l-^ 
x—1 a— 1 

3. -^ + x + y. 9- a-l~ /^"^^ . 
x — y • ' ^ a* — a + 1 

4. a — 3 —-. 10. a+a + 1 7— ^. 

a— 2 a— 1 

5. 6a ^^-. 11. Sx-^y^^ 

6. a«-l-5^. 12. ^l:=^ + a-36. 

a-1 2a-36 
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163. To reduce a fraction to an integral or mixed expression. 

a + & a b 

Hence ga'-lg«-7^5a»_1^_ 7 ^^_3_ J^^ 
oa oa oa oa 5a 

Ex. 1. Reduce . ^ ^ — =^ to a mixed expression. 

4x«-2«2 + 4a;-17 [2g-3 
4g»~6xg I 2gg + 2a;4-6 

4a;2 + 4a; 
4a;g-6a; 
+ 10a;- 17 
+ 10g-16 
-2 

Therefore 4a^-2^^ + 4x^l7^(2x^ + 2x + 6) (2a:-8)-2 
2x-3 (2a;-3) 

= 2x2 + 2a; + 6 ?— . 

2a;-8 

A fraction may be reduced by division to an integral or 
mixed expression, if the degree of the numerator is equal to, or 
greater than, that of the denominator. 

If the remainder be a polynomial whose first term is nega- 
tive, it is customary to write a minus sign before the fractional 
part of the result and to change all the signs of its numerator. 

Ea 2a^ -f4a^-3a?-f 3 ^2 i -2a^-f 5a?-3 

_2 2aj2-5iB4-3 



a^ + 3ic*-4a? + 3 
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Beduce each of the following fractions to a mixed or integral 
expression: 

6g8-9a? + 8 ' « 6aj» + 8aj»-4aj-7 



1. 



3a? 2a^ 
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5. 



x-3 
a?^Sx + lS 

x + 2 

0^4-1 
x + 1 



8. 



a«4-3a26-f 3a5« + 2 


a-\-b 


2iB-4 


cfi+l^ + 2 

a + b 

a8~4 



6 a' + SV j^ 

a-26 ' a* + aHhI 



MULTIPLICATION OF FRACTIONS 

164. Fi-actions are multiplied by taking the product^ of the 
numerators for the numerator, and the product of the denominor 
tors for the denominator ; or, expressed in symbols: 

n « = 2and2/ = | 

then a;y=r— . 

bd 

According to § 139, this really means : 

If bx^a and dy = c, 

then bdocy = ac. 

But in this form the correctness of the conclusion is obvious. 
(§ 90, No. 3.) 
Hence it is proved that 

a?y = — ;, or since « = - and y = -;, 
bd b a 

b ' d^bd 

155. Since - = a, we may extend any principle proved tor 

fractions to integral numbers, e.g, 2 x c = — • 

b b 

To multiply a fraction by any integer, multiply the numerator 
by that integer. 
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156. Common factors in the numerators and the denominators 
should be canceled before performing the multiplication, (In 
order to cancel common factors^ each numerator and denomi- 
nator has to be factored.) 

Ex., .Simplify l^x^x-l^. 
3c(2* 5 ax 2db^ 

The expression = - 4 . 6 . 7 a3&c«d^y 
3 . 6 . 2 . a . ab^cc^ 

bbcP 

Ex. 2. Simplify —^^ ^^4a&^ . 60-186. 

^ ^ a«-5a6+66* Sa^-^3ab+3b^ 7(a-by 

_ (g - b)(a^ + qfe + b^) a(a-\-2b)(a-2b) , 6(a-Sb) 
(a-2 6)(a-36) ' 3(aa + a6 + ft^) ' 7(a - &)« 

_ 2gCq + 25) 
7(a-6) ' 

BXBBOISE 68 
Find the following products : 






a6V _3^ 3^ 6j^ 10 aV 

Ua?f ^ 20g« g 12m4-12n ^ u + r . 

152* '210^2/^' * 24u + 24r'm + n' 

4a2-9&« 1 



8. 



2a + 36 2a-36 

4a« + 12a6 + 95« 4a« 



3a2 (2a + 36)« 



a* -169 a*- 8a ,^ 5a a'-6a4-9 

a*-.64 a-13 a2-5a + 6 5a2 + 5a 



138 ELEMENTARY ALGEBRA 

11 " ^^ . ?L±1. 13 g'-5a?4-4 ^ g' + Sa?-^ 

12, _ . : — .- __. 14, ' - 



aj+3 aj«+aj (a-l)* a^b-db^ a» + a6« 

16 1 x'-ex + B 5a^-5 

(aj-1)*' 6aj + 6 * x 

gg-HSa-fSO a»4-6a-7 a-5 
a* + 5a-50 ' a« + 15a + 56 ' a-l' 

a^~8a 4 6^-85+4 6 + 2 



16. 



-49 



16 



^^' 2V^2 a«-2a a« + 2a+4 

18. (^±i)\ 20. r^^Y. «^±^. 

DIVISION OP FRACTIONS 

167. Divide ^ by -• 
b d 

Let « = ?-*-!• 

6 a 

Then, by definition of division, aj . ^ = 5. 

a b 

Multiplying both members by -, a? = - • — 

c be 

Or 2-^£ = «.^. 

6 d 6 c 

158. To divide an expression by a fraction, iwoert the 
divisor and multiply it by the dividend. Integral or mixed 
divisors should be expressed in fractional form before 
dividing. 
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159. The reciprocal of a number is the quotient obtained hy 
dividing 1 by that number. 

The reciprocal of a is — 

The reciprocal of | is 1 -s- 1 = |. 

The reciprocal of is 1 -5 



B a + b 

Hence the reciprocal of a fraction is obtained by inverting 
the fraction, and the principle of division may be expressed as 
follows : 

160. To divide an eocpression by a fraction, multiply the 
expression by the reciprocal of the fraction. 

Ex. !• Divide f~^, by f "^ - 
a^ + xf afy + f 

g* - y* . g;^ - y^ ^ x» - y8 ^ ggy -f y» 

■^ (X - y)Cx^ + xy + y«) ^ yCofi + ^) 

a;(x2 + y2) (x-\-y)(x-y) 

^ y(x^ + xy + y^) 
x(x + y) 



EXBBCISB 64 
Simplify the following expressions : 

J 4:a^b . 4ay ^ a^ + ab , a* + aV) 

3a?y ' Sxy' ' a^-ab * a^ + ft*' 

17a^6^ . Sa*b^ ^ a«~3a + 2 . (a-~2)» 

» ^^^^ V 4a«-9a6» , p^ o;, 

2^ 2a4-36 

4 ££-1-7 ft a + 5b . a64-gy 
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g a!* + 14a;-15 ^ a!* + 12a!-45 
ic» + 4a;-5 ar' + 6!B-27' 



10. jLz^^{a-6)!. 
(a + 6)» 2 a 

11 «*-6a v O* + g-20 a»-2o-8 

* a-1 a*-26 o' + a-2 * 

12 a^-6* , a* + a6 + 6' 
vf + ceb <a'+a?b 

2a«-13a + 15 2a+l o-5 
4a«-9 2a-l 2a-l 

14 35* ^ a(o + 2&) . 2ab 

15 aft 6o*6-4ay g^ 

' a + 6 45o*-206» I60 + IO6' 

,- 6o'-o-2 2a«-5a-12 2a«-7a-4 

* 4o*+4o-3 9a* + 6a-8 6a»4-6a-4* 

j^ o*— 2a+4 ^^ a* + o-2 . a« + 8a 

a-6 a»-2a + l'^o^ + 4a'-6o' 

18. («+6)V o'-y . 

o_3 6 o''-27&» 
19 g' + y y g^ + a^ + a-y* , «!»— 3a!y + 2y* 

20. '^+''y x '^"*"'^"*"^ I '^ + '^ + '^- 
nf — xy x + y ' x—y 

49a!V-2« (a-2)» . (a-2)« . 

* c^_4 7a!y + 2» ■ (a + 2)« 

c«_(6_a)' (a-6)«-c' 
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COMPLEX FRACTIONS 

161. A complex fraction is a fraction whose numerator or 
denominator^ or both, are fractional. 

Ex. 1. Simplify ^ — | — -> 

b c a 

ff-L^-L^ ct'c + qy + ftc* 
b c a^ abc 

a b , c~~ a^c-T ab^ + bc^ 
b c a abc 

__ a*C'\'aV + b€? abc 

abc a^c — ab^ + bc^ 

^ ah + aV-^-bi? 
ah — a¥ + be? 

162. In many examples the easiest mode of simplification is 
to multiply both the numerator and the denominator of the 
complex fraction by the L. G. M. of their denominators. 

If the numerator and denominator of the preceding examples 
are multiplied by abc^ the answer is directly obtained. 

Ex. 2. Simplify ^^^ ^^^ . 

x—y x+y 

Multiplying the terms of the complex fraction by 
(x + y)(x — y), the expression becomes 

(x + yy-h(x-yy _ 2a? + 2y' 
(x + y)'-(x-y) 2y 
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EXBBCISE 65 
Simplify : 



1. a. 6-J2 9. 



2. ^. . c 

o-^ 10. 

c 

^ h d 



4. 



a 


a 

b 


c 


a 
d 




If 2» 
26 


2a J 
26 


^ 1 1 


a + 1 ^ a-1 


1 1 ■' 


a-1 a+1 


?_» 


y X 


f+2^ + 2 


5_2 


y SB 


5 + 2-2 
y « 



6"*'d 

8. r =■• 12. 

c a 



a + ft 


c 

1+1 

c a 


a + i 
a 


a-i 
a 


1 + 4. 


2 + 5. 


3 a Y 
3a 


1 + 2^ 
a 



13. -!. 17. 



^4-l_»--l 
x — 1 x-\-l 

rc + l a?^ ' 
aj-l"^aj + l 

2a-5b 2a+5b 
14. ^-t-^ »~^^ 2a+56 2a~56 

2_a-j-56_2a-5&' 
2a-56 2a + 56 



15 - - ^-^- + 1 



19. 



16. —2 20. 



ar a; 
3a^ + ag-2 

3a? 
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*" ^ 26. « 



21. ^^^.. 1+-^ 

^ ' 27.2 + . 1 



22. 3 • o H 






23. :i^ r'- ^^•^' . b + . 



-+x c+i 

X a 



^+U 5-2 



29. 



24. I^ + L-^. ' 1 +-^ 

?_2 5+2 1+i 

. y X y X a 

x + -^ x-2 + l 30. ^-^ 



a?— 2 a? a — 1 

REVIEW EXERCISE II 
Simplify: 

'• (M)(i-s)- 
••■(rM!)-(---i&> 
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10. 



11. 



12. 



* \ih Za)^\4.h 3aJ' 

4 a?/ \42/ «/ \4y ajy 

(3ab_2bc\\ (jL + »SyJi£_^\\ 

\2c 9a) \5q 2pJ \Sq 2p] 

"• (f +f +f +0(f-0- 

,8. /2I^_9*+i3!_i')/S3!+l 



f 



64 2« 



162» 42 



oc^-^> 



-i-' 



- (^i^?)(f-i) 

a-36 \ 
a + 46y 



22 



23. 



a + 36 2a-36\ 4a«-95» 



3a-46 



fr 



3( 
a* 



9a'-166« 



1 + 6 (o + 6)* 



6 6^ \ 2a& 

2xji_^ _5 8_ 

3 4 6v25 9a» 

a. Cl+(a!-l)]+[l-t-(aj+l)] 



4 6yz 



4a; 



l + ga; + 5a!' + a^ 
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.. af_2 2 \ a«-y . 1 , 

' i\a-b a + h) a^b + aV a' + I^' - 

(y — «)(y — «) ■(z — x)(e — y) (x — y)(x — z) 

35 2 r2a-3 3 in 

' a L4a«-1 l-2a l + 2aj 

-„ a!-2 riB-4 /2-3a! 2a! + lV| 
^- -6— [-9— (.-4— ^2-Jj 

' a*b-a,''b' + ab*-b^ 

88 2r-^^ 1 1 2 

!_« — 3 a!-2j !c»-6a! + 6' 

1. 1 2 



+ 



39. 3,_1 j^ . 1 -^_1 
0! 05 a!" 

40. If as3, 6 = 4, c = 5,<I = 2, find the value of 

a 



b + 



Factor the following expressions : 

41. 9-^ + ^. 42. ^-3? + 2. 

f by V f 21 & 

46. SimpUfy \hx^\y-^{4^x^\y)'\^a{\x^\y). 

47. Simplify L_i_!_i+8y. 

48. Divide i-^a* + ^a!»-^aj' by i + i«-|a!'. 

I. 
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49, From ?af-£yp + f-g« 

d f 

subtract JLajH-^JLyp-f-f -g«, 

3b 2d^ V 

50. Simplify a*-" • a'-* • a'"*' • c^t\ 

61. A man left half his property to his wife, one third to 
his (laughter, and the remainder to his son. If the son received 
$ 1700, how many dollars did the man leave ? 

52. A man bought five pounds of coffee of two different 
kinds for $1.55. If the better kind cost 35^ and the poorer 
kind 25^ per pound, how many pounds did he buy of each? 

53. A and B set out walking in the same direction, but A 
has a start of 2 miles. A walks at the rate of 3 miles, and 
B at the rate of 3^ miles, per hour. After how many hours 
will B overtake A, and how far will he have walked? 

54. The sum of 13 dollars is made up of dollars, half dollars, 
and quarters. If the number of dollars is half the number of 
quarters and four times the number of half dollars, find the 
number of each. 



CHAPTER IX 
FRACTIONAL AND LITERAL EQUATIONS 

FRACTIONAL EQUATIONS 

163. Clearing of fractions. If an equation contains frac- 
tions, these may be removed by multiplying each term by the 
L. G. M. of the denominator. 

Ex.1. Solve ^-^ = 12-^-a^. 
6 3 2 

Multiplying each term by 6 (Axiom 8, § 00), 

2a; - 2(aj - 3)= 72 - 3(x + 4)- eas. 

Removing parentheses, 2x — 2a; + 6 = 72 — Sac — 12 — 605. 

Transposing, 2x-2a; + 3x + 6a; = -6 + 72-.12. 

Uniting, 9x = 64. 

x = 6. 

Check, If X = 6, each member is reduced to L 

Ex.2. Solve _L,^iL = ^ 

» — 1 x + 1 X'\'3 

Multiplying by (x - 1) (x 4- 1) (« + 3), 

6(x + l)(x + 8) -14(x -l)(x + 3) = - 9 (x+ l)(x - 1). 

Simplifying, 5x2 + 20x + 15 - 14x2 - 28x + 42 = - 9x^ +9. 
Transposmg, 6x? - 14x2 + 9x2 + 20x - 28x = - 15 - 42 + 9. 
Uniting, -8x = - 48, 

x = 6. 
Check. If X = 6, each member is reduced to — 1. 

147 
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BXEBOISE 66 
Solve the following equations : 

1. — - — = — - — . 16. ;r = 4. 

3 2 aj-3 

X — 3 4 — X 4 5^ 

4 3 XX 

3. — |-4aj= — - — • 18. -H h- = l. 

4 5 . a; a; a; 

" 3 ■*"2 4 ' ' 6x lOoj lo' 

. 19-a? , ^ 41-0? ^^ 42 1 , 1 o^ 

5. __ + a.= -^. 20. -.-- + -^20. 

£-2^+2^4-4^. ^z:2^3. 

2^6 12 a; + 3 4 

7. a?-3 ^ a;~4^5-a;. ^^ 12 + a_12 + 2« 



20 15 12 2aj 3 a? 

8. 5^ = a? + 4. 23. i^-2 = |a?-3. 

3a? + 10 _ 2a? + 4 ^. 6a?-5 o^ga? g 

7^5* 4 3 • 

a?-3 2 3^4 5^6 

11. ?^ = 13. 26. £ + 3 = ^. 

x X a?4-4 

12. M = i6. 27. 20-a,_«,-6 



4a? a? — 8 15 — a? 

13 *i^ + 7 = 12. 28. ^ ^. 

05 . 0?- 4 a? — 3 

14. -6^ = 13. 29. 1^ = ^- 
3!B + 2 3a!-5 2 

16. _150__2^i3. 30. 1^^^3£+4 =?. 
3a! + l 12»« + 5»-3 3 
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3 4 



81. -^— i — a!+14 = — i i — 4. 

3 4 

^^ 7(5a; + 2) 3(7a;-4) ^ 2(9a; + 2) 
6 5 5 

83. ^(2a;-9) + |(a!-4) = I(3x-2)-(3a;-5). 

,. 8a;-7 12 a; -19 „. ' 7 13 4 

6aj + 7 9a;-2 2ic-5 6a^-15aj 3aj 

35. -i ?^ = -l-.. 39. ^ ?5_=_J0_ 

oJ + l a?-2 x + 2 3aj-^2 3ar^-2aj 3a;-2 >\ 

36 6 ■ 2 ^ 16 51 23a;+26 ^ 22 

37 -JL_4.JL-=.Ji« 41 4 2 ^ 15a;+2 
" a; + 3 a?-3 ar^-9 ' 3a;+2"^3a?-2 9ix^--4:' 

42. 



43. 
44. 



63 10 ^ 66 

4a;2-2a; eaj^ + Sa? 4ar^-l' 

4a;-7 ^ 7a? + 2 11 



6 a; + 18 10 a; + 30 45* 

19 5 ^ 53a; + 4 

3aj-2 5a;-6 (3 a; -2) (5 a? -6)* 

45 _5 7 ^ 5a;+l ^^ 2a; + 5 a? + 29 ^j^ 

aj~7 a?+3 a2-4a;-2l" ' aj-2 aj + 9 

.^7 3 26a;-25 .^ 6a?-ll 3a;-2 „ 

a.4.4 a;— 5 ar^— a?— 20 a? — 11 x + 1 

49 gg?--l 2a? + 9 ^ l4a?^ + 49 
' 2a; + l"^2a;-l 4ar^-l ' 

60 ^^-^ 2a;-5 ^ 25a^-27a?-42 
' 5a;-6 5a; + 6 25ar^-36 

61 6a? + 7 8a?-5 ^ 2ar'-35a; + 77 , 
2a? + 3 3a;~4 6ar^ + a;-12 

62 2a;-9 2a?-7 ^ (5a?-13)(2a;-4) 
3aj-l 2aj + 5 6ar*+13aj-5 
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53. — ^ ^ — • 66* 



64. — ^ ^ = -- 67. 



x-3 


aj — 5 X 


5 


3 2 


x + 7 


0? — 5 X 


1 , 


,1-2 



4 


1 3 _3 


2a! + 3 


'3a!-l X 


1 


6 10 


2a!-9 


3a!-l" 4a!-8 


9 


8 4a;-l 



65. —= 1 i^^ = — = — . 68. — 

x — 1 x — b a? — 4 505 10 a: — 6 405* — 1 

^^ 2aj-l l-3aj _ 2 



^^ 5aj-.4 , 1.3-3aj 1.8- 8a? 
.3^2 1.2 

4(13a?-.6) 3(1.2-a;) _ 9a; + .2 5 + lla? 
5 "^ 10 20 "^ 4 

2-2.8a; ^ 2.1(.2+a;) 
• 2(a;-l) .3-1.5aj 

164. If two or more denominators are monomial, and the 

other polynomial, it is advisable first to remove the monomial 
denominators only, and after simplifying the resulting equa- 
tion to clear of all denominators. 

Ex.1. Solve l^^-?^^=§.^:zi 
10 5aj-l 5 

Multiplying each term by 10, the L. C. M. of the monomial denomina. 
tors, 

16a; + 3- ^^^"^ = 16a;-2. 
6a; — 1 

Transposing and uniting, 5 = ^^~^ . 

635—1 

Multiplying by 5 x - 1, 25 a; - 5 = 20« - 60. 
Transposing and uniting, 6 a; = — 45. 
Dividing, a; = — 9. 

Check, If a; = — 9, each member is reduced to — ^ 
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165. Frequently it is advantageous to unite terms before the 
clearing of fractions. 

Ex.2. Solve ^±1-^ = ^-^ 
x + 2 x-^-B x + 3 a; + 6 

Uniting the fractions in each member separately, 

(ib + 2)(a; + 6) (a; + 3)(aj+6) ' 

-3 -3 



or, 



(x + 2)(a; + 6) (x + 3)(a; + 6) 
Dividing both members by — 3 and clearing fractions, 

x2 + 9a; + 18 = a;2 + 7 a + 10. 
Transposing and uniting, 2 x = — 8. 
Dividing, x = — 4. 

Check. X = — 4 reduces each member to }• 

Solve the following equations : 

63 lOa^ + 1 4a;-f-7 ^ 6a;~2 
5 6aj + ll 3 



64. 
65. 
66. 



21a?4-7 7x-lS ^ 7x + 4: 
9 6a; + 3 3 

24a? + 7 8a? + 1 ^ 2a;-7 
15 5 7aj-6 

17a;-~13 34a?~75 ^ 13a;-h7 

14 28 6aj + 14 

A7 7a?-5 . a?-l ^^ 14a?-3 

^^- ~6~ + 2^i:i5~^^ 10^ 

18a; + 43 3a? + g ^6a? p 

15 2«-25 5 "^ ' 

AQ 7a;-H3 . 7a;- 29_ 14a? + 19 . ^, 
^^- — 9— ^5^12— 18— + ^*- 



70. 



_6 6_^_4 4_ 

05 — 6 x — 3 x — 1 aj--4 
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x—1 a?— 4 aj— 5 x—S 



71. -^ ^=-^ ^- 72 

73 



35—8 x—6 »— 4 a?— 2 a?— 2 x—B a?— 6 a?— ^ 

a? — 4 a; — 7 x^5 a? — 8 



aj— -5 aj — 8 a? — 6 a? — 9 

74 a? + 2 a; + 14 6a?-4 ^g 

' 12ar* + 34a? + 24 12a5*-14aj-48"^9a*-12aj-32 ' 
2-a; l-3a; g . §6 

75. -— X-= ^==6. 

1 . 1 ^ ox 

l-a? 1 + aj 2aj 2 

76. (4a?-i)(5a? + f)=(2a? + i)(10a?-f). 



LITERAL EQUATIONS 

166. Literal equations (§ 88) are solved by the same method 
as numerical equations. 

When the terms containing the unknown quantity cannot be 
actually added^ they are united by factoring. 

Thus, ax-{-bx = (a + b)x, 

mx + m^x — mnx = (m-\-m^ — nm)x. 

Ex.i. Solve ^:::5+£^ — 36+^. 

ha a 

Clearing of fractions, ax-a^-{-hx-'h^ = ~.^h^-ah. 
Transposing, ax + &« = a* + &^ - 3 1^ - oft. 

Uniting, (a + 6)a; = a^ - a6 - 2 62. 

Dividing, ^^ a^-a6-26^ 

a + 
Reducing to lowest terms, x = a — 2 6. 

fiSXEBCISE 67 

Solving the following equations : 

1. a + aj = 6-aj. 3. tH-?|H-a?+9=3m+flk+10, 

2. a — a? = 6 — 8. ^ 4. aa = 6. ' 
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6. mx — n=:p, g- X'\'a b _ x-'b . a 
. 6. a(x-b) = c. ' ^ a" a b 

7. a(6-«>=c. 22. a/'6 + -^ = m/'c-|Y 

8. 4(aj-a) = 3aj-56. . 

9. 3(4a-3a;) = 5(46-aj). 

10. mx + nx==p. 

11. m — maj=paj — d. 

12. dx + bx=rac + b. 

13. (a + 6)aj = m — ca?. 
^14. (a — 6)a; = 2a-(a + 6)aj. 



15. 


? = &. 
a 


16. 


a? 


17. 


a_b_ 

X X 


18. 


«-l = ^-9. 

a? X 


19. 


a — bx,^ bc — x 

h = • 

c c 


20. 


a? , X 
a b 




38. ^-^ 



23. 


l-\-x__a 


l-x b 


24. 


ax-\-b c 




dx — b a 


25. 


aj + a_l 


x — b m 


26. 


a + x ^ 


b-\-2x 


27. 


a+x_a+b 


a—x a—b 


28. 


"^ c-± 


b + x 


29. 


a b c 



80. a-&m_c-&n^^ 
tnx nx 

31. «zi^ + ^zif + £zif==a 

a b c 



x—a , x—c 



f±IZl==2. 



aj — 6 aj — a 



34. 



x — b . x + b . oa; — y _Q 
a — b a-\'b a^ — W 

x — 2a _ x-{-2b ^ 3a? — 3a: 
a + ft 2a + 2b 2b 



35 11a; , 3 a(4 6 -T- 5 g) _ a 

; 6a? + 126"*" 9a2-462 6a-4i 

aj + a a?-f6 
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a b a — b 



37. 



x-^a aj + 6 x — b 



88. <^-^) .fK<^-^)=gL±J^/^^ + g\ 
bx ex X \c b) 

5.629 + i 
' 5.629-1 (^•^29/-l 



167. It frequently occurs that the unknown letter is not 
expressed by », y, or «. 

Ex. If?^5Lz^ = |^LtA findaintermsofftandc. 

Multiplying by 3 (a - c) (3 a - c) 

6(a - 6)(a - c) = (2 a + 6)(3a - c). 
6a«-6a6-6ac + 6 6c = 6a2-2ac + 3a6-6<5. 
TranBposing all terms containing a to one member, 

-6 a6 -6ac + 2 ac -3 a6 =-6 6c -5c 
Simplifying, — 9 a6 — 4 ac = — 7 6c. 

Uniting the a, and multiplying by — 1, a(9 6 + 4 c) = 7 6e. 

Dividing, a = ^J^^^ > 

9 6 + 40 

EXEBOISB 68 

1. If ^ = |, find a in terms of b and o. 

2. If ^ = c^ find b in terms of a and 6. 

b 

8. If 1±2= 5, solve fore. 
l — a c 

4o If ^ = -, find a in terms of b and a 
l — a c 
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6. - =3 ^+i, solve for/. 
/ P 9 

6. Solve the same equation for p. 

7. The formula for simple interest (§ 30, Ex. 3) is ^ = ^, 

i denoting the interest, p the principal, r the number of %, and 
n the number of years. Find the formula for : 

(a) The principal. 

(6) The rate. 

(c) The time, in terms of other quantities. 

8. The formula for falling bodies (§ 30, Ex. 7) is «=i §frt 
Find: 

(a) g in terms of 8 and t 

(b) 1? in terms of g and «. 

9. (a) Find a formula expressing degrees of Fahrenheit (2^ 
in terms of degrees of centigrade ((7) by solving the equation 

C = |(F-32). 
(6) Express in degrees Fahrenheit 40^*0., 100** C, — 20^*0. 

10. The formula for compound interest is /=l>f 1 + ~x j — i>. 
Express p in terms of /, r, and w. ^ ^ 

11. if O is the circumference of a circle whose radius is 1^ 
then (7=2 iri2. Find B in terms of (7 and ir. 

12. If a*ss6* + c*—2cp, find jj in terms of a, 6, and a 

13. ^ = --^ solve for «. 

14. F^\(f> + e). Find: 

(a) A in terms of 2^, 6, and c. 
(6) & in terms of Fy h, and c. 

16. If (7= -^^, find r in terms of O, E. and B. 
-B + r' 
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IDENTICAL EQUATIONS 

168. Identical equations may be proved by applying the same 
operations which are used in the solution of equations. If the 
resulting equations prove to be true, then the original equation 
is true. 

Care, however, must be taken not to multiply the two mem- 
bers of an equation by zero, since the axiom of dividing equals 
by equals cannot be applied to zero divisors. 

Ex.1. Prove that l^« + &_a + 6 1 



a 2ab 2ab b 

The identity is true, 

if 26— (a-|-5)=a + 5 — 2a (clearing of fractions), 

or,' if 5 — a = 6 — a (simplifying). 

Bat since b^a^b — at 

1 fl-l-6 _ g-f5 1^ 
a 2ab 2ab V 

169. Frequently a relation between letters is given in the 
form of an equation, and another equation has to be proved. 

Ex. 2. If ad::^bc, prove that ±±A^9Jl^. 

a-~b c-'d 

Tlie identity ±±1 = 1±J i^trae, 
a — 6 c — d 

if (a + 5)(c — d) = (a — 6) (c + ^ (clearing of fractions), 

or, If ac + be '- ad — hd = ac — be + ad — bd (mmplifying), 
or, if bo — ad^—bc + ad (canceling), 

or, if 2 &c = 2 ad (transposing), 

or, If bc^ad (dividing). 

But bc = ad. 

Hence a±b^c±d^ 

a^b c — d 
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BXERCISB 69 
Prove the following identities : 

1 a + & 6-a ^ y-h2a6-~a« 
a b ab 

2. ^^ JL- = _5_- + ^Zl£. 

a^ — f x + y x — y x + y 

g 2a + 3 . g + l ^ a + 2 

• a»-7a-6 a^~-a-6 a2-2a-3 

^ 2a-3 . 5 3 2a-7 

4a* — a 2a — 1 a 4a* — 1 

a» . 6 a 6« * 



^- :;e^.-^ 



a2-62 a + 6 a-6 a^-V 
If ad = bcy prove that : If ac = 6', prove that : 

6. - = -• 16. T = — 
c d c 

^ o + ft-C + d. jg 



17. 



a a 


-6 


a+h a 


— c 
.6* 



10. 



g— 6 _ c— d 

= , * If a' + 6* = c*, prove that: 

a + 26 ^ c + 2d 1®- (a-&/+-2a6=c*. 

a + 36 c + 3d' 19. (a + 6/+ (a-6)«=:2 A 



2a — 6 2 c — d \cj \cj 

^^ am±bn^cm + dn^ 21. 1 + ('5Y=^£Y 



ap-^-bq q)-{-dq * ^y^^y ^6 

-o a + 2b — c-2d c-^2d 5 ^ a 

JLo. ■ = • z. 1 _U^ 



6-d d 



22. 



c c 



J. 3a+65— 5c— 10d _ a+26 ^_a 6 

36— 5d 6 c c 
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PROBLEMS LEADING TO FRACTIONAL AND LITERAL 
EQUATIONS 

170. Ex. 1. When between 3 and 4 o'clock are the hands of 
a clock together ? 

At 3 o'clock the hour hand is 16 miaute spaces ahead of the minute 
hand, hence 4;he question would be formulated : After how many minutes 
has the minute hand moved 15 spaces more than the hour hand ? 

Let X = the required number of minutes after 3 o'clock, 

then X = the number of minute spaces the minute hand 

moves over, 

and ^ = the number of minute spaces the hour hand moves 

12 

over. 

Therefore « — ~ = the number of minute spaces the minute hand 

moves more than the hour hand. 

Or a;-:^ = 16. 

12 

UniUng, Hi"^^^' 

Multiplying by 12, 11 x = 180. 

Dividing, x = iff- = 16^ minutes after 3 o'clock. 

Ex. 2. A can do a piece of work in 3 days and B in 2 days. 
In how many days can both do it working together ? 

If we denote the required number of days by x and the piece of work 
by 1, then A would do each day ^ and B i, while in x days they would do 
respectively ^ and |, and hence the sentence written in algebraic symbols 

is? + 5 = l. 

3 2 

A more symmetrical but very similar equation is obtained by writing 
in symbols the following sentence : " The work done by A in one day plus 
the work done by B in one day equals the work done by both in one day." 

Let a; = the required number of days. 

Then - = the part of the work both do in one day. 

X 

Therefore, 1 + 1 = 1. 

8 2 a; 

Solving, « = Si or IJ, the required number of days. 
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Ex. 3. The speed of an express train is | of the speed of an 
accommodation train. If the accommodation train needs 4 
hours more than the express train to travel 180 miles, what is 
the rate of the express train ? 





TiMB 

(hours) 


Batb 
(miles per hour) 


DUTASOB 

(mUes) 


Express train 


5 X 


9x 
6 


180 


Accommodation train 


X 


X 


180. 



Therefore, 

Clearing, 

Transposing, 

Hence 



180_100 , . 

X X 

180 = 100 + 4x. 
4a; = 80. 
aj = 20. 
f 0! = 36 = rate of express train« 



O) 



9a; 



Explanation : If af is the rate of the accommodation train, then — is 

5 



the rate of the express train. But in uniform motion, Time = 



Distance 
Rate 



Hence the rates can be expressed, and the statement, ** The accommo- 
dation train needs 4 hours more than the express train," gives the equa- 
tion (1). 

EXERCISE 70 

1. Find a number whose third, fourth, and fifth parts added 
together make 47. 

2. Find a number whose third part exceeds its fourth part 
by 4 

3. What number exceeds the difference of its third and 
fifth parts by 26? 

4. Two numbers differ by 5, and one-half the greater exceeds 
the smaller by 1. Find the numbers. 
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6. Two numbers differ by 9, and ^ of the greater is equal 
to I of the smaller. Find the numbers. 

6. J'ind two consecutive numbers such that ^ of the greater 
exceeds ^ of the smaller by 1. 

7. The sum of two numbers is 56, and one is f of the other. 
What are the numbers ? 

8. A certain number is increased by 2, the sum multiplied 
by 3, the product divided by 2, the quotient increased by 2, the 
sum multiplied by f , and the result is found to be 12. What 
is the number ? 

9. Find the sum of three consecutive numbers such that 
one half 'of., the first, plus one third of the second, plus one 
fourth of the third, equals 16. 

10. A's age is one third of his age 30 years hence ; how old 
is he ? 

11. Five years ago a boy's age was one third of his age six 
years hence. How old is he now ? 

12. A boy's age is one fourth of his father's age, and in five 
years his age will be one third of his father's age. Find the 
father's present age. / 

13. A is 10 years older than B, and ^ of B's age is equal to 
\ of A's age. Find their ages. 

14. A is 40 years old, and B is half as old as A. In how 
many years will B be ^^ as old as A? 

15. The Slim of the ages of a father and his son is 36, and 
in 10 years the son's age will be | of the father's age. Find 
their ages. 

16. A post is a third of its length in the ground, a fourth of 
its length in water, and 14 feet above water. What is the 
length of the post ? 

17. A man left $ 41,000 to his wife, two sons, and two daugh- 
ters. Each son received f, and each daughter f, of the wife's 
share. What was the share of each ? 
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%■■■' 

18. A man left ^ of his property to his wife, J to his daugh- 
ter, and the remainder, which was $ 14,000, to his son. How 
much money did the man leave ? 

19. A man lost f of his fortune and $ 1000, and found that 
he had left ^ of his original fortune. How much money had 
he at first ? 

20. A and B together have $ 500. If A gains $ 150, and B 
loses $ 100, B's money will be f of A's money. How much 
has each? 

21. After expending one third of his money and $ 20, a 
man had left one fourth of his money and $ 30. How much 
money had he at first ? 

22. A train traveling 30 miles per hour starts f -of an hour 
before a second train that travels 35 miles an hour. In how 
many hours will the first train be overtaken by the second ? 

23. An express train starts from a certain station three 
hot^rs after an accommodation train, and after traveling 160 
miles overtakes the accommodation train. If the rate of the 
express train is | of the rate of the accommodation train, what 
is the rate of the latter? (§ 170, Ex. 3.) 

24. The length of a rectangle exceeds the width by 5^ feet. 
If the length were decreased by 3 feet and the width increased 
by 1^ feet, the area would not be altered. Find the dimensions. 

26. If each side of a square were increased by 1^ feet, the 
area would be increased by 21f square. yards. Find the side 
of the square. 

26. The width of a room is f of its length. Another room 
is 10 feet shorter and 1 foot wider. If the second room con- 
tains 150 square feet less than the first room, find the dimen- 
sions of the room. 

27. If the radius of a circle were increased by one yard, its 
area would be increased by 66 square yards. If v is assumed 
as 3^, find the radius of the circle. (The area s of a circle 
whose radius is B, is found by the formula 8=:irIP.) 
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28. Wlien between one and two o'clock are the hands of a 
watch together ?■ (§ 170, Ex. 1.) 

29. At what time between 2 and 3 o'clock are the hands of 
a clock together ? 

30. At what time between 3 and 4 o'clock are the hands of 
a clock in a straight line and opposite ? 

31. At what time between 6 and 7 o'clock are the hands for 
the first time at right angles ? 

32. At what time between 6 and 7 o'clock are the hands for 
the second time at right angles ? 

33. A has invested capital at 4}% and B has invested 
$10,000 more than A at 4%. They both derive the same 
income from their investments. How much money has each 
invested ? 

34. A man haS^^'of his money invested at 4%, one third at 
3^%, and the remainder at 5%. How much money has he 
invested if his annual interest therefrom fs $12,000 ? 

35. A man has a certain sum of money invested at 5%, and 
twice that amount at 4%. The sum invested at 4% brings 
$350 more interest than the one invested at 5%. How much 
money is invested at 4 % ? 

36. What principal invested at 4 % simple interest for two 
years will amount to $ 27,000 ? 

37. Divide ^B into two parts, such that, if the greater is 
divided by the smaller, the quotient is f . 

38. The sum of two numbers is 123, and if Wlq greater is 
divided by the smaller, the quotient is 2 and the remainder is 
3. Find the numbers. 

39. An ounce of gold when weighed in water loses ^ of an 
ounce, and an ounce of silver ^ of an ounce. How many 
ounces of gold and silver are there in a mixed mass weighing 
100 ounces in air, and losing 7 ounces when weighed in water? 
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40. A can do a piece of work in 2 days, and B in 4 days 
In how many days can both do it working together ? (§ 170, 
Ex.2.) 

41. A can do a piece of work in 3 days, and B in 4 days. 
In how many days can both do it working together ? 

42. A can do a piece of work in 4 days, and B in 5 days. 
In how many days can both do it working together ? 



171. The last three questions and their sohitions differ only 
in the numerical values of the two given numbers. Hence, by 
taking for these numerical values two general algebraic 
numbers, e.g. m and n, it is possible to solve all examples of 
this type by one example. Answers to numerical questions of 
this kind may then be found by numerical substitution. The 
problem to be solved, therefore, is ': 

A can do a piece of work in m days and B in n days. In 
how many days can both do it working together ? 

If we let X = the required number of days, and apply the 

method of § 170, Ex. 2, we obtain the equation _ .f _ — _. 
^ , . mn mux 

Solving, x= — - — . 

Therefore both working together can do it in ^^ days. 

To find the numerical answer, if A can do this work in 6 

days and B in 3 days, make m = ^ and n = 3. Then ' == 2, 
I.e. they can both do it in 2 days. "^ 



Solve the following problems : 

43. In how many days can A and B working together do a 
piece of work if each alone can do it in the following number 
of days: ^^^ A in 6, B in 6. 

(6) A in 12, B in 4. 

(c) A in 12, Bin 6. 

{d) A in 20, B in 6. 
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44. Find three consecutive numbers whose sum equals 21. 

46. Find three consecutive numbers whose sum equals 135. 

The last two examples are special cases of the following 
problem : 

46. Find three consecutive numbers whose sum equals m. 
Find the numbers if m = 24; 30,009; 918,414. 

47. Find two consecutive numbers the difference of whose 
squares is 17. 

48. If the sides of a square were increased 1 yard, the area 
would be increased by 23 square yards. Find the side of the 
square. • 

49. A battalion of soldiers is drawn up in the form of a solid 
square. To form a solid square containing in each side one 
soldier more, 27 more men are required. How many men are 
there m the square ? 

The last three examples are special cases of the following one : 

60. The difference of the squares of two consecutive numbers 
is m ; find the smaller number. By using the result of this 
problem, solve the following ones: 

I. Find two consecutive numbers, the difference of whose 
squares is (a) 47, (p) 121, (c) 1517, {d) 10,475,429. 

II. If the sides of a square were increased by one foot, the 
area would be increased (a) 17, (p) 917, (c) 415,673 square 
feet. Find the side of the square. 

61. The sum of the three angles of any triangle is equal to 
180°. In a given triangle the second angle equals three times the 
first, and the third angle 5 times the first. Find the first angle. 

62. The second angle of a triangle equals m times the first, 
and the third equals n times the first. Find the first angle. 

Solve the problem if : 

(a) the second angle = 5 times the first, the third angle =3 
times the first 
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(&) the second angle = 2 times the first, the third angle s 9 
times the first. 

(c) the second angle =s 7| times the first, the third angle = 6^ 
times the first. 

63. If the radius of a circle is increased by 1 foot, the area 
is increased by m square feet. Find the radius of the circle. 

Solve the problem if, hy increasing the radius by 1 foot, 
the area is increased (a) by 44, (b) 11, (c) 286 square feet. 

(Assume w = — •) 

54. Two men start at the same hour from two towns, 100 
miles apart, the first traveling 3^ miles per hour, and the sec- 
ond 6^ miles per hour. After how many hours do they meet, 
and how many miles does each trayel ? 

56. Two men start at the same time from two towns, d miles 
apart, the first traveling at the rate of m, the second at the 
rate of n miles per hour. After how many hours do they 
meet, and how many miles does each triavel? 

Solve the problem if the distance, the rate of the first, and 
the rate of the second, are respectively : 

(a) 48 miles, 2 miles per hour, 4 miles per hour. 
(p) 25 miles, 3 miles per hour, 7 miles per hour, 
(c) 18 miles, 2J miles per hour, 3^ miles per hour. 

66. In how many minutes will the minute hand of a clock 
move over n minute spaces more than the hour hand ? 

Note. The greater number of examples relating to movements of the 
hands of a clock can be solved by determining from the data of the 
example the number of minute spaces the minute has to move more than 
the hour hand, and by substituting this number for n in the answer of the 
last example. 

67. When are the hands of a clock for the first time together 
after (a) 1 o'clock, (b) 6 o'clock, (c) 9 o'clock ? 

58. When are the hands of a clock opposite, and in the same 
straight line after (a) 2 o'clock, (b) 4 o'clock, (c) 8 o'clock ? 
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59. A cistern can be filled by two pipes in m and n minutes 
respectively. In how many minutes can it be filled by the two 
pipes together ? Find the numerical answer, if m and n are 
respectively (a) 4 and 5 minutes, (6) 7 and 42 minutes, (c) 2 
and 3 hours. 

60. A cistern can be filled by three pipes in 3, 4, and 6 hours 
respectively. In how many hours can it be filled by all three 
together ? 

61. State and solve a literal problem which comprises all 
examples of the type of the preceding one. Eind the answer 
if the pipes fill the cistern respectively in (a) 2, 3, 4 hours, (6) 
6, 30, and 20 minutes. 

62. A cistern can be filled by two pipes in 3 and 12 hours 
respectively, and emptied by a third pipe in 5 hours. In how 
many hours can the cistern be filled if all the pipes are run- 
ning together? Can the last answer be obtained from the 
general answer of the preceding one? 

63. A cistern has 3 pipes. The first will fill the cistern 
in 7 minutes, the second in 42 minutes, and the three running 
together in 5 minutes. In how many minutes will the last one 
fill it? 



CHAPTER X 
RATIO AND PROPORTION 

RATIO 

172. The ratio of two nambers is the quotient obtained b^ 
dividing the first number by the second. 

Thus the ratio of a and & is - or a -:- &. The ratio is also frequently 
b 
written a : b, the symbol : being a sign of division. (In most European 
countries this symbol is employed as the usual sign of division.) The 
ratio of 12 : 3 equals 4, 6 : 12 = .6, etc. 

173. A ratio is used to compare the magnitude of two 
numbers. 

Thus, instead of writing **a is 5 times as large as 5," we may write 

174. The first term of a ratio is the antecedent^ the second 
term the consequent. 

In the ratio a : 5, a is the antecedent, b is the consequent. The numera- 
tor of any fraction is the antecedent, the denominator the consequent. 

h n 

175. The ratio - is the inverse of the ratio — 

a b 

176. Since a ratio is a fraction, all principles relating to 
froAytions may be applied to ratios, E.g, sl ratio is not changed 
if its terms are multiplied or divided by the same number, etc. 

Ex. 1. Simplify the ratio 2^ : 3^. 

2i:3J = 5:V = ixA = } = 3:4. 

A somewhat shorter way would be to multiply each term by 6. 

167 
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Ex. 2. Transform the ratio 5 : 3| so that the first term wiU 
equal 1. . n& 

Ex. 8. Solve the equation a : a; s= 9. 



X 

Clearing, a = 9 a^ 

Diyiding, «=|. 

BXBBOISB 71 

Find the value of the following ratios : 

1. 144:36. 5. $6.00: $2.00. 

2. 5| : 6|. r • 6 If hours : 36 seconds. 

8. i:i. 7. 6 yards : 12 feet. 

4. 16J:lf 8. 6 dollars : 75 cents. 

Simplify the following ratios : 

9. 2|:3|. 14. 49aj«y:63«2/». 

10. 18f:26f 16. 4(a + &)a?:6(a + 6)y. 

11 41.3 16. {a?^l):{x + l)\ 

' ^* ' 17. (aj»--3a:+2):(aj«-4aj+4). 

12. 24a:8a. ^^ x^,t±l. 

13. 17ajy:8Jajy. aj — lV — 1 

Transform the following ratios so that the antecedents equal 
one: 

19. 3 a* :15 a* 21. 4:12. 

20. 3f:4f 22. 5:12. 

Solve the following equations : 
/23. 26:a?=:13. 26. aix — h. 

24. 46:4»=?15. 26. 63:7aj = 9, 
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27. 5abc:4:X = 15bc. 30. b:x = a — c. 

28. 16:(aj-3) = 4. 31. 150: (3a: + 1) = 11. 

29. 144:(2aj + l) = 16. 

32. If 150 ounces of gold cost $3060, and 20 ounces of sUver 
$12, find the ratio of the value of gold to the value of silver. 

PROPORTION 

177. A proportion is a statement expressing the equality of 
two ratios. 

1 = 1 or a:5 = c:(2 are proportions. 

178. The first and fourth terms of a proportion are the 
extremes, the second and third terms are the means. The last 
term is the fourth proportional to the first three. 

In the proportion a : & = c : (2, a atid d are the extremes, b and c the 
means. The last term d is the fourth proportional to a, b, and c. 

179. If the means of a proportion are equal, either mean 
is the mean proportional between the first and the last terms, 
and the last term the third proportional to the first and second 
terms. 

In the proportion a:b = bzc^b is the mean proportional between a 
and c, and c is the third proportional to a and b. 

180. Quantities of one kind are said to be directly proportional 
to quantities of another kind, if the ratio of any two of the 
first kind is equal to the ratio of the corresponding two of the 
other kind. 

If 4 jCcn;. of iron weigh 80 grams, then 6 ccm. of iron weigh 45 grams, 
or 4 ccm. : 6 ccm. = 30 grams : 46 grams. Hence the weight of a mass of 
iron is proportional to its volume. 

Note. Instead of "directly proportional " we may say briefly '* pro- 
portional." 
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Quantities of one kind are said to be inversely proportional tc 
quantities of another kind, if the ratio of any two of the first 
kind is equal to the inverse ratio of the corresponding two of 
the other kind. 

~ If 6 men can do a piece of work in 4 days, then 8 men can do it in 
3 days, or 6 : 8 equals the inverse ratio of 4 : 3, i.e. 3:4.- Hence the num- 
ber of men required to do some work, and the time necessary to do it, are 
inversely proportional. 

181. In any proportion the product of the means is equal to the 
pro^Mci of the extremes. 

Let axh^cidf 

a c 
or _ =- — 

b d 

Clearing of fractions, ad = be. 

182. The mean proportional between two numbers is equal to 
Hie square root of their product. 

Let the proportion he a:b = b:c. 
Then . b^'^ac. (§ 181.) 

Hence b = Vac- 

IBS, If the product of two numbers is equal to the product of 
two other numbers, either pair mxiy be made the means, and the 
other pair the extremes, of a proportion, (Converse of § 181.) 

If mn=^pq, and we divide both members by nq, we have 

q n 

Ex.1. Findo?, if erajrslS:?." 

12 a; = 42. (§181.) 
Hence a; = ff = 3J. 

Ex. 2. Determine whether the following proportion is correct 
ornot: . 8;5 = 7:4f. 

8x4} = 36, and 5 x 7 = 35 ; hence the proportion is correct 
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184. li a*b= c:d, then 

L b:a = d:c. (Frequently called Inversion.) 

II. aic^bid. (Called Alternation.) 

III. a + b:b = c + d:d, (Composition.) 
Or a + b:a=^c + d:c. 

IV. a-b'.b^c-did. (Division.) 

V. a'{'b:a — b = C'{'d:c-'d. (Composition and Division.) 

Any of these transformations may be proved by the method 
of § 1^9, although in many cases shorter proofs exist. 

T# prove, e.^. «=1* = ^. 

This is true if ad-bi = hc-bd. 

Or if ad = hc. 

But ad = be. (§ 181.) 



Hence 



a — b c — d 



b d 

185. These transformations are used to simplify proportions. 

I. Change the proportion 4 : 5 = a; : 6 so that a; becomes the 
last term. 

By inversion 5 : 4 = 6 : as. 

II. Alternation shows that a proportion is not altered when 
its antecedents or its consequents are multiplied or divided by 
the same number. . 

E.g. to simplify 48 : 21 =: 82 : 7 a;, divide the antecedents by 16, the 
consequents by 7, 8 : 3 = 2 : x. 

Or l;l = 2:a;, i.e. aj = 2. 

III. To simplify the proportion 5 : 6 =s 4 — « : aa. 
Apply composition, 11 : 6 = 4 : a;. 

IV. To simplify the proportion 8 : 3 = 6 + a? : ai 

Apply division, 5 : 3 = 5 : x. 

Divide the antecedents by 6, 1 : 3 = 1 : a^ 
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V. To simplify ^?!^t|^ = ?2i^ 

Apply composition and division, ^^ = ^^ 

on 2x 

Or HL^at. 

Sn X 

Dividing the antecedents by m, s— = — 

on X 

Note. A parenthesis is understood about each term of a proportion. 

BXBBCISB 78 
Determine whether the following proportions are true or not . 

1. 6^:2^ = 8:3. 4. 7:10 = 5:7f 

2. 10:5i = 4;2f 6. 8a: 56" = 5a: 3^6". 

3. 9:25 = 4:llf 

Simplify the following proportions and determine whether 
they are true or not : 

6. 240:81 = 95:9. 8. .65 : .91 = .4 : .56. 

7. 57:69 = 38:46. 9. 13J : 11^ = 6^ : 5f . 

10. lli:12f = l|:2^. 

11. (a'-b'):(a + by=(a + b)i(a^b). 

12. a^ — t^iQi^ + xt/'+y^^Qi^^y^ix + y. 

Simplify the following proportions and determine the value 
of a?: 

13. 12:16 = 15:a5L 18. 96 : 72 = 4aj.21. 

14. 2g:^ = 16:aj. 19. 135: 5a? = 72 : 64. 
16. 25:55 = 35:0?.' 20. .36 : .8 a? = .105 : .63. 

16. 48:75 = a?:32. 21. 6| : 26 J = a? : 2^. 

17. a?:38==15:19. 22. Ja6:|&c = a?: J^od. 
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23. (a + 6):(a-&) = aj:^J-i). 
25b^, 5b* _ lOa^y 



v/- 



Find t&e fpurth proportional to : 

26. 1, 2, si 27. 2, 4J, 9J. -^9. a*, a5, ac, 

26. 2^ 3^ 4;p^ 28. a,b, c. 30. m^, mn, mn\ 

Eind the third proportional to : 

31. 9 and 6. 33. 25 and 15. ^35. 1 and m. 

32. 16 and 20. 34. a%^ and a%. 36. m and 1. 

Eind the mean proportional to : 

37. 27 and 3. 40. a + &anda-6. 

38. 2 and 18. 41. a and 4 a. 

39 —and— *^* 9m*n and lUmn*. 

c ft* ^ 

43. Form two proportions commencing with 3 from the 
equation 3x6 = 2x9. 

44. If ad = icy, form all possible proportions whose terms 
are a, 6, a?, and y. 

46. If 4a? = 5y, find the ratio of a? : y. 
'46. If 11 a? = 6 2^, find the ratio of a; : y. 

47. If aaj = 5y, find the ratio of a? : y. 

Transform the following equations so that x will be the 
fourth term : 

48. 3:5 = a?:6. 60. aj:2 = 4:3. 

49. 3:a; = 5:9. 61. a:& = a;:€L 
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Transform the following proportions so that only one term 
contains x; 

52. 5:6 = 11 — a?: a?. • 69. 6:5^7+x:x. 

63. 6:13 = 38-aj:a?. 60. 2S:21 = 4: + x:x. 

64. 6a:5a=z22 — x:x. 61. 9a:5a = 20 + x:x. 
56. 3:2 = aj.:15-a?. 62. 4: 7 = a?:aj + 15. 
56. 4:X;5x = x:lS'-x. 63. 3 : 2 = 4 + a:: 4 — a?. 
67. a : & = c — a: : a?. 64. m : w = 9 + a? : 9 — a?^ 
58. 3:4 = aj — 4:4. 65. a+&:a— 6=:a+a>r.'a— a; 

Find the ratio a? : y, if : 

66. 6a? = 7y. 68. 

67. y:aj = 7;2. 69. 

72. x + y:x^y=:3:l. 

73. 3aj + 42^ = 5aj4-2y. 

74 4:x^3y ^3 
2x + 5y S' 

77. State whether the quantities mentioned below are 
directly or inversely proportional: 

(a) The number of yards of a certain kind of silk, and their 
cost. 

(b) The time a train needs to travel 10 miles, and the speed 
of the train. 

(c) The length of a rectangle of constant width, and the area 
of the rectangle. 

(d) The sum of money producing $ 60 interest at 5 %, and 
the time necessary for it. 

(e) The distance traveled by a train moving at a uniform 
rate, and the time. 

78. A line 4 inches long on a certain map corresponds to 42 
miles. A line 5 inches long corresponds to how many miles ? 

79. The areas of two circles are proportional to the squares 
of their radii. The radii of two circles are to each other as 



x: 


2 = y: 


3. 


70. 


X 


+y: 


;y = 7: 


2. 


4: 


y^S: 


X. 


71, 


. X 


-y- 


:y = 2: 


a 




76. 


If 


X 

y" 


3 

2' 


find 


x+y 

y 






76. 


, If 


X 

— = 

y 


12 

' 7 


, find '" + 2^. 
x-y 
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3 : 5^ and the area of the smaller circle is 18 square inches. 
Find the area of the larger. 

80. The temperature remaining the same, the volume of a 
gas is inversely proportional to the pressure. A body of gas 
under a pressure of 15 pounds per square inch has a volume 
of 2 cubic feet. What will be the volume if the pressure is* 
6 pounds per square inch ? 

81. Two rectangles have equal areas, and the ratio of their 
longer sides is 3 : 19. Find the ratio of their shorter sides. 

82. The distance one can see from an elevation of h feet is 
very nearly the mean proportional between the elevation h and 
the diameter of the earth (8000 miles), provided these lengths 
are expressed in the same denomination. What is the greatest 
distance a person can see from a ship 30 feet high ? From the 
Eiffel Tower (900 feet high) ? From Mount Etna (10,000 feet 
high)? ; 

186. When a problem requires the finding of two numbers 
which are to each other as m : n, it is advisable to represent these 
unknovm numbers by mx and nx. 

Ex. 1. Divide 108 into two parts which are to each other 
11:7. 

This problem contains two statements : 
I. T)ie sum of two numbers is 108. 
II. The ratio of the same numbers is 11 : 7. , 

A, If we use I to express one unknown number by the other, one 
number is a;, the other 108 — «, and II, written in symbols, produces 
X : 108 — X = 11 : 7, which solved gives the value of x. 

B, It is better, however, to use II to express the two numbers. 

Let 11 a; = the first number, 
then 1 x = the second number. 

I, expressed in symbols, gives 11 x + 7 a; = 108, 

or 18x = 108. 

Therefore x = 6. 

Hence 11 x = 66 is the first number, 
and 7 X = 42 is the second number. 
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Ex. 2. A line AB, 4 inches long, 
is produced to a point C, so that 
(AC) : (50)=7 : 5. Find ^Cand BG. 

Let ^C=73C 



Then BC,= 5x. 

Hence AB = 2aB. 

Or 2a; = 4 

x = 2. 
Therefore 1x=H = AG. 

6x = 10 = BG. 

EXERCISE 78 

1. Divide 120 in the ratio of 7 : 8. 

2. Divide 35 in the ratio of 11 : 3. 

3. Two numbers are to each other as 9 : 7, and their differ- 
ence is 14. Find the numbers. 

4. A straight line 16 inches long is divided in the ratio 3 : 5. 
What are the parts ? 

6. Brass is an alloy consisting of two parts of copper and 1 
.part of zinc. How many ounces of copper and of zinc are 
• there in 8 ounces of brass ? 

6. Gunmetal consists of 9 parts of copper and one part of 
tin. How many ounces of 'each are there in 17 ounces of gun- 
metal ? 

7. Air is a mixture composed mainly of oxygen and nitro- 
gen, whose volumes are to each other as 21 : 79. How many 
cubic feet of oxygen are there in a room whose volume is 3550 
cubic feet ? 

8. A line AB, 9 inches long, is produced to a point C, and 
AC is to BC as 13 : 11. Find the length of AC and BC. 

9. The total area of land is to the total area of water as 
7 : 18. If the total surface of the earth is 197,000,000 square 
miles, find the number of square miles of land and of water. 
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10. Water consists of one part of hydrogen and 8 parts of 
oxygen. How many grams of hydrogen are contained in 100 
grams of water ? 

11. Divide 100 in the ratio of a : 6. 

12. Divide a in the ratio of 6 : 1. 

13. The three sides of a triangle are respectively 9, 18, and 
21 inches, and the longest side is divided in the ratio of the 
other two. How long are the parts ? 

14. A line 10 inches long is divided in the ratio of a : 2. 
Find the parts. 

15. The three sides of a triangle are respectively a, 6, and c 
inches. If c is divided in the ratio of the other two, what are 
its segments? 

16. A's age is to B's age as 3 : 2, and 6 years ago the sum of 
their ages was 46 years. Find their ages. 

17. A's age is to B's age as 4 : 3, and 8 years ago the ratio 
of their ages was 3 : 2. Find their ages. 

18. Two men, A and B, start from the same town and travel 
in the same direction. A's rate of travel is to B's rate as 6 : 2. 
Find their rates of travel, if after three hours they are 9 miles 
apart. 

19. One angle of a triangle is 67** and the ratio of the two 
others is 3:5. How many degrees are contained in these 
angles ? 

187. The products of the con^esponding terms of two or more 
proportions are in proportion. 

n« = ? and ^ = £, then5!?^ = ^. 
d n q on dq 

This follows directly from S 164. 
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Ex. 1 . If a : 6 = 3 : 4, and 6 : c = 7 : 6, find the ratio of a : c. 

a&: 2)0 = 21:20. (§187.) 
Or simplifying, a : c = 21 : 20. 



188. If a:6 = 3:4, 

and 6:0 = 4:5, 

then a : c = 3 : 6. (§ 187.) 

These three proportions can be conveniently written as 
a : & : c = 3 : 4 : 5. 



follows : 



Ex. 2. Divide 100 in the ratio a:b:c. 
Let 
Then 
and 
Hence 



ax = the first part 
bx = the second part, 
ex = the third part 
ax + bx + cx = idO. 



Uniting, 



Therefore 



«(a + 6 + c) = 100, 

100 



ax = 



a + li-c 
100 a 



bx = . 



a-\-b + c 

100 5 

a + b + c 

100c 
'a-\-b + c 



Ex.3. Ifg^5,findf^-7/. 
y 3a?-14y 



, the first part 
, the second part 
, the third part 



Dividing each term by y, 

2x-7y 
3a;-14y~ 



Kiln, 



. 10-7 _8 
15-14~1~* 
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Ex. 4. If a:h=^c: d, prove that ^ + ^ = g!±^' 

ao — cd QT'-tr 

^cording to § 169, this is true if 

a«6 + a«cd - dbc^ -(fid = a^b + abc^ - a^ed -(fid. 

Or if a^cd - abtfi = abtfi - a^cd, (Canceling.) 

Or if ad — be = be — ad, (Dividing by ac) 

Or if 2 ad =: 2 be (Transposing.) 

Or if ad=bc. (Dividing by 2.) 

But since the ad[ = 6c, ^^k±^^^^±^. 
ac — cd a^— c^ 

Note. The methods of simplifying proportions, as ^ven in { 184, will 
frequently produce shorter proofs than the method used in Ex. 4. 
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1. If a : 5 = 3 : 4; and b:c = 5:6, find a : c. 

2. It a:b=s3:x, and b:c = x: 5, find a:c. 

3. If P: Q = a : 6, and Q: E = c:d, find the ratio P:R in 
terms of a, b, c, and d. 

4. If a:6 = 2:3,and6:c = 2:9,finda:c. 

5. If a: b=m:nf and b:c = m:n, find a : o in terms of m 
andn. 

6. Ifa:6 = 2:l, 6:c = 2:3, andc:d = 4:5, find a : d. 

7. Ifa:6 = 6:c=l:2, find a : c. 

8. If a : 5 =5 5 : c = m : n^ find a : o in terms of m and fi. 

9. If aj«:- = 3:4, and-:y» = 8:16, finda?:y. 

10. Divide 143 into three parts which are to each other as 
2:4:6. 

11. The three angles of a triangle are to each other as 
6 : 11 : 19. Find the number of degrees contained in each if 
the sum of tiie 3 angles is 180^ 
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12. A line 12 inches long is divided into 3 parts which are 
to each other as 6 : 7 : 9. How long is each part ? 

13. A line a inches long is divided into 3 parts which are to 
each other as 3 : 4 : 5. Find the parts. 

14. The sum of three sides (perimeter) of a triangle is 
90 inches^ and the ratio of the 3 sides equals 3:4:5. Find 
each side. 

15. The perimeter of a triangle equals p inches, and the 
ratio of the sides is a : 5 : o. Find each side. 

16. K »:y = 5:l, find 2a? + 3y:3a?-2y. 

17. If a:& = 4:3, find 6a-6:9a-76. 

18. If m:n = 6:2, find 8m-7w:4m-13n. 

19. If a:6 = -3, find 6a-26:9a + 176.' 

If a : 6 = c : d, prove that: 

20. oc: 6d = c* :cP. 

21. a + 6:aH-6-|-c + d = a:a + a 

22. a — c:6 — d = c:d. 

23. a« + c»:6* + (P = a«:6l 

24. a« + 6«:c*4-(P=a*:c*. 

26. a«-f-26»:2&« = ac4-26d:2 6(l. 

26. a« + 3y:a«-36« = c«4-3(P:c«-3c?. 

27. a^ + Viac + hd=^h\d, 

28. df + 2V:ac + 2M = a\o. 

If a : 6 = 6 : c, prove that 

29. a*:V = db:bc. 

30. a^ + dbib^ + bc^a^ib'. 

31. a''b:b'-c = b:c, 

82. If a«+y 4-c*+d* : 6*4-d*=c*4-cP : cP, prove that a : 6=0 : d 
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Solve the following equations : 

33. 8aj-7:6aj-|-7 = 12a?-19:9a?+2. 

34. 6aj-24:3a?+32 = 7aj-|-6:9aj-8. 

35. 12aj«-7aj4-6:18aj*-lla? + 9 = 2:3. 

36. 8aj*-3a?-|-4:12aj* + 6a?-13 = 2:3. 

37. x — a: x-'b = a + b : a-'b. 
Hint. Simplify before solving. 

38. x:a — b = x — b:a, 

39. a* — 6* : oa? — 6 = a + 6 : a?. 

40. x-'a-\-b:x + a — b = a — x + 2b:b — x-\-2cL 

41. Two travelers starting at two points 24 miles distant 
walk towards each other, and their rates are as 4:6. How 
many miles does each walk before they meet ? 

42. The three sides of a triangle are to each other as 3 : 4 : 5, 
and the area is 24 square inches. How long is each side? 
(Compare § 30.) 

REVIEW EXERCISE IH 
Solve the equations : 



1. - + ^^=2+«. 

2 a? . 2a? 2x ^ 3ar^-f 4 

a? + l 2a?-f-3 a?-|-2 (a? 4- 1) (2 a? + 3) (aj + 2) 

3. cf+V:x:=ia^ — ab + b^:a + b. 

4 l._i_=:l.^L-_ 
'2x'-5 4*3a?-5 

5. The sum of two numbers is 79, and if the greater is 
divided by the smaller, the quotient is ^, and the remainder 
is 2. Find the numbers. 
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6. A boy bought some oranges at 3^ apiece. He sold f of 
them for 4^ apiece, and the rest for 5^ apiece, and gained 24^. 
How many oranges did he buy ? 

7» A man sold a house for $4000 more than half its cost, 
and gained thereby $ 1000. What did he pay for the house ? 

8. A man sold a house for $2000 more than f of the cost, 
and gained thereby 25 % on the money invested. What did he 
pay for the house ? 

m + n ^ 

9. Simplify s — » 

^ *^ m — n ^ m — n 

m + n 

10. Simplify ^ti — a* U- ^ ""^ . and check the answer by 

La^4-1 J 1+ar 

the numerical substitution, a = 2. 

V x + y] 
I ;;rr 

11. Simplify 



f ^_ 



1 



x—yx+y 



x+y x-y 



^ x—y x+y 
x+y x-y 
x-y x+y 



x+y x-y 

12. Simplify (6 x^+^y^ - 7 y*^+^;^) (5 a^Y^ + 7 y*-^«««»). 

13. Reduce to lowest terms : 

(3 dbc + Abcd--5cde)(36p^ -25(f) 
((op + 5 q)(6(ib<^ -10 c^de + S he'd) 

14. Find two numbers whose sum equals a and whose dif- 
ference equals b. 

16. Divide 300 into two parts such that ^ of the greater 
increased by twice the smaller is as much as the smaller 
increased by | of the greater. 

16. Factor L aJ*— (a-f-4)aj* + 4a. 

n. 9(2a-xy-4t(3a-x)K 

17. If a:6 = 3:2, and6:c = 2:7, findate. 



18. Solve 
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b{c — x) bip—x) 

19. FindtheL.C.M. of: 

(9aJ«-16y«)^9aJ«-16y»,3a?+4y,3aJ-4y. 

20. If a = 6, find the numerical value of: 

21. FindtheH.C.F. of: 

a*" - 1, a*» - 1, (a- - 1/. 

22. EindtheH.C.F. of: 

^-8^y8n-8^ and aj«"'-«-y*^« 

23. Eeduce to mixed or integral expressions : 

a*-{-b\ 
a + b' 

24. ^imi^Myi^-.^^^^-^^^^^--^ 

26. Simplify: 

a\X'-b)(x — c) b\x — a)(x — c) (^(a; — a)(a?— &) 
(a--^b)ia-c) ^ (6-a)(6-c) "^ (c-a)(c-6) 

26. Solve: 

3-a; 8-g . 2->a? ^ 10~a? a? + 2 . 5--g 
8-a? 6-a? 4-aj S-a? 6-a; 4-» 



CHAPTER XI 

SIMULTANEOUS LINEAR EQUATIONS 

189. An equation of the first degree containing two or more 
unknown numbers can be satisfied by any number of values 
of the unknown quantities. 

(1) 

(2). 



If 


2x-3y = S. 


Then 


2x-5 

y 3 • 


/.e. if 


«=o,y=-f 


U 


«=i»y=-f 


If 


x = l,y= — l, etc 



Hence, the equation is satisfied by an infinite number of sets 
of values. Such an equation is called indeterminate. 

However, if there is given another equation, expressing a 
different relation between x and y, such as 

aj + y = 10; (3) 

these unknown numbers can be found. 

From (3) it follows y = 10 — a?, and since the equations have 
to be satisfied by the same values of x and y, the two values of 
y must be equal. 

Hence ^^-5^^q_^ ^^^ 

The root of (4) is a? = 7, which substituted in (2) gives y = 3. 
Therefore, if both equations are to be satisfied by the same 
values of x and y, there is only one solution. 

184 
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190. A system of simultaneous equations is a group of equar 
tions that can be satisfied by the same values of the unknown 
numbers. 

as + 2 2/ = 5 and 7x^Sy=:l are simultaneous equations, for they are 
satisfied by the values as = 1, y = 2. But 2x — y = b and 4x — 2y = Q are 
not simultaneous, for they cannot be satisfied by any value of x and y. 
The first set of equations is also called consistent, the last set inconsistent. 

191. Independent equations are equations representing differ- 
ent relations between the unknown quantities ; such equations 
cannot be reduced to the same form. 

6x+5y = 50, and 3 x + 3 y = 30 can be reduced to the same form ; 
viz. X + ^ = 10. Hence they are not independent, for they express the 
same relation. Any set of values satisfying 5 x + 5 2/ = 50 will also satisfy 
the equation 3 x + 3 ^ = 30. 

192. A system of two simultaneous equations containing two 
unJcnown quantities is solved by combining them so as to obtain 
one equation containing only one unknown quantity. 

The process of combining several equations so as to make 
one unknown quantity disappear is called elimination. 

193. The three methods of elimination most frequently used 
are: 

I. By Addition or Subtra^ion. 
II. By SubstitvUion. 
III. By Comparison. 



ELIMINATION BY ADDITION OR SUBTRACTION 
194. Ex. Ic Solve 



3a; + 23^ = 13, (1) 

2aj-73^==-8. (2) 

Multiply (1) by 2, 6 a; + 4 y = 26. (8) 

Multiply (2) by 3, 6 x - 21 y = - 24. (4) 

Subtract (4) from (3), 25 2^ = 50. 

Therefore, y = 2. 
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Substitute this value of y in either of the giyen equations, preferabl5 
the simpler one (1), 8x + 4 = 13 

Therefore a; = 3. 

y = 2. 

In general, eliminate the letter whose coefficients have the lowest 
common multiple. 

Check, 3. 3 + 2. 2 = 9 + 4 = 13, 

2.8-7.2 = 6-U = -8. 

E.2. Solve f//-^^ = ^^' fl 

ll3a? + 62^ = 135. (2) 

Multiply (1) by 6, 26a; - 16y = 235. (3) 

Multiply (2) by 3, 39 a; + 15 y = 405. (4) 

Add (3) and (4), 64a; = 640. 

Therefore x = 10. (6) 

Substitute (5) in (1), 50 - 3 y = 47. 

Transposing, — 3 y = — 3. 

Therefore y = 1. 

x = 10. 
Check. 6.10-3.1 = 47, 

13 . 10 + 5 . 1 = 185. 

195. Hence to eliminate by addition or subtraction : 

Multiply, if necessary, the equations by such numbers cw wiU 
make the coefficients of one unknown quantity equal. 

If the signs of these coefficients are like, subtract the equations; 
if unlike, add the equations. 

EXBBCISB 75 

Solve the following systems of equations and cneck the 
answers : 

(5x+ 7y = 50, ri2aj-13y = 9, 

' l9a;-hl4y = 97. * ll7y- 4a: = 36. 
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' l7aj4-15 2^ = 101. * l39a;~35y = -23. 

^ ri0« + 3y = 23, ^^ r2a:-ll3^ = -95, 

l6a; + 73^ = 3. ' l2a;4-10y = 40. 

f7aj4-33^=100, f 13 a - 11 2^ = 131, 

^' Ua- y = 20. ^^' ll9a:-242^ = 33. 

rS a- 15 3^ = -30, r8aj + 3y = 37, 

"''' l2aj+ 3y = 15. ^^* l8y-3aj = 50. 

^ r7a:-3y = 27, ^^ r aj-53^ = 4, 

^ f7aj-32/=15, ^^ rl6a:-15y = 18, 

l5a?4-62^ = 27. ' j 2aj + 52^ = 

f3a;-4i^=ll, f 

l6a?-.3y = 33. I 

^^ r7a:+ 3^ = 42, ^^ |4a:+J.y = 6, 

l3aj-22^ = l. ' l3aj-42^ = 4. 

Ua? + 7y = 69. l2.6a;-3y = 6 

l3a! + 4y = 31. Ho"— y = 0. 

(5x- 7y = -i, f 4.9 y- 3.2 a; = 1.9, 

' l9ar+llj^ = 40. { 3.6 2^ - 2.4 ar == .9. 



16. 

(4:X — 7y = — 5, 
5x+ y = |. 



15. 



(x+y = 100, (l.Bx-l.ly = 

la!-y = 12. ■ i 2x-1.7y = 



1.6 a; - 1.1 y = . 01, 
08, 
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ELIMINATION BY SUBSTITUTION 

196, Solve f2a:-72, = -8, (1) 

l3a:4-22^ = 13. (2) 

Transposing — 7 y in (1) and dividing by 2, as = ^-^ — 2. 

Substituting this value in (2) , 3 f IlLZL^\ + 2 y = 13. 

Clearing of fractions, 21 y - 24 + 4 y = 26. 

26y = 50. 
Therefore y = 2. 

This value substituted in either (1) or (2) gives x = 3. 

197, Hence to eliminate by substitution : 

Mnd in one equation the value of an unknown quantity in 
terms oj the other. Substitute this valu£ for one unknown quan- 
tity in the other equxttion, and solve the resulting equation, 

BXBBCISB 76 
Solve by substitution : 

|3a?4-2y = 5, {5x + 5 =10y, 

r 4a;- 7y= 2, (2x= 5y^ll, 

. ' ll2a;-25y = -2. * l3aj = 27-7y. 

^ (9y-^5x= 2, ^^ |4y = 3a? + 4, 

l32^ + 4a?=29. * l5y = 4a? + 3. 

r21aj-93^ = -3, rila?= 83^+ 7, 

• 1 3x-^5y=^ 31. ' lllaj = 132^-23. 
pOy- 9x= 26, raj + 5y = 29, 

• 1402^-27 aj = -2. * \x + 3y^l9. 

^ (S5x^l7y^ 69, ^^ fia?-i2/= 4, 

1 Tx- 5t/ = -9. * l^aj + i2^ = 12. 

r 6y- 7x=. 35, riaj + iy = 18, 

l242^-41a? = -29. ' U»-iy = 10. 
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ELIMINATION BY COMPARISON 

198. Ex. Solve {'-"'y-'' (D 

I a?-7 = -12y.' (2) 

From(l), * = H^ ^^^ 

From (2), «=:7-12y. W 

Therefore ^"^3^ = 7 - 12 y. 

Clearing of fractions, 2 + 2^ = 21-86^. 
Transposing and uniting, 88 y = 19. 
Therefore y = i- 

Substitute in (4), « = 1. 

199. Hence to eliminate by comparison : 

In each equation Jind the value of one unknown quantity in 
terms of the other. Form an equation with these values and 
solve %L 

BZBRCISB 77 
Solve by comparison : 

^ r9y = 2aj-31, ^ riOaj + 7y4-4 = 0, 

l92^ = 5-16a?. * 1 6a? + 5.2^ + 2 = 0. 

l2a? + 52^ = 63. ' l3aj-42f = 4. 

^ r7aj + 33^ = 100, ^ r5a:-4.92^ = l, 

l3aj- 2^ = 20. * l3aj-2.92^ = l. 

^ r5a?4-3.y + 2 = 0, ^ f 7a?-10t/ = .l, 

l3aj + 22^4-l=0. * llla?-16y = .l. 

^ f21aj4- 8y4-66 = 0, 
l23y- 28a? + 13 = 0. 
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200. Whenever one unknown quantity can be removed 
without clearing of fractions, it is advantageous to do so ; in 
most cases, however, the equation must be cleared of fractions 
and simplified before elimination is possible. 

(1) 

(2) 



Ex. Solve 


rir + 2 y + 3_3 
3 ' 4 ' 

x+S y+2 . 

[2 7 


Multiplying (1) by 12 and (2) by 14, 


4a; + 8 + 3y + = 3a 


7«+21-2y-4 = 14. 


From (8), 4 a; + 3y = 19. 


From (4), 7a:-2y = -a 


Multiplying (6) by 2 and (6) by 3, 


8a; + 6y = 88. 


21a;-6y = -9. 


Adding (7) and (8), 29 a; = 29. 


Xnrl. 


Substituting in (6), 7 - 2 y = - a 


y = 6. 

Check. l + 2j5 + 3_j|2_g 
3 4 


1 + 3 
2 


.6 + 2^2 1 = 1. 
7 



(8) 
(4) 
(6) 
<«) 

(7) 
(8) 
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Solve the following systems of' equations by any method, 
and check the answers of Exs. 1-10 : 

f2(aj + 3) + 3(y + 4)=26, 
' U(x + 6)+6(y + 6)=64. 

r6(a,-7)-7(y-8) = 18, 
' l8(!r-9)-9(y-10) = 26. 

f2(3aj-4)+3(4y-5) = 43, 

U(6»-6) + 5(6y-7) = 121. 
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ft. 



8. 



9. 



10. 



f2.3a;-|-4.7y = 70, 



^ f5(a? + 2)^3(y + l) = 23, 
l3(aj-2)4-5(y-l) = 19. 



^ r3(2a:-y)+4(a?-23^)=87, 
l2(3aj-y)-3(a;-y) = 82. 



a?+23^ 2aj + 2^ 
7 6 



3aj-2 63^-7 

1 ^ 2 
3aj + l 5y + 4' 

1 ^ 2 
4aj-3 7y-6* 

7a;-13 ^ 



11. 



12. 



13. 



3£H-J.^4 
4-2y 3' 
a? + y = l. 

7-~2a? ^3 
5-3y 2' 

y — aj = 4. 
S + 2 3' 



x + 1 



2 
'2' 



-2, 



133^-5 

lga?4-l _Q 
46 -y ' 

12^19^25. 
a?— 10 



14. 



16. 



x + 2y-\-l 
2a?-y + l 
3a? — y + l g 
»-y + 3 ■" 

a? + 3y4-13 _ 
4a?4-6y — 25 



3, 



6aj + 3y-23 



16. 



17. 



a?4-l y4-2_ 2(a?-y) 
3 4 "" 5 ' 
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f(*-4)(y + 7)=(*-3)(y + 4), 
' \ix + 5)(i/-2) = (x + 2)(if-l). 

f(a' + 3)(y+5) = (a! + l)(y + 8), 
' l(2a!-3)(6y + 7)s=2(6aj-6)(y+l). 



20. 



21. 



[2« + 7j,^3 
16 12 ' 

26 16 20* 

3a! + 4y 5y — Sx _ 2x + 3y Sy — 2x 
12 9 6 3 ' 



lr«-3^ = 32_2^I=21. 



±(. + 4)+^(,-3) ^ 



22. 1 

\(x 



y = 3:4, 



f(ir + 4):(y + l)=2:3, 
• l(a! + 2):(y-l) = 3:l. 



l):(y + 2) = l;2 
24. (a! + l):(y + l):(a! + y) = 3:4:6. 

801. In many equations it is advantageous at first not to 
consider x and y as unknown quantities, but some expressions 

involving x, and y, such as - and -, xy, etc 



Ex.1. Solve 


[? + ? = 
x^y 

16_4_ 

. » y~ 


= 3. 
>4 




(1) 
(2) 


2X(2), 




80 8 a 


<») 


(i)+(8), 




?? = 11. 




Clearing of fracUons, 




33 = llx. 










*.= 3. 
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8abstitating a; = 8 in (1), 



5 = 2. 

tf 



Therefore y = 4. 

Check, J + } = l + 2 = 8;y-| = 5-l=4. 

Examples of this type, however, can also be solved by the regular 
method, provided they do not involve more than two unknown quantities. 



Clearing (1) and (2) of fractions, ^y^^^,^ g^^ 

15 y — 4 « = 4 asy. 
2xC6), • 30y-8x = 8a;y. 

(4) + (6), 38y = lla;y. 

Dividing by 11 y, 8 = as, etc 



a^-- = 2. 



Ex. 2. Solve 

6x(l), 

(2) -(8), 

Therefore 

Substituting x = 1 in (1), 



6aw + - = 21. 



6a;y-^ = 12. 

X 
X 

x = l. 

y-l = 2. 

y = S. 



(4) 
(6) 
(8) 
0) 



(1) 

(2) 
(8) 



Solve: 



fl 1^6 
f y 6' 

X y 6 

x^3-^' 

I X 3~ 



BXBBOISB 79 



8. 



4. 



[« y 

12 4 
a? y * 

11-1 = ?. 
« 3^ 2 



6. 



f3_2^_g 

^ + 5 = 28, 
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7. 



9. 



X y 6^ 
y X ^' 






10. 



11. 



12. 



9 



y ' 

6« + - = ll. 



16. 



aJ2/ + 7» = ll, 



17. 



13. 



14. 



16. 



3a?^42^ ' 

i-J-=i 

a: 2y ^• 
^? + ii = 17, 

2 



6aj y 

5 4 

05-1 y-2 

4 . 3 



x-1 w-2 



=12, 

22, 



^-^ + ? = 1, 
_3_I. 

l«y y' 



11 

3* 



LITERAL SIMULTANEOUS EQUATIONS 



Ex. 1. Solve 



(l)xn, 
(2)x6, 
(3) -(4), 
(Jmting, 

Dividiiig, 

(1) X m, 
(2)xa, 
(7) -(6). 
Uniting, 



f aa; + 6y = c 



by = 
+ ny 

anx + buy 

bmx + bny 

anx — bmx 

(jan — bn%)x 



ama5 + 

«wx + any = 

any — ftwy = 

(fln — bm)y = 



: cn. 

; cn — 6p. 
cn — bp. 
cn — bp 
an — bm 
cm. 
ap. 

ap — cm, 
ap — cm. 
ap — cm 
an — bm 



(1) 

(2) 
(3) 
(4) 



(6) 

(6) 
(7) 
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Solve : 



EXEBCISB 80 



'•I 



17. 



18. 



hx — ay=z h, 

ax — by^O, 
caj — dy = 1. 



(a(x + y) = 16, 
' l6(a:-2/)=8. 



' = m, 



{ 

(x-^-y^a, 
\x-^y=zb. 

I aj — 3^ = n. 

(X'\-my=:a, 
(x — ny =^b. 
(ax + by = c, 
\dx + ey=:j: 

raa? + 62^ = c, 
t ma5 = ny, 

f(« + 
l(a + 



10. 



11. 



12. 



13. 



14. 



(ax-\-by^l, 
\bx + ay=0. 
(ax-^by=^4., 
loaj— 6y = 2. 



?4.?^-l 

c a 

x + l 



y 
y+i 



= a. 



X 

X a 



= b. 



16 

a? 3^ 
1 b 
a? 2^ 

a b ^ 

- + - = 1, 
X y 

^ + ^ = 2. 
X y 



g+l _a+l 
2^ + 1 6 + 1* 
— (a — 6)y = 4a6, 
4.(a--6)2/ = 2(a» + 6»). 
(a + c)aj — (a — c)y = 2 a&, 
5)y — (a — 5)a5= 2 ac. 
{a . & 

I aj 2^ ^ 

{oaj — 6y = a, 
a6(a?-l)=y 



19. 



20. 
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21. Solve the equations 

and from the results find by numerical substitution the roots of 
Exs. 1-4, page 188. 

22. Eind a and 8 in terms of n, d, and I if 

l = a+(n-l)cL 

23. From the same simultaneous equations find d in terms 
of a, n, and L ' 

24. Erom the same equations find 8 in terms of a, d, and Z. 

26. Erom the same system of equations find n in terms of 
a, I, and a. 

SIMULTANEOUS EQUATIONS INVOLVING MORE THAN 
TWO UNKNOWN QUANTITIES 

203. To solve equations containing three unknown quantities 
three simultaneous independent equations must be given. 

By eliminating one unkaown quantity from any pair of equor 
tions, and the same unknown quantity from another pair, the 
problem is reduced to the solution of two simultaneous equations 
containing two unknown quantities. 

Similarly four equations, containing four unknown quanti- 
ties, are reduced to three equations containing three unknown 
quantities, etc. 

Ex. 1. Solve the following system of equations: 

2 oj - 3 y + 4 2 = 8. (1) 

3a. + 42/-5« = -4. (2) 

4a;-6y + 3« = l. (3) 
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Elimmate y. 

Multiplying (1) by 4, 

Multiplying (2) by 3, 

Adding, 

Multiplying (2) by 8, 

Multiplying (3) by 2, 

Adding, 

Eliminating x from (4) and (5). 

(4) -(6), 

Therefore 

Substitute this value in (4), 

Therefore 



8a;-12y + 16« = 


32 


9a;+ 12y-.16« = - 


-12 


17 a; + « = 


20 


9a; + 12y-16;? = - 


-12 


8aj-12y+ 6« = 


2 



17 a; 



9« = -10 



1O0>=8O. 
« = 8. 
17 a; -J- 3 = 20. 
X = 1. 
Substituting the values of x and z in (1), 

2-3y + 12 = 8. 

3y = 6. 

Hence y = 2. 

CA«c*. 2.1-8.2 + 4.3 = 8; 8.1 + 4.2-6. 
4.1-6.2 + 3.3 = 1. 



(4) 

(6) 

(«) 
(7) 

(8) 



l=-4; 



204. After some practice the student will be able to elimi- 
nate the unknown quantities of simple examples mentally. 
Eliminating by subtraction should then be avoided, and by the 
use of negative multipliers every elimination should be based 
upon addition. 



Ex. 2. Solve (1)22 + 32^ + 20 = 21 

(2) 6x-2y + 3« = 16 

(3) 7a;-5y + 42r = 16 



(4) -4a; + 13y = 31 
(6) - «+ 7y = 19 



3 
-2 



1 
-4 



4 
-3 



Multipliers for the 
elimination of z. 



Multipliers for the elimi- 
nation of x. 





-15y = - 


Therefore 


^ = 3. 


From (6), 


SB = 2. 


From (1), 


« = 4. 
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1. 



2 



6. 



8 



Solve: 

10aj + 2^4-22f = 18, 10. 

[6aj + 9y + 3«==32. 
2a? + 6y-3«=13, 
6aj-32^ + 42; = 16, 11. 

2aj + 32^-« = 21, 

9aj + 5y-22; = 71, 12. 

6a: — 73^ + 52; = 55. 
'aj + 2y + 32; = 32, 

2aj + y + 32; = 31, 13. 

.4ic-22^ 4-2 = 12. 

2a:-32^4-42; = 8, 

3ic + 43^ — 6« = — 4, 14. 

.4a:-62^ + 32; = l. 
'7a?-62^ + 22J = 4, 

14aj~82^-j8; = 0, 15. 

2aj-93^-32; = -35. 
'6a? + 52^ — 42f = 98, 

9a;-152^ + 62J = -6, 16. 

8ic-32^-92J = 12. 

'9aj-7y-6« = 18, 

12a?-14y + 92; = 27, 17. 
.18a?-35y + 15» = 0. 

3a?-y + 2; = 7, 

aj + 2y-42; = — 8, 18. 

2aj — 2y + » = 2. 



'a? + y + 2J = 12, 
4aj + 33^ + 52; = 49, 
6a? — 23^ + « = l. 

i» + 2^ + 2 = 9, 

aj — 2^ + 2; = — 1, 

ic + 3^ — « = — 6. 

12a?-62^H-18» = 3;/, 

2aj — 6y + 8« = 16, 
l4aj + y + 42; = 3. 

5aj4-2^ — 4z = 0, 

3aj + 22/ + 3» = 110, 

2aj-33^ + 2; = 0. 

2a + 4y + 82; = 13, 

» + y + « = 3, 
l3a: + 92^ 4- 27^ = 34. 

'a. + 22^ + 32? = 32, 

,3x + y + 2z = 4.0. 

'3x + Sy + z = 17, 
3x + y + Szi=zl5, 
« + 3y + 32f = 13. 
2aj — 3y — 42J = 6, 
3x^4:y + 5z = 56f 

[5x + 7y-9z=:106. 
aj + 2y + 32J = 10, 
3aj — 5y-9» = — 10, 

L2aj-3y = 0. 
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19. 



20. 



21. 



23. 



29. 



'52/-7aj + 42 = — 44, 
2-5^ = -33, 

a5 + y=23, 

08 + 2^ = 24 

'3aj + 42^ = 25, 
52^ + 62 = 50, 
72J + 8a5 = 69. 

» + 2^ + 2J = 39, 
13aj=10y, 
1 162^ = 13 ». 

2a? + 3y — 42 = — 3, 
3^ = 5aj-.7, 
l2 = 7aj — 10. 



24. 



25. 



26. 



27. 



3aj-4y + 5« = 18, 
a?==42 — 17, 
2^ = 52-21. 

4^3 5 ' 

16 15^10 

1.4aj — 2.4y-32 = -.4, 
.8 oj +3.2^ + 42 = 11.2, 
aj_23^ + 1.82=7.6. 

.laj + .2 2/ + .32 = 3.2, 
.2aj + .ly + .32 = 3.1, 
l.3« + .23^ + .l2 = 8. 



28. 



?+if = 10, 
y-z 



5(2x--3y) +3(3aj-52)=31, 
2(2»-3 2^)+5(3 2/-7 2) = -45, 
4(3a?-5 2^)-3(5y-72) = 55. 



x+z 



« — 1 



= 9, 



80. 



2^ = 1. 



'a+3:2^ + « = 2:l, 
y + 3:a? + 2 = l:l, 
x + S:x + y:=li2. 



31. 



3y — 2fl? . 42-~3a? . 2y-72 ^^ 



5x-3y 4y-3a? . 7 y + 22 n« 
-15 ""5— + "9—^^^ 
7 « 6a! — 5y , 3z— 8a! _ -, . 



8 



12 
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83. 



34. 



35. 



36. 



X y z 
X y 
z y ^ 

1 + 1 + 1 = 12, 
X y z 

3-4 + 5 = 18, 

X y z 

5_§ + ? = 13. 
« y 



z 



fl 1^6 
a!"^y 6* 
1 1_1 

X Z 4: 

^-1=1. 
y « 12' 

5x — y + Sz=sa, 
6y — 2 + 3a: = 5, 
62— aj + 32^ = c. 

'7aj + lly + 2 = a, 

7y + ll2 + aj = a, 

.7z-\'llx + y = c. 



37 



38. 



•■{ 



x:y:z=zl:2:B. 



aj + y = 2a, 

y + « = 2c, 

l2;+aj = 26. 



89. 



40. 



41. 



42. 



43. 



44. 



46. 



ax + by = 2 abf 
by + cz = ab + c*, 
x + y + z^a + b + e, 

1+1=20, 

1 + 1 = 25, 

x z 

1 + 1 = 20. 
a y 

ax-{-by + cz = a + b, 
x + dy = d, 

X + Z=sl, 

3a? + 6y + 2« + v = 2, 
aj — y — 32— 4v = 3, 
a; + 2y-22-2v = 0, 
2aj + y — « — 3v = 5. 

«+y+2+v=4, 

2aj + y-2« = 0, 
3aj + 4y + 3v = l, 
4v — 6a; + 3« + y = l. 



x + y^ 


:5. 


xy 


-l». 


x + z_ 
ast 


:6, 




=7. 


a".a»- 


a' = a», 


a'.a* 


= «», 


a; + 2 = 


= 6. 
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PROBLEMS LEADING TO SIMULTANEOUS EQUATIONS 

205. Problems involving several unknown quantities must 
contain, either directly or implied, as many verbal statements 
as there are unknown quantities. If the problem is to be 
solved by one equation containing only one unknown quantity, 
)¥hose symbol is x, all statements except one are used to ex- 
press the unknown quantities in terms of x, while the remain- 
ing statement produces the equation. (§ 101.) 

In complex examples, however, it is often very difficult to 
express some of the unknown quantities in terms of one of 
them. In such a case it is advisable to represent every 
unknown quantity by a different letter, and to express every 
verbal statement as an equation. 

Ex. 1. The sum of the three digits of a number is 8. The 
digit in the tenV place is ^ of the sura of the other two digits, 
and if 396 be added to the number, the first and the last digit 
will be interchanged. Find the number. 

Obviously it is very difficult to express two of the required digits in 
terms of the other; hence we employ 3 letters for the three unknown 
quantities. 

Let X = the digit in the hundreds* ^lace, 

y = the digit in the tens' place, 
and g = the digit in the units^ place. 

Then 100 a; + 10 y + « = the number. 

The three statements of the problem can now be readily expressed in 
symbols: x-\-y + z = S. (1) 

V = i(x + z). (2) 

100a; + lOy + « + 396 = 100« + 10 y + 05. (3) 

The solution of these equations gives a; = 1, y = 2, 2; = 6. 
Hence the required number is 125. 

Check, 1 + 2 + 5 = 8; 2 = i(l+5); 125 4-396 = 521. 

206. Between the two methods of expressing all unknown 
quantities in terms of one letter, x, and employing as many 



202 ELEMENTARY ALGEBRA 

letters as there are unknown quantities^ there is often the 
intermediate way of representing some, but not all, unknown 
quantities in different letters. E.g. denote two quantities 
directly by letters, as x and y, and express the remaining 
unknown quantities in terms of x and y by some of the given 
verbal statements. The remaining two statements give the two 
necessary equations* 

E.g. in the example of the preceding paragraph, we could 
make x = the first digit, and y = the last digit. Then, according 
to the second statement, the second digit = ^(x + y); and the 
first and third verbal statements, expressed in symbols, give 

x + i{x + y)+y=^S. 
100x + ^(x + y)+y + S96 = 100y + i^(x + y)+x. 

Th^se equations lead of course to the same number as before. 

Although this method is often somewhat shorter than the 
method previously described, it is advantageous only if the 
example is simple. In most complex examples, the equations 
can be written with the least diflRculty if each unknown 
quantity is represented by a different letter. 

Ex. 2. If both numerator and denominator of a fraction be 
increased by one, the fraction is reduced to |; and if both 
numerator and denominator of the reciprocal of the frac- 
tion be diminished by one, the fraction is reduced to 2. Find 
the fraction. 

Let X = the numerator, 

and y = the denominator. 

then - = the fraction. By expressing the two statements in symbols, 

y 

we obtain, g+ 1 __ 2 

y+1 3' 



(1) 



and yili = 2. (2) 

as- 1 

These equations give x = S and y = 5. Hence the fraction is f . 

Check. |±-j=| = |i 1^=1 = 2. 
6+16 3 8-12 
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Ex. 3. A, B, and C travel from the same place in the same 
direction. B starts two hours after A and travels one mile per 
hour faster than A. C, who travels 2 mileg an hour fastef 
than B; starts 2 hours after B and overtakes A at the same 
instant as B. How many miles has A then traveled ? 





TiMK 

(Hours) 


Ratb 

(Miles per hour) 


DiBTANOB 

(MUes) 


A ..... 


X 


y 


xy 


B 


x-2 


y + i 


xy-\- a;-2y-2 


C 


a;-4 


y + 3 


xy + Sx-4y-l2 





Since the three men traveled the same distance, 
xy = xy-\-x — 2y — 2, 
xy = xy + SX'-4y — l2, 

Or jB - 2 y = 2. 

3aj-4y=:12. 

(4)-2x(3) a; = 8. 

From (3) y = 3. 

Hence xy = 24 miles, the distance traveled by A. 

Check. 8x3 = 24,6x4 = 24,4x6 = 24. 



(1) 
(2) 
(3) 
(4) 



EXERCISE %2 

1. Three times a certain number increased by five times 
another number equals 31, and the second one increased by one 
is equal to three times the first one. Find the numbers. 

2. Find two numbers whose sum and whose quotient equal 5. 

3. Half the sum of two numbers is 11, and the fifth part of 
their difference is 2. Find the numbers. 
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4. If 1 be added to the numerator of a fraction, its value 
is |. If 1 be added to its denominator, the fraction is reduced 
to \. Find the fraction. (See Ex. 2, § 206.) 

6. If 3 be added to both terms of a fraction, its value is \. 
If 1 be subtracted from both terms, its value is \, Find the 
fraction. 

6. If the numerator of a fraction is ti^ebled, and its denomi- 
nator diminished by 2, it is reduced to f . If the denominator 
is doubled, and the numerator increased by 3, the fraction is 
reduced to \, Find the fraction. 

7. A fraction is reduced to ^, if both its terms are increased 
by 1, and 8 times the numerator diminished by 3 times the 
denominator equals 3. What is the fraction ? 

8. Find two fractions, with numerators 2 and 3 respect- 
ively, whose sum is -J-J, and such that when their denominators 
are interchanged, their sum is 1^. 

9. The sum of the digits of a number of two figures is 10, 
and if 3 times, the units' digit is added to the number, the 
digits will be interchanged. What is the number ? (See Ex. 
1, § 205.) 

10. The sum of a number of two digits and Df the number 
formed by reversing the digits is 121, and fiVe times the tens' 
digit exceeds the units' digit by one. Find the number. 

11. The sum of the three digits of a number is 11, and the 
sum of the first two digits exceeds the last digit by 1. If 27 
is added to the number, the last two digits are interchanged. 
Find the number. 

12. A number consists of three digits, the sum of the last 
two digits is two less than five times the first digit ; three times 
the second digit exceeds the first digit by one ; and if the first 
digit be subtracted from the number, the remainder is 216. 
Find the number. 
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13. If a certain number be divided by the sum of its three 
-digits, the quotient is 43. The sum of the first two digits is 
equal to the third digit, and if 99 be added to the number, 
the first and last digits will be interchanged. Eind the 
number. 

14. If a certain number be divided by the sum of its tw« 
digits, the quotient is 4 and the remainder 3. Three times 9« 
first digit exceeds the second digit by 3. Find the number. 

15. Twice A's age exceeds the sum of B's and C's ages by 
30, and B's age is \ the sum of A's and C's ages. Ten years 
ago the sum of their ages was 60. Find their present ages. 

16. Five years ago A was as old as B will be in 10 years ; 
and 10 years ago B was as old as C will be in 5 years. If the 
sum of their ages is 60, how old now is each ? 

17. A sum of $ 10,000 is partly invested at 5 %, partly at 
4 %, and partly at 3 %, bringing a total yearly interest of $390. 
The 5 % investment brings $ 10 more interest than the 4 % and 
3 % investments together. How much money is invested at 
3 %, 4 %, and 5 % respectively ? ' \ 

18. A sum of money at simple interest amounted in 2 years 
to $ 330, in 5 years to $ 375. What was the sum and the rate 
of interest ? 

19. A sum of money at simple interest amounted in 6 years 
to f 16,000, and in 8 years to $ 17,000. What was the sum of 
money and the rate of interest ? 

20. A sum of money at 6% simple interest amounted in a 
certain time to $ 944. In half the time at 4^ it would amount 
to $ 348. Find the sum and the time. 

21. A sum of money at simple interest amounted in a years 
to m dollars, and in h years to n dollars. What was the sum ? 
Find the sum if a = 3, 6 = 5, m = f 500, and w = $600. 
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22. The sums of $ 1200 and $ 1400 are invested at difiPerent 
rates and their annual interest is $ 111. If the rates of inter- 
est were exchanged, the annual interest would be $ 110. Find 
the rates of interest. 

23. Three sums of money are respectively invested at 4%, 
4%y and 5%, and their annual interest is $1280. If the first 
and third were invested at 4%, and the second at 5%, the 
interest of the second would be $ 350 less than the interest 
of the other two. If the rates of interest were respectively 
5%, 4%, and 3^%, the first sum would bring $ 380 less inter- 
est than the other two. What are the sums ? 

24. If a rectangle has the same area as another 3 feet longer 
and 2 feet narrower, and the same area as a third rectangle 
which is 8 feet longer and 4 feet narrower, what are its dimen- 
sions? 

26. If a rectangle were 100 feet longer and 26 feet narrower, 
its area would contain 2500 square feet more. If it were 100 
feet shorter and 50 feet wider, its area would contain 5000 
square feet less. What are the dimensions of the rectangle ? 

26. If a rectangle were 1 foot longer and 1 foot narrower, its 
area would be m square feet less. If it were 1 foot longer 
and one foot wider, its area would be n feet more. What are 
the dimensions of the rectangle ? 

27. A, B, and C working together can do a piece of work in 

1 day ; A and C together in 1 J days, and B and C together in 

2 days. In how many days can each do the samfe work alone ? 

28. A and B together do a piece of work in 18 days ; A and 
C in 16 days, and B and C in 20 days. In how many days can 
each alone do the same work ? 

29. A and B together can do a piece of work in a days ; B 
and C in 5 days, and C and A in c days. In how many days 
can each alone do the same work ? Find the answer if a = 2^ 
6 = 3, c = 4. 
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30. A farmer sold a number of horses, cows, and sheep, for 
$500, receiving $100 for each horse, $50 for each cow, and 
$15 for each sheep. The number of sheep was twice the 
number of horses and cows together. How many did he sell 
of each if the total number of animals was fifteen ? 

31. The sum of the 3 angles of any triangle is 180®. If 
one angle of a triangle exceeds half the sum of the other two 
angles by 15° and half their difference by 65°, what are the 
angles ? 

32. The difference of two angles of a triangle is equal to the 
third angle, and their sum is ^- of the third angle. What are 
the angles ? 

33. A and B received together $107 wages for working 25 
and 16 days respectively. If A had worked 24 days and B 
had worked 20 days, they would have received $112. What 
were the daily wages of each ? 

34. The perimeter (i.e. the sum of the sides) of a triangle 
is 39 inches. The greatest side is 7 inches less than the 
sum of the other two, and one of these two is twice as large 
as the difference of the remaining two. Find the length of 
each side. 

36. On thHihree sides of a triangle ABC, respectively, three 
points 2>, E, and F, are taken so 
that AD = AF, BD = BE, and CE 
= CF. If ^B = 6 inches, 5(7 = 4 
inches, and AC= 8 inches, what is 
the length of AD, BE, and CF? 

Note. If a circle is inscribed in the 
triangle ABC touching the sides in D, E, 
and F (see diagram), then ADz=AF, 
BD = BE, and CE= CF. 

36. A circle is inscribed in triangle ABC touching the three 
sides in Z>, E, and F. Find the parts of the sides if AB = 5, 
JB(7=7,and (7^ = 8. 
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37. A circle is inscribed in a triangle ABC (see diagram of 
Ex. 35) whose perimeter is 14 feet, AD exceeds FC by 2 inches, 
and BD equals 1 inch. Find the sides of the triangle. 

88. On the sides of a triangle ABO 
the points D, E, and F are so taken that 
AD is 4 times as large as AFj BE is 3 
times as large as BD^ and CF is 5 times 
as large as CE, If AB = 5 inches, BC 
= 4 inches, and CA = 6 inches, find the 
parts of the three sides. 

89. In the annexed diagram angle a = angle &, angle c = 
angle <f, and angle e = angle /. If angle u4B(7=60®, angle 
BAG = 40°, and angle BCA = 80% B 

find angles a, c, and e. 

NoTB. is the center of the circam- 
Bcribed circle. 

40. The sum of the radii of two 
circles is 15 inches, and the differ- 
ence of their circumferences is 44. 
If TT is taken equal to 3|, what are 
the radii ? (The circumference of 
a circle (7, whose radius is iJ, is determined by the formula 
C=2ir22.) 

41. The sum of the radii of two circles is r inches, and the 
difference of their circumferences is d inches. Find the radii. 

42. Two persons start to walk in the same direction from 
two stations 12 miles apart, and one overtakes the other after 
6 hours. If they had walked toward each other, they would 
have met in 2 hours. What are their rates of travel ? 

43. Two persons start to walk in the same direction from 
two stations d miles apart, and one overtakes the other after a 
hours. If they had walked toward each other, they would have 
met in h hours. What are their rates of travel ? 
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44. A takes 2 hours longer than B to travel 12 miles, but if 
A would double his pace, he would walk it in one hour less than 
B. Find their rates of walking. 

46. A takes 2 hours longer than B to travel d miles, but if 
A should double his pace^ he would walk it in 1 hour less. 
Find the time B needs to walk the distance. 

INTERPRETATION OF NEGATIVE RESULTS AND THE 

FORMS OF 2, « 1. 
00 

207. The results of problems and other examples appear 
sometimes in forms which require a special interpretation, as 

7{} X9 —i etc. 
00 

208. Interpretation of -. According to the definition of 


division, - = «, if = «. But this equation is satisfied by any 



finite value of «, hence - may be any finite number, or -- is 

indeterminate. 

209. Interpretation of ^. The fraction - increases if x de- 
creases; e,g. -J- = 100 a, — y — = 10,000 a. By making x 

Tinr 10 

suflBciently small, - can be made larger than any assigned 

X 

number, however great. If x approaches the value zero, ~ be- 

X 

comes infinitely large. It is customary to represent this result 
by the equation ?=•. 

NoTB. The symbol oo is called infinity. In Bome examples, 
the result ^ is only indeterminate in form ; e.g. If x = 3, ^ — 4a -t-3 
would be -, if we substitute directly. By reducing the fraction to its 
lowest terms, (a? - 3)(ag ~ 1) _g--J ^^ ^^^^ substituting, we obtain 
|or2. («-3)(x-2) x-2' 

p 
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210. Interpretation ot ^. The fraction - decreases if a; in 

oo X 

creases, and becomes infinitely small, if a; is infinitely large 
This result is usually written : 

?L = 0. 

OO 

211. The discussion of a problem determines the nature of 
the solutions, if the given quantities assume all possible values. 
The following example illustrates the discussion of a problem : 

Two couriers, A and B, travel by the same road in the same 
direction, and at 12 o'clock B is d miles in advance of A. If 
A travels a miles per hour, and B travels h miles per hour, 
after how many hours will A overtake B ? 

Suppose they meet after x hours, then A has traveled aXy 
and B &a?, miles. But since A has traveled d miles more than B, 
ax^bx=:d, 

therefore, x = • 

a — 6 

Discussion. 1. If a is greater than b, the value of x is posi- 
tive, and A will overtake B after 12 o'clock. 

2. If a is smaller than 6, the value of x is negative, e.g. If 
a = 2, 6 = 3, c? = 4, then a; = — 4, i.e. the men do not meet 
after 12 o'clock, but they were together 4 hours before 12 
o'clock. This is obvious from the data of the problem, for if 
A walks more slowly than B, he cannot overtake B. 

Hence there is no answer to the problem stated above. To 
make a solution possible the problem should read. How many 
hours before 12 o'clock did they meet ? 

3. If a = b, then a? = _ = oo ; i.e. A and B will never meet, 

and evidently two men traveling at the same rate, and d miles 
apart, will never meet. Hence the problem has no solution. . 

4. It a = b, d = Of then a? = - = any finite number, as 2, 3, 4, 

etc., i.e. A and B are always together. This also is obvious 
from the nature of the problem. 
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212. Negative solutions frequently indicate a fault in the 
enunciation of the problem, 

, 213. The result ^ or oo indicates that the problem has no solu- 
tion. If in an equation all terms containing the unknown quan- 
tity cancel, while the remaining terms do not cancel, the root is 
infinity. 

214. The solution a? = ^ indicates that the problem is indeter- 
minate, or that X m/xy equal any finite number. If all terms of an 
equation, without exception, cancel, the answer is indeterminate. 



EXERCISE 88 

Interpret the answers of the following problems; and if 
negative solutions occur, indicate what changes in the state- 
ment of the problem would make a solution possible. 

1. A is 25 years old, and B is 15 years old. How many 
years hence will A be twice as old as B? 

2. Four times a certain number increased by 12 equals four 
times the excess of the number over 2. Find the number. 

3. One half of a certain number exceeds the sum of its third 
and sixth part by 12. Find the number. 

4. Find 3 consecutive numbers such that the square of the 
second exceeds the product of the first and third by 1. 

5. One half of a certain number is equal to the sum of its 
fourth, sixth, and twelfth part. Find the number. 

6. a times a certain number increased by b equals c times 
the number inci:eased by d. Find the general answer and inter- 
pret the answer, if 

(a) a = c, 6 and d are unequal. 
(p) b = d, a and c are unequal, 
(c) a = c, and b = d. 



CHAPTER XII 
XNVOLUTIOir 

215. Inyolution is the operation of itiising a quantity to a 
positive integral power. 

To find (3 c^hy is a problem of involution. Since a power 
is a special kind of product, involution may be effected by 
repeated multiplication. 

216. Law of Signs. According to § 60. 

— a • — a • = + a*. 

— a^—a^ — a^ — cif etc. 
Obviously it follows that 

1. All powers of a positive quantity are positive. 

2. AU even powers of a negative quantity are positive, 

3. AU odd powers of a negative quantity are negative, 

(— a)' is positive, (— a&*)* is negative. 

INVOLUTION OF MONOMIALS 

217. According to § 62. 

1. (a2)« = a^.a^.a^ = a*+«+2 = cfi. 

2. (6*)* = 6« . 66 . 66 . 66 = 6^fi+JH^ = ft», 

3. (a»)"» = a^*a^ .•• to m factors 

2:; ^n+n+n+n to m tenns 

= a***. 

4. (- 3a26«) 4 = (- 3a26«) • (- 3a26«) • (- 3a26«) . (- SaW) 

= 81 a^b^. 



\ 3n6J (3n6)« 27ni6' 
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To find the eocponent ofthepowei* of a power, multiply the given 
exponeiita. 

To raise aprodiLct to a given power, raise ea^h of its factors to 
the required power. 

To raise a fra>ction to a power, raise its terms to the required 
power. 

EXERCISE 84 

Perform the operations indicated : 

1. XdF)\ 20. (-2a'»6*)«. 



3. 

4. 

5. 

6. 

7. 

8. 

9. 
/ 10. 
11. 
12. 
13. 
14. 
16. 
16. 
17. 
18. 
19. 



83. 



-aT- 21. (-3a%8c-)^ 

'^'' * 22. (a^. 34. {-^^ 

-^•- 23. (-a^)**. 



- a^lf)\ 
^mny. 



-aj**)l 



/ 7mW 



«'^'- 24. (ar)\ ^^" (,3^;vJ' 



3a5Wy. 28. ("T^j- 39. (j^)- 



2. r^^^'. 43. I f^ 



-«-)». ""'K^pq) '-Kg'. 
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INVOLUTION OF BINOMIALS 

218. The square of a binomial was discussed in § 65. 

(a + 6)« = a« + 2a6 + &'. 

219. The cube of a binomial we obtain by multiplying (a + by 
hja + b. (a + *)' = a» + 3a26 + 3a6» + A*, 

and (a-6)« = a«-3a26 + 8a*'-A*. ' 

Ex. 1. Find the cube of 2 a + 3 y. 

(2 « + 3 y)8 = (2 x)» + 3(2 a:)2(3 y) + 3(2 x) (3 y^ + (8 y^ 
= 8 a;8 + 36 «2y + 54 xy2 4. 27 y«. 

Ex. 2. Find the cube of 3 a* - jT- 

(3 «« - jr)« = (3 x2)8 - 3(3 x2)«(2r) + 3(3 x«)(y»)« - (y»)« 
= 27iB»-27x*2r + 9a:^*»-»*». 

EXERCISE 86 
Perform the operations indicated : 

1. (m-^ny. 9. (3a + l)'. 17. (4:a?-^5f)\ 

2. (a?-y)». 10. (5a2 + l)^ 18. (3a8-26c)». 

3. (aj-7)«. 11. (7a8-l)». 19. (5 aj^y* - 3 »«)». 

4. (x-^-yy. 12. (5aj+2y)». 20. (4txyz-iy. 

5. (l+2a?)l 13. (3a?-6y)l. 21. {2x'-^y. 

6. (l + 2aj)». 14. (3rry-l)'. 22. (aT-jT)*. 

7. (l-3a^*. 16. (ax + byy. 23. (2a»-3)» 

8. (l-3aj^». 16. (2aaj-3 62/)'. 24. (2a--36»)». 

220. The higher powers of binomials, frequently called expan 
sions, are obtained by multiplication, as follows : 

(a + &)' = a2 + 2a6 + &«. 

(a + &)* = a^ + 3 a^ft + 3 a62+ &'. 

(a + 6)* = a* + 4a86 4-6a2y'4-4a68 + &^ 

(a + &)' = a*'+5a*6 + 10aW4-l0a%8 + 5a6* + &',etc 
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An examination of these results shows that : 

1. Tlie number of terms is one greater than the exponent of the 
binomial. 

2. The exponent of a in the first term is the same cw th£ expo- 
nent of the binomial, and decreases in each succeeding tei^m by one. 

3. The exponent of b is 1 in the second term of the result, and 
increases by 1 in each succeeding term. 

4. Tlie coefficient of the first term is 1. 

6. The coefficient of the second term equals the exponent of the 
binomial. 

6. The coefficient of any term of the power multiplied by the 
exponent of a, and the result divided by 1 plus the eminent of b, 
is the coefficient of the next term. 

Ex. 1. Expand (x + .v)*. ' 
K'^ryj f i^-r-j.2 ^^1.2.3,^^1.2.3.4^^1.2.3.4.6^ 

= x6 + 5a;*y + 10x8y2 ^ I0a;2y8 + 6 xy* + y*. 
Ex. 2. ^ Expand (x — yy. 
Caj - y)6 = a* + 5x*(- y) + 10a;8(- yy+ 10x2(- y)» + 6«(-.y)* 

= xB - 5x*y + 10x8^2 _ I0x2y8 + 6xy* - y», 

221. The signs of the last answer are alternately plus and 
minus, since the even powers of — y are positive, and the odd 
powers negative. 

Ex. 3. Expand (2x^-3f)\ ' 

-4(2a^)(32^» + (3/)* 
= 16a^-96a^3/3 4-216aV-216ic2^ + 8iy«. 



216 ELEMENTARY ALGEBRA 

EXERCISE 86 
Expand: 

1. (a -6)*. 14. (m^-nf. ^27. (mn + 1)* 

2. (m + 1)*. 16. {m-nf. 28. (a + 6c)*. 

3. (1-w)*. 16. (a-xf. 29. (a« + 6*c*)» 

4. (ah^-c)\ 17. (m-wy. 30. (2a-l)». 

5. (a?--f)\ 18. (l + a)». 31. (2a-l)*. 

6. (1 + ay. 19. (a-iy. ^ 32. (1+2 a?/. 

7. (m-n)». 20. (l-a)». ^33. (3a« + 6)». 

8. (a + xy. 21. (1-a)* 34. (3a«-6)*. 

9. (x^by. 22. (a-l)« 36. (2a^-6y«)*. 

10. (b + xy. ^23. (a-2)«. 36. (2a + 5c^y. 

11. (a + 6)« 24. (1-my 7 37. (ix? + 5f)\ 

12. (aj-n)« 26. (l-m«)* 88. (3aj + 2y)*. 

13. (a? + yy. 26. (m«+l)». 39. (2aj»-6y«)». 

INVOLUTION OF POLYNOMIALS 

222. The square of polynomials was discussed in § 67. 

223. The higher powers of polynomials are found either 
by multiplication, or by transforming the polynoinials into 
binomials. 

Ex. 1. Expand (a +& — C)*. 
(a+6-c)«=[(a+6)-c]» 

=o»+3 a26+3 a62+6»-3 c(a^+2 ah+b^) +8 acHSfti?-^ 
=a«+3a26+3a624.68_3a2c_6a6c-3 62c+3ac«+36c»-c^. 
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Ex. 2. Expand (a^-3a?-2aj-l)« 

(iB«-3aja-2«-l)» 
= [(a? -8x2) -(2 « + !)]« 

= (x«- 3aj2)«- 3(x« -3a;2)2(2x + 1)+ 3(a«-3«2)(2a;-f 1)8 - (2aj + 1)« 
=a;»-9x8+27x7-27xe-3(x6-6a*+9x4)(2a;+l)+3(x8-3x2)(4x2+4a;+l) 

-(8x'» + 12a^ + 6x + l) 
= aJ» - 0x8 + 27 x^ - 27 x« - 6x7 + 33x6 - 36x6 -27 X* + 12x6 - 24x4 

- 33 x» - x« - 8 x« - 1 2 x2 - 6 X - 1 
=aS^ - 9x8 + 21 «7 + 6x» - 24 x6 - 51 X* - 41 x« - 21 ai2 - 6« - 1. 

EXERCISE 87 

Expand: 

1. (a + b + cf. 10. (aj2-aj-l)«. 

2. (a + 5 — c — d)l 11. (a + 6+c + d)« 

3. (a?-y— 3c + 6d)l 12. (a-6 + c-(f)«. 

4. (m2-2w2-3i>« + 4^l 13. (a-6-c-c08 

5. (a?-3aj* + 4aj-l)l 14. (a^ + a^^x + iy. 

6. (a + 6 + c)«. 16. (aHa + 1)*. 

7. (a-6+c)«. ,, fa + l + iY. 

8. (x+y-z)*. V *•/ 

9. (a?+x + iy. 



CHAPTER XIII 
EVOLUTIOir 

224. Eyolution is the operation of finding a root of a quantity ; 
it is the inverse of involution. 

\/a = x means x" = a. 

y/^ = y means y8 = 27, or y = 3. 

v^ = X means a^ = 6^0^ or x = 6*. 

225. It follows from the law of signs in involution that : 

1. Any even root of a positive quantity may be either positive 
or negative. 

2. Every odd root of a quantity has the same sign as the 
quantity, 

V9 = + 3, or -3 (usually written ±8); for (+3)« and (-8)2 equal 9. 
V^^^=-S, for (-3)8 = -27. 
v^ - ± a, for (+ ay = a*, and (- a)* = a*. 
i = 2, etc. 



226. Since even powers can never be negative, it is evidently 
impossible to express an even root of a negative quantity by 
the usual system of numbers. Such roots are called imaginary 
numbers, and all other numbers are, for distinction, called real 
numbers. 

Thus V— 1 is an imaginary number, which can be simplified no 
further. 

218 
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EVOLUTION OF MONOMIALS 

227. The following examples are solved by the definition of 
a root : 

Ex. 1. y/aV^ = ± a», for (± o^)* = a^^. 

Ex. 2. Va"*" = a**, for (a*")* = a"*". 

Ex. 3. v^8"a6W5 = 2 a^dc*, for (2 a26c*)8 = 8 cfib^c^. 

Ex.4. ;/?Ip = ±3-«!5,for(ii«?5y = §l^ 

Ex. 6. </_ 32ai^ =,^«i, for /-AgLV^., 32ai5 ^ 

i. To extract the root of a power, divide the exponent by the 



index, 

A root of a prodvjct eqrmls the product of the roots of the factors. 
To extract a root of a fraction, extract the roots of the numerator 

and denominator. 

EXERCISE 88 

Simplify the following expressions : 

12. ^27 a«ftV. 



1. 


</r. 


2. 


V26. 


3. 


V5*. 


4. 


-^. 


6. 


</-^. 


6. 


V5\ 


7. 


^« 


8. 


Vioo. 



13. <r^7. ''' %^. 

16. ■^- 512 a!»b^. 23. </-3|o«. 
16. V144a!'V'. 24. i'/g^ 



17. ^16a«6*. . . ^ 

26. ■v-'tf^, 



i». -v^, a . n being evett 

9. .</-1000. 19. V-^- n being odd. 



10. V4^. ,(16^ 



20. x7±^.. 27. --^32a-6- 



11. V9aY- ^81 6» > (^ 



^i 
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28. V(-ay. 32. V(a + 6 + c/. 36. ■v/(a + 6)% 

., ^ , a? being evea 

37. V^v^. 

30. V(^T6?. 34. </-8(aj-y)«. 3g^ ^;j?3^. 

31. V^T2a6+y. 36. \/-32(m+n)*'. 39. Vii9p*. 

40. ■V/.027 a**. 42. ■v^27¥»-^/^="8^»-\/^. 

41. Vl6a^+\^64a'. 43. vTo^ - ■v^'SoW. 

EVOLUTION OF POLYNOMIALS AND ARITHMETICAL 
NUMBERS 

229. A trinomial is a perfect square if one of its terms is equal 
to twice the product of the square roots of the two other terms. 
(§ 118.) In such a case the square root can be found by in 
spection. 

Ex. 1 . Find the square root of aJ^ — 6 T^if + 9 2^. 

a^_6ic«y2 4-92^^ = («3-33/y. (§118.) 

Hence VaJ^-6ar^y* + 9 3/* = ± (aj8-3 2/^. 

EXERCISE 89 

Extract the square roots of the following expressions : 

1. l-4a4-4al 7. 4 a^ - 44 a6* + 121 6*. 

2. a* + 166*-8a%. 8. 16a*-8icV4-y*. 

3. a* + l-2al 9. a^ + W-^2a%\ 

4. 16a* + a« + 8a». 10. 1 6 a^ - 120 a%c + 2256 V. 

5. l + 49y*-14y*. 11. 49m«-140mV + 100n*. 

6. a?y*-6a^2; + 9»*. 12. 81 aj*2^ - 126 aj^^* + 49 2;«. 

13. a*4-6Hc2 + 2a64-26c + 2ac. 

14. a*-|-62 + c2+2a6-26c-2ac. 

15. a* + 6^ + l-2a-2a6 + 26. 
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230. In order to find a general method for extracting the 
square root of a pol3rnomial, let us consider the relation of a + 6 
to its square, a* 4- 2 a6 + 6*. 

The first term a of the root is the square root of the first 
term aK 

The second term of the root can be obtained by dividing the 
second term 2 ah by the double of a, the so-called trial divisor ; 

2 ah , 

a + 6 is the root if the given expression is a perfect square. 
In most cases, however, it is not known whether the given 
expression is a perfect square, and we have then to consider 
that 2 a6 -f- ft* = 6(2 a -f- 6), i.e. the sum of trial divisor 2 a, and 
hj multiplied by h must give the last two terms of the square. 

The work may be arranged as follows : 

a^j^2ah + V[a±h 

^ 

2a-{-h 2a64-6* 
2a6-F&^ 



Ex. 1. Extract the square root of 16 sc* — 24 ah^ + 93/*. 



16 JK* 



8a;2-3y8 



- 24 a;2y8 4. 9 y6 
-24a;gy8H-9y<^ 



Explanation. Arrange the expression according to descending X)owers 
of X, The square root of 16 a:* is 4 a;^, the first term of the root. 
Subtracting the square of 4x2 from the trinomial gives the remainder 
-24x2y8 + 9^. By doubling 4 a?, we obtain ^ofi, the trial divisor. 
Dividing the first term of the remainder, — 24 x^yS, by the trial divisor 
8 x^j we obtain the next term of the root — 3^*, which has to be added to 
the trial divisor. Multiply the complete divisor 8 x^ _ 3 yS by — 3 y*, and 
subtract the product from the remainder. As there is no remainder, 
4 jc2 — 3 ^ is the required square root. 
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231. The process of the preceding article can be extended to 
polynomials of more than three terms. We find the first two 
terms of the root by the method used in Ex. 1, and consider 
their sum one term, the first term of the answer. Hence the 
double of this term is the new trial divisor; by division we 
find the next term of the root^ and so forth. 

Ex. 2. Extract the square root of 16 a*— 24 a?+4— 12 a-{-25 of. 
Arrangiiig according to descending poweis of a. 



Square of 4 a*. 
First remainder. 
First trial divisor, 8 a^. 



|4oa-3a + 2 
16a* - 24 a« + 25a« - 12a + 4 
16a* 



-24a» + 25a«-12a + 4 
■-24a« + 9a« 



+ 16a«-12a + 4 
+ 16a«-12a + 4 



First complete divisor, 8 a^ — 8 a. 
Second remainder. 
Second trial divisor, 8 a^ - 6 a. 
Second complete divisor, 8 a^ — 6 a + 2. 

As there is no remainder, the required root is ± (4 a^ — 3 a + 2). 

232. When some terms of a polynomial are fractional, the 
one which has the greater power in the denominator is con- 

sidered the lower power, thus So* — 6 + — — 2a? + - arranged 
according to descending powers of x equals, 

a? ar 

Ex. 3. Extractthesquarerootof 4 aj2+ 25 — ?i — 12 a? + ^. 

X ar 

Arranging according to descending powers of x. 



4x2-12 05 + 26-?^ + 15 
4x2 * ^' 



2x^8 + : 



4a;-3 



-12X + 25 
-12X + 9 



4aj-6-+- 



+ 16-24 + 16 

X X 
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Extract the square roots of the following expressions: 

1. 9r*-24r*8 + 1682. 

2. a* + 13a*-12a-6a? + 4. ^ 
8. 3a* + a*-2a-2a» + l. 

4. 9iC*-12aj8 + 34a:2«20a; + 25. 

5. 49a*-42a86 + 37a%2-_i2a6» + 46* 

6. 2a6-2ac-26c + a*-f&^ + c2. 

7. 9a* + 24a« + 46a* + 40a«-f 26a«. 

8. 9a*-24a«-^14a* + 40a«4-25a«. 

9. 16a^ + 40a:8^73a.4^60ar^ + 36aJ«. 

10. 25aH30a8 + 69a^ + 36a« + 36a« 

11. 49tt* + 42a6 + 9W-56ao + 16c2-246c 

12. 49a:2^5eajy-70a»-402/« + 16y* + 252;". 

13. 16a^-40a6 + 24ac--306c + 256* + 9c*. 

14. 16cBV + 40aj82^ + 36aJ«2^ + 60ar^/ + 73i«y. 

15. a"aJ« - 6 a^x^ + 27 a V - 54 a^ic^ + 81 afo?^. 
.16. 9ic*-54aj8 + l-6a; + 729aJ« + 162a^. 

17. l+4a + 20a*-16a* + 16a«. 

18. a8-4a^ + 10a«-20a« + 26a*-24a« + 16a« 

19. 25a^ + 10a^ + i4-4ar + 20aj8 + 24ar^ + 16aJ». 

20. a^ftV + 8 o^y'c' + 4 a%V - 4 a^ftV + 4 a*6V - 4 a^&^c^. 

21. 40a» + 25a^«4-4a* + 12a* + 25a« + 44V + 46a8. 

22. 36aj*-84ic8-47aj* + 220a»~62aJ«-144aj' + 81a:8. 

28 «' , 4a5 46^ ac 3&c 9c^ 
• 9"^ 15 "*"25"^2"*" 5 "^16* 
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o- a^ , ab , 2ac , b^ , be , €? 

554. h — H h h 1 • • 

9 6 ^ 15 ^16^10^26 

26 1 a .9a* 3a» 3c^ 
■ 9 3''"l6 4 "^ 4 ■ 

9 ^ ^ 16 16 5 ^ 26 

9 ^144 4 ^ 36 

28. 4-12 + |_| + 16 

05 ar ar ar 

2e. l+i + lO + 20^26^24^16. 
a a^ a^ a* a* a* 

^^ 9a* 3a«^25 56^256« 



256* 5& 4 a^ ' a^ 

31. ?^ + §? + 69 + 36a? + 36a5». 

ar a? 

Find to three terms the approximate square roots of : 
S2. 1 + x. 33. l-a? 34. l+2a. 35. 9 + 4w. 

233. The square root of arithmetical numbers can be found by 
a method very similar to the one used for algebraic expressions. 

Since the square root of 100 is 10 ; of 10,000 is 100 ; of 1,000,000 is 
1000, etc., the integral part of the square root of a number less than 100 
has one figure, of a number between 100 and 10,000, two figures, etc. 
Hence if we divide the digits of the number into groups, beginning at the 
units, and each group contains two digits (except the last which may 
contain one or two), then the number of groups is equal to the number 
of digits in the square root, and the square root of the greatest square in 
the first group is the first digit in the root. Thus the square root of 96'04' 
consists of two digits, the first of which is 9 ; the square root of 21'06'81 
has three digits, the first of which is 4. 
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Ex. 1. Find the square root of 7744. 

From the preceding explanation it follows that the root has two digits, 
the first of which is 8. Hence the root is 80 plus an unknown number, 
and we may apply the method used in algebraic process. 

A comparison of the algebraical and arithmetical method given below 
will show the identity of the methods. 

a^ + 2 a6 + h ^a + h 7744 180 + 8 

a2 6400 

160 + 8 = 168 



2a+6 



2 a6 + 62 
2o6-f 62 



1344 
1344 



Explanation, Since a = 80, a^ = 6400, and the first remainder is 1344. 
The trial divisor 2 a = 160. Therefore 6 = 8, and the complete divisor 
is 168. 

As 8 X 168 = 1344, the square root of 7744 equals 88. 

Ex. 2. Find the square root of 524,176. 

a be 

62^4^76 1700-1-20 + 4 

49 00 00 



a2 = 



2 a + 6 = 1400 + 20 = 1420 
2(a + 6) + c = 1440+ 4 = 1444 



3 4176 
284 00 



67 76 
67 76 



234. In marking off groups in a number which has decimal 
places, we must begin at the decimal point, and if the right- 
hand group contains only one digit, annex a cipher. 

Thus the groups in .0961 are ^09'61. The group of 16724.1 are 
1'67'24.10. 

Ex. 3. Find the square root of 6.7 to three decimal places. 

6'.70 12.688 

_4 

4612 70 
2 26 



608 



4600 
4064 



6168 



43600 

41344 

2266 
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236. Roots of common fractions are extracted either by divid* 
ing the root of the numerator by the root of the denominator, 
or by transforming the common fraction into a decimal. 













Extiact the 


square 


root of: 






1. 1024 




9. 27,889. 




18. 3,294,226. 


2. 6626. 

3. 4761. 




10. 75,076. 

11. 67,121. 

12. 772.84. 

13. 328,329. 

14. 390,626. 

15. 74.1321. 




19. 10,227,204. 

20. 17,860,626. 


4. 8836. 
8. 1369. 
6. 6724. 






21. 33,790,969. 

22. 30^. 

23- m^' 


7. 9604. 




16. 6037.29. 




24. lA. 


8. 16,129. 




17. 867,476. 




28. mrirr 


Find to three decimal places the square i 
ing numbers: 


roots of the follow- 


26. 8. 


28. 


11.6. 30. 


3^ 32. f 


27. 10. 


29. 


147.6. 31. 


H- 


33. |. 



The fourth root of an algebraic expression or arith- 
metical number is obtained by extracting the square root of the 
square root of the given quantity. Similarly the eighth root 
may be obtained by three successive extractions of the square 

root. 
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Extract the fourth root of: 

1. a«-4a« + 6a*-4a2-|-l. 

2. m* + 8m«y + 24my+32m2/' + 16y*. 
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4. 16a8-96a«6» + 216aV-216a%» + 816». 
6. 279,841. 7. 614,666. 

6. 456,976. 8. 1,874,161. 

(For Cube Roots see Appendix IV.) 



REVIEW EXERCISE IV 

1. Expand (3 a - 6 + c)\ 

2. Find the value of ^^^-^^. 

3. Simplify ^ + 2!^^-^. 

a* — &* 

4. Find the mean proportional between — and a* - h\ 

(a^ — 6«^2 a — 6 

6. Find the third proportional to \ :4- ai^d 

^ ^ (a + 6)* a + 6 

6. Simplify [(a - 6)« + (a + &)«] [(a - 6)« - (a + 6)*]. 

Solve the following equations : 

>:2 = 1;2, 
a? : 2 = 14 : 98, 
.a?:7 = 12:42. 

0? — y + 2 — M=s— 2, 

2a? + y-32; + w=-l, 
4a? — 2y — 2 — M=— 7, 
6aj + 2y + 2» + w = 19o 



7. 



8. 



'?_3Lzi = 



9. 



8 



li 



a? y — 2x _ y-\-l& 
3 6 ~ 6 ■ 
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10. 



a? — 2y — Sg + tt-hi's — 2, 
2a;-3M + 2z-4v + y=-22, 
2y-6»-2t4 + 3a;-v= — 17, 
52-2v + 3m — 4aj — y = 10, 
.2v — 4M + 3y — 2 + a?ss — 4. 






12. Find the numerical value of 

3«_14.3»-13.3«-11.3» + 25.3» + 15-3«. 

13. Find the value of (5000 + If. 

14. Find the 9th root of 2«a«6» i5LL^. 

a* 

Extract the square root of the following expressions: 

16. |a«-^a6 + i^ac + ^6*-|6c+tf^- 

4a^-28a^&^+49 6^ 
aJ* + 10a^ + 25«« ' 

m'4-2m + l 2(m* + 3m + 2) 8m' + 12m + 10 



16 



17 



+ 



a^ 



+ 



, 2(m' + 5m + 6) . m' + 6m + 9 
■*■ a» "^ a* * 

Id. Solve the equations : 

(a) (-2)- = - 32. 
(6) (-2)- = 64. 
• (c) (-3)« = -.27. 
19. Solve the following system : 

{X I y : z I u=z2 \ Z 1 4:%ti^ 
3aj — 2y + 42 — 3w = l. 

SO. Reduce to lowest terms ^f t ^.7 ^^ t '^ ^ 

7a^-12a: + 6 
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21. Reduce to lowest terms «'+ ^ + 0^+2 a& + 2 ac + 2 &c 

cf — Jr — ir--ihc 

22. Simplify (V(^)**. 

Solve the equations : 

23. ^V^-l)=2:7. 

« . af - 2 of -\ af 3 of 

**' — rt 1 — r 



2»-4 «-2 2aj-2 



CHAPTER XIV 
THE THEORY OF EXPONENTS 

237. The following four fundamental laws for positive integral 
exponents have been developed in preceding chapters ; 

I. fl"* • fl" = fl'""*"". 
11. a'"-s-a'' = a'"-'', provided m > n.* 

III. (a'»)/i=:flm». 

IV. (a6)'" = a« • 6". 

The first of these laws is the direct consequence of the defi* 
nition of power, while the second and third are consequences 
of the first 

FRACTIONAL AND NEGATIVE EXPONENTS 

238. Fractional and negative exponents, such as 2^, 4~^, have 
no meaning according to the original definition of power, and 
we may choose for such symbols any definition that is conven- 
ient for other work. 

It is, however, very important that all exponents should be 
governed by the same laws ; hence, instead of giving a formal 
definition of fractional and negative exponents, we let these 
quantities be what they must be if the exponent law of mul- 
tiplication is generally true. 

239. We assume, therefore, that a!^ * a^z= a™"""", for all values 
of m and n. Then the law of involution, (a"*)" = a"*", must be 

* The symbol > means "is greater than" ; similarly < means "is 
smaller than." 

230 
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true for positive integral values of n, since the raising to a 
positive integral power is only a repeated multiplication. 
Assuming these two laws, we try to discover the meaning of 

8% a®, 4~^, a", etc. In every case we let the unknown quantity 
equal x, and apply to both members of the equation that opera- 
tion which makes the negative, fractional, or zero exponent 
disappear. 

240. To find the meaning of a fractional exponent ; e.g. a*. 

Let X = a\ 

The operation which makes the fractional exponent disappear 
is evidently the raising of both members to the third power. 

Hence a^ = (a»)*. 

Or a^ = a. 

Therefore x = -\/a, 

p 
^Similarly, to find a meaning for a*, 

p 
we let X = a*. 

Eaising both members to the qth power, yfi^aK 
Taking the qth root of both members, x = ^a', 
p 
or a* = ^o^. 

p 
Hence we define a* to he the qth root of aK 
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Find the values of: 

1. 8*. 6. 9*. 9. 16*. 18. (-32)*. 

2. 4*. 6. 27i 10. li 14. (i)i. 

3. 9*. 7. 32*. 11. 0* 16. (^fV)*. 

4. 64*. 8. 125*. 12. (-8)*. 16. (J)*. 
17. (a^ + 2a6 + 2^*. 18. (a^-Sa^ + So-l)*. 
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Write the following expressions as radicals : 



19. ai 


/1\« 
23. -) • 
\aj 


s 
27. 3'. 


20. aj* 


4 

24. o* 


M 

28. a\ 


21. m\ 


26. 6*. 


29. c^l^. 


22. (aft)*. 


s 
26. 2*. 


30. a—. 


Express with fractional exponents: 




31. -^a\ 


36. ^3. 


39. ^.^/6. 


32. VaK 


36. -V^. 


40. -y/a-Vh-'s/c. 


33. \/^. 


37. ^?. 


41. V6*. 


84. Vo. 


38. VcS. 


42. ^^a•'+•. 


Find the values of: 






43. -t/i. 


46. ^2. 


49. ^2. 


44. Vl. 


47. ^. 


60. \^. 


46. ^/2. 


48. -i^. 




241. To find the meaning of zero exponent, e.g. a\ 


Let 


x^a\ 





The operation which makes the zero exponent disappear is 
evidently a multiplication by any power of a, e.g. a\ 



aj = -o = l. 
or 



or a«=l. 

Therefore the zero power of any number is equcd to unity. 
Note. If, however, the base is zero, -« is indeterminate ; hence (fi Is 



indeterminate. 
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242. To find the meaning of a negative exponent, e,g, or*. 
Let X = a~". 

Multiplying both numbers by a", a'^x = <A 
Or a"a = l. 

Hence ^ = -z' 

a* 

Therefore a"" = -- • 

a* 

243. Factors may be transferred from the numerator to the 
denominator of a fraction, or vice versa, by changing the sign of 
the exponevU. -% 

1. 0-* = — . 
a" 

a"" 1 
a* 

Note. The fact that cfi — \ sometimes appears peculiar to hegimiers. 
It loses its singalarity if we consider the following equations, in which 
each is obtained from the preceding one by dividing both numbers by a. 



a^=l .a*a*a 




a^ = 1 . a • a 




ai = 1 • a 




aP = l 




•■■4 




a-» = ^eto. 




BXBBOISB 04 
Find the values of: 




1. 4-». 8. l-». 6. l-» 


7. Sf>. 


a. 2-*. 4. 100». 6. 2r*. 


8. (i)». 
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14. 2^. 19. \/10. 



9. 


1 
2»* 


10. 


1 


11. 


1 

3-'* 


12. 


(i)-*. 


13. 


8-i. 


Express wit 


26. 


a-«. 


26. 


2a-». 


27. 


6 a- V. 


28. 


7 a-»fe-»c». 


oxt 


6a»6»c-i 



16. 32-i. 20. V2. 

21. ~-s/si. 



16. 625"*. 
1 



22. ^\. 

23. 8*. 4 
18. 0-". 24. 8^.4-*. 



36^ 23. 8*.4-« 



31. S-^'. 34. ^4^. 

32. ®'^'*" 



6d-« 5-1 m* 

Write without denominators : 
36.12^. 37.^. 89.?:^ 

36. n«. 88. ^. 40. ' 



6" a?y* 6a6c 

Write with radical signs and positive exponents : 

*^- ^ • 47. 2w •. r, wi - 

4 51. -— — 
,^. V. . .1 3 

, 48. 2 "•. H 

43. 6 a*. ^ 52. -^• 

44. 6a-i. *^' ^' «■' 

45. (5a)-». ^^ ;^^ 53. ^, 

46. 2i»"». fl-i 64. \^0.\^- 'j'o. 
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THE LAWS FOR NEGATIVE AND FRACTIONAL 
EXPONENTS 

244. Exponent law of division for any values of m and n. 
To prove a** -s- o" = a"»"" for any value of m and n. 

^ = o« X — = a« . a-» (§ 243) 

= (T— «. (§ 239) 

Hence the law is tnie for any values of m and n. 

245. ^ajponcw^ law of involution for any values ofm and n. 

To prove (a"»)* = a*** for any values of m and n. 

Ca«e 1. Let m have any value, and n be a positive integer. This was 

proved in a preceding chapter (§ 239). 

p 
Case 2. Let m have any value, and n be a positive fraction -• 

p 

(o«)«='e^(a«)i' (§240) 

=:V€^ (Casel) 

= aT. (§ 240) 

Case 8. Let m be any number and n be negative. 

(a"*)-« = — i— = J- = a-««. 
(a**)* o"^ 

246. In a similar manner it can be proved that the law 

(aby = a'^b'^ is true for fractional and negative exponents. 

P 
Case 1. Let the exponent be - when p and 'q represent positive integers. 

Then (««.&«)« = aPbP = (a6>». 

Hence a«-6«=(a6)«. 

Ca«e 2. Let the exponent be — n, where n represents any number ; 

then . . 

(a6)-» = -4r- = -T- = a-"6-«. 
(a6)» a»6* 
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Hence the four laws of exponents are true for any value of the 
exponents, and we have, in general,* 

Fr<ictional and negative exponents are treated by the same 
methods cw positive integral eopponerUs, 

247. Examples relating to roots can be reduced to ^^imipi^ con- 
taining fractional exponents. 

Ex. 1. (aiH)f + (aift-i) \ = afc-i -s- aift-J = a-ifti 






Ex. 



2 /^2v^Y=r?^T= 



729 o68 7296 



248. Expressions containing radicals should be simplified as 
follows : 

(a) Write all radical signs as fractional exponents. 

(&) Perform the operation indicated. 

(c) Remove the negative exponents. 

(d) U required, remove the fractional exponents. 

Note. Negative exponents should not be removed until aU operations 
of multiplication^ division^ etc., are performed. 
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1. a".2a-*.3a*.2a-\ 7. a"-s-a-<. 

2. 6a»-2a-*. 8. 12 a"^ -i- 6 a"*. 

3. x^'X^-xK 9. 14a~*-i-2a"^. 

4. 6i.6i-6A.6*. 10. 4m^.3m"^-«-6m— . 
6. aj».2a-*. 11. (</3)« 

6. 2a"i.2a"*.2a* 12. V2.^.^. 

* Irrational and imaginary exponents cannot be considered at this stage 
of the work. 
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13. ■\^-i--^. 

14. </7'*.</T\ 

15. -s/S'-s/S + ^/B. 

16. 2^-V2. 

17. 2'</2-!--s/^. 

18. ^■</T''V7. 

19. </4.^8. 
Hist, 4 = 23. 

20. ^.^{''612. 

21. ^ySl-^/^. 

22. ■s/32.^/m. 

23. («*)*. 

24. (^)*. 

25. C-^*. 

26. \^ • y/x • v^. 
40. (A/o)i 

41. -e^i. 

42. -V^ 

43. <^ 



27. \/a' • -Va • vo?. 

28. </5* . W ■ W. 

,29. ^'.V^.4^.%a. 

30. </l25.^.-v^.^6. 

81. </^^-v^. 

32. ■s/^-i--i/^. 

38. a/^^V^*. 

34. <^-^^/a=. 



35. Va"+='-^Va" 

36. Va • Va -s- Va. 

37. <^+(<f«*.</<). 
V2.</4 



88 



39 



•"-^/^ 



44. 
46. 

46. (V^y. 



"^« 



47. (a/^P)-*. 






/^ 24-v^ » V^^ ^ 



54. 



^'^ -^^ 

</;^* -v-^' 



*^.^ 



66. >/(V^-^.(^^</^-*. 
66. •^(a* . 6*)-*- 
57. (-v^.^/^)"*. 
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61. VFyv^i-t-V^r^;^ 

Vic • ic* V a? V a? V» 

249. If we wish to arrange terms according to descending 
powers of x, we have to remember that the term which does 
not contain x may be considered as a term containing aP, The 
powers of x arranged are : 

aP, fic*, Xf aPy x~\ «"*, x~^. 

Ex. 1. Multiply 3a?-^ + a?--6 by 2a?-l. 
Arrange in descending powers of x. 









Check. 


If 


a; = l 


X- 


-5 + 3aj-i 
2a;-l 








= -1 

= +1 


2aa. 


-10x+ 6 

- «+ 6- 


-Sx-i 






^ 


2aJ2 


-llx + 11- 


-3x-i 


= -1 



Ex. 2. Divide 

^_4</6*-6a-v^ + 9-v/^ by 2 -v^^ - 3 -v^ + v^. 



«♦ _ 6 afti + 9 o^ftJ — 4 6^ 

-2aW + 6a*6-46^ 
-2aM + 6a*6-46* 



q^ - 3 c^h^ + 2 &^ 



a*-3aM-26* 
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Ex. 3. Find the square root of 

X or 
Write with fractional and negative exponents : 

«2 



2a; -o* 






2x-2a^ -\-ax'^ 



2 a - 2 a^x-^ + a^-^ 
2 o - 2 a^x-^ + a'hr^ 



This answer may be written without negative and fractional exponents . 
as — Vfl + — 

X 
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Perform the operations indicated: 

1. (3 a-* — 4a-< + 6a-»)(2a-2-a-^. 

2. (2a?»-3a?-^ + 2a;-3)(2a?-l). 

3. (a;-"' + aj* + l)(aj-'"' + ar-l). 

4. (3a + 5Va + 3)(3a-6Va + 3). 
6. (a* + 2a-a*-2)(2a-l). 

6. (Va + V6 + l)(VS + V6-l). 

7. (^* + 2^J/S5-^(^-3^;/55 + 2^. 

8. (a"'-2 + a-«-a-*»)(a"' + a-« + l). 

9. (42a?-10ajV-12y)-s-(7a?^ + 3y*). 

10. (2a* + 18-3a*-7a)-s-(2a* + 3). 

11. (4a« + 30a-^-9-25a-^-s-(2 + 3a-»-5a-«). 

12. (12-v^«-28-v/a + 16)-^(6\/a-5). 
1$. (a^6)-i.(-v^-^/6). 
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14. (4-v^+3 + -v^+(v^ + 3-2</S). 

16. (a!*"-6ar-19 + 84a;-")-t-(l-7ar- ). 

16. (o + 6 + 24^ + 2<^^) + (-v^ + -v^P+<^). 

17. V9o-* + 24o-i + 46 + 40o + 25o». 



18. V<B«_6a;* + 13a;- 12x1 + 4. 

19. Va;-'-2a; + a!'-2a!-» + 3. 

20. V9a!«-12V^ + 34a!-20V« + 26. 

21. (49o»-42V^ + 37a6-12Vay + 46^'« 

22. (2ar + 2iB— + 3 + «»- + «-»")*. 

23. (2aa!4-16-v'9aV-8-v'72a^* 

24. (l4-a + 2Vo + \^ + 24^ + 2^<)i 

26 /"-ifL + ^Va 19_3^ :5^\* 

* Vo-e^ft"' -^12 2VS 4oy 

26. (3 + V6 + 2V6)(V5+V6). 

27. (2+3V3+4V6)(2V3+3Vg). 

28. (4V6 + 6V6 + 4)(6+6V6). 

80. (V5 + V6 + l)(^ + -^-l} 

81. (2-\^+Jaj)». 

32. (1 — Vo + o)«. 

33. (1 — 4Vo+6a-4oVa + c^*. 

/4VS 4 4156 1616* 26»\ /2Va 8 & \ 

' V 36 3 36V5 18a V?; \. & 2"*"3V5/ 
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Find by inspection the values of the following : 

36. (xi + 3)(xi-S). •*»• (« + l+a-T- 

36. (x^+y^)(x^-y^. ' *®- (»»' + 2-m-)«. 

87. (a* -&*)*. »!• (a'-' + r' + O* 

38. (a + a-^y. 62. (a;-* - r *)(«"' -r*)- 

39. (as-as-y. 63. (a - 6) ^- (0^ + 6*). 

40. (a!-*-9)(a;-* + 9). 64. (0-6)-*- (a* -6^. 

41. («* + !)«. 86. (a-»-6-»)-{-(a->-6-i). 

42. (0*4-1)*. 66. (a! + 8)-T-(a5* + 2). 

43. (a* + 6*)*. 67. V^ + 2mi + l. 

44. (o*6*-o*5h(a*5* + a*6*). /-^ r-^ j 

, ,, 68. ^J + 2ah^ + bi. 

46. (fl^ + o-*)'. 

46. (a--7ft-)(a--360. '*• O""' "12 «"»&-' + 4 6-^)i 

47. (a--6-)». «0- (a^ + a + O*- 

48. (o— + 2a"/. 61. (a* + 3o* + 3o* + l)i 



CHAPTER XV 
RADICALS 

250. A radical is the root of a quantity, indicated by a 
radical, sign. 

251. The radical is rational, if the root can be extracted 
exactly; irrational, if the root cannot be exactly obtained. 
Irrational quantities are frequently called aurda. 

V5, (j5 + y)i are radicals. 

4I = 2, V(a + bf are rational. 

V2f V4a + 6 are irrational. 

252. The order of a surd is indicated by the index of the 
root. y/^ jg Qf ^e second order, or quadratic. 

\^ is of the third order, or cubic. 

Vc is of the fourth order or biquadratic. 

253. A mixed surd is the product of a rational factor and a 
surd factor; as 3Va, xVS. The rational factor of a mixed 
surd is called the coefficient of the surd. 

An en tire surd is one whose coefficient is unity; as Va, 

254. Similar surds are surds which contain the same irrational 
factor. 8 V^ and 5 a v^ are similar. 

3\^ and 3 V3 are dissimilar. 

255. Conyentional restriction of the signs of roots. 
All even roots may be positive or negative, 

e.g. V4 = -f2or-2. 

Hence 6V4 + 2V4 = 5(±2) +2(±2), 

242 
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which results in four values, viz. 14, 6, — 14, or — 6. To avoid 
this ambiguity, it is customary in elementary algebra to restrict 
the sign of a root to the prefixed sign. 

Thus 5 Vi + 2 V4 = 7 V4 = 14. 

5V2-V2 = 4V2. 

If the object of an example, however, is merely an evolution^ 
the complete answer is usually given ; thus 

Vaj«-4aJ4-4 = ±(a-2). 

256. Since radicals can be written as powers with fractional 
exponents, all examples relating to radicals may be solved by the 
methods employed for fractional eocponents. 

Thus, to find the nth root of a product al> we have 

1 11 
(aby = a^b^ (§246). 

Le, to extract the root of a product, multiply the roots of 
the factors. 



TRANSFORMATION OF RADICALS 

257. Simplification of Surds. A radical is simplified when 
the expression under the radical sign is integral, and contains 
no factor whose power is equal to the index. 



Ex. 1. Simplify ^/25 a*b. 
Ex. 2. Simplify -v/ie. 
Ex.8. Simplify </48a^«. 
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When the quantity under the radical sign is a fraction, we 

multiply both numerator and denominator by such a quantity 
as will make the denominator a perfect power of the same 
degree as the surd. 

Ex. 4. Simplify VJ. ' 



Ex.6. Simplify ^1^. 

^9a^b ^9a^b Sab^ ^ 27 a^ft* Sab^ ^^ 



Simplify : 

1. V28. 

2. V45. 

3. Vi8. 

4. V24. 

5. V27. 

6. V96. 

7. V243. 

8. V320. 
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y 



12. V243aV. 

13. 3V8. 



14. 5V80aj«. 



15. 8V75^. 



16. 6Vl60a*6*. 



17. 3Vl2^. 



18. 7V48aa2. 



23. 
24. 
25. 
26. 
27. 
28. 






2V-48a«. 



7Vl08a*6*. 
5V320^.^ 



3 Vl6 a^6*. 



9. V405a«. 



10. V363«*. 

11. V24^^ 



19. |V24a». 

20. fV27P. 

21. ^/^. 

22. ^^=^. 



29. Va^^fe^c". 



30. 
31. 
32. 



Va-6-+^ 



V3(a + 6y. 



33. V2(^T2a6 + 60- 

39. VJ. 



35. V?-^. 

36. (9 a + 18)*. 

37. (64a«6«c«»)*. 

38. VJ. 



40. 



^5x 



41. Vf. 



34. V2^^ 
42. 
43. 
44. 
45. 



12a?y + 18^. 

Vf 

^• 

Vi*. 



46. 


•4 


47. 


^r 


48. 


^r 


49. 


-Tr 


50. 


n- 


51. 


n 


t>S2. 


W 
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^' 2y'^3a? 



62 






63. (a-6K/^. 



64 

65. a- ' ^' 



53. -v^. 

259. An imaginary surd can be simplified in precisely the 
same manner as a real surd ; thus 



Simplify : 






66. V-a^ 


68. V-196. 


™-InP¥- 


67. V— 16 m. 




71. ^^-a^-2ab-l^'. 



260. Redaction of a surd to an entire surd. 
Ex. 1« Express 4 aVb as an entire surd. 
4 a V5 = \/i6fl? V5 = VieT^. 



Ex. 2. Express :rr\/ rr- as an entire surd. 

^ o * te^-J&n+i _ » /q»> . 2'»-i . 5«+i ^ ^/T ^ 
2 6^ a*+i ^ 2»6»a*+i ^2 a 
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Express as 


entire surds : 


1. 2V3. 


9. |V15a». 


2. 3-5^. 

3. 8<^. 


«>• f# 


4. 2-VS. 
6. iV6. 


»-if€^ 


6. f^ 

7. o*VA. 


». iv^ 


8. |V5». 


-?4 



14. ^JS 



15. 



16. 



17. 



18. 






V A/2 



/2*af-' 



— n ^ 



»i — n 



261. Transfomuition of surds to surds of different order. 
Ex. 1. Transform -^o^V into a surd of the 2()th order. 

Ex. 2. Transform V2, ^, and -v^ into surds of the same 
lowest order. ^ i « „,__ 

^ = 6* = 6^« = v^l26. 
Ex. 8. Reduce the order of the surd ^v^. 

• 
Exponent and index bear the sarne relation as numerator and 
denominator of a frojction; and hence both may be multiplied by 
the same number, or both divided by the sam£ number, withovi 
changing the value of the radical 
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BXBBOISB 99 
Beduce to surds of the 6th ord^r : 

1. Vi. 3^ & 6. -vlO. 7. VcF^. 

2. ■^. ' ^^ «. 4. 8. ^^. 

4. ab. 

Beduce to surds of the 12th order: 

9. Va»?. 11. -s/a^*. 13. 2. 16. -s/ar*. 

10. 'v'^^. 12. ab(». 14. -v/4. 16. "-v^.' 

Express as surds of lowest order with integral exponents 
and indices : 

17. ^. 21. -^S. 26. •v^27V6». 2g_ ./^, 

18. ^ 22. •v'^^. 26. -y/ET^. S— 

19. <^. 23. -i/^. 27. ^. 30. ^^^°\. 

20. <^, 24. ^v^32^. 28. Wb'. 
Express as surds of the same lowest order: 

31. V2, •^. 37. 2*, 3*. 

32. -v^ y/b. 38. </^, %8, -v^. 

33. -i/i, ■\/5. 39. V3, </3, -v^. 

34. 4^, -s/9. 40. '^, v^8, -v^. 
36. ■s/2, </3. 41. -^2, -v^S, -v^. 

36. V2, ^. 42. -s/^^^, </^^, y/^. 

Arrange in order of magnitude : 

43. V2, -v/3. 47. VlO, y/mi. 

44. ■^, -s/e. 48. V|, ^, -^. 

45. <^, ^. 49. 6V2, 4</4. 

46. VB, -v^il, -v^iM. 60. 4^, 2^, 3VlB. 
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ADDITION AND SUBTRACTION OF RADICALS 



To acid or subtract snrds, reduce them to their simplest 
fomi. If the resulting surds are similar, add them like similar 
terms (i.e. add their coefficients) ; if dissimilar , connect them by 
their proper signs, 

Ex. 1. Simplify VJ + 3 Vl8 - 2 V50. 

• Vi + 8VT8 - 2\/60 = i V2 + 9v^ - 10>/2 = - Jv^. 

Ex.2. Simplify <^-3^ + ^. 

^aj2 ' ys X y \ X yj 

Ex.3. Simplify V|--v^ 4- V72- 4 Vi + ^^. 

V| - ^ + V72 - 4 VJ + v^ = i v^ - J\/2 + ey/2 - jVS + 2 v^ 

BXEBCISE 100 
Simplify the following expressions : 

1. V8-V32-V72. 9. 2V156-4V54 4-6V24. 

2. Vi8-V32-V50. 10. 2V32 + iv50 + |V72. 

3. Vi28-V32-Vl8. 11. fV44 + 4V99+5Vi76. 

4. V46-V245 + Vi80. 12. 2Vi26-|V45 4-4V26. 

6. V80-V20-V6. 13. -v/i6-^54 + ^. ^ 

6. V63+V700-Vi75. 14. 2^16 + 3^/250 - 4-v^i28. V 

7. 3V20 4-5V45-4V80. 15. 4-v^ + 6\/2S0 + 2\/l6. 

8. 3V8 + 2V32 + 4V72. 16. 3\/250-2A/686+2\/i458. 

17. 4V^ + 3V&^-2aVa. 

18. SVc^-SaVc^-3abVab. 
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19. V5+VJ + V27. 

20. V6-V20+Vi. 22 Vl20+V| + iV|. 

23. V324-3V|4-4a/72. 
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21. V6^4-\&-V24^ 



26. iV| + iV40 + 3V|-ViF. 

26. 3JA_4JX + J0.V84^. 

27. Vli + 5V6j-3V8j. 

28. 3V3i-6V9f-7Vi26. 

29. |</i|-|</l4| + |^. 



81. 



6 \5 15& 



/50^ + ^/2a. 



32. •v/128a6+V72a6-V50a6+A/54a6. 

33. </8r^* + 2A/i6^-A/266^. 

34. ^^ --Va +V(a -{- bya, 

35. V4 + 4iB2 + V9 4-9aj2-5vTT^. 

36. V^ + Vft^ + V^. 

37. \/a«68 + -t^'a^-V4a6. 

39. -v^^ + -^^270^ - ■v'126 a'x. 

40. '^ + ^- 

41. V^~9+v'3i6-V^25. 

42. V-12a»+V-75a»-V-48a». 
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MULTIPLICATION OF RADICALS 

263. Surds of the same order are multiplied by multiplying 
the product of the coefficients by the product of the irrational 
factors^ for a-\/x • b^s/y = ab^s/^. 

Dissimilar surds are reduced to surds of the same order, and 
then multiplied. 

Ex. 1. Multiply Si^25f by 5^/Wf. 

3 v^5y» . 5\W^ = 16v^6».2.6».y* = 75 yy/Wy. 

Ex. 2. Multiply V2 by 3\/4. 

V2 . 8 v^ = y/^ . 3 v^ = </¥ . SW = 3v^ = 6v^. 

Ex. 3. Multiply 5V7-2V5 by 3V7 + 10V5. 

6V7- 2V6 
8V7+ 10V5 

105- 6V35 

+ 60V35 - 100 

105 + 44 V36 - 100 = 6 + 44 V36 

EXERCISE 101 
Simplify : 

1. V7.V42. 11. 7V55.V5. 

2. V10.V5. 12. 3V?.V7c. 

3. 2V3.Vi2. 13. ^^/2d^'■^/^. 

4. 2V28.V7. 14. 3a-v/^«.</^. 
6. •\/4.</2. 15, 6ajv^.^^. 



16. 



6. </25.-^. 

7. 3</49.-v^. 



Vxy-^-' 



9. aVa • ojV^. * ^ 4 

10. 5VaS.3V5«. 18. (V3+V4+V6)VS. 



RADICALS 261 

19. (2V3 + 3V4 + 4V5)V3. 21. (a + V6) (a - Vft). 

20. (3V5 + 2V3+V6)V6. 22. ( Va + V6) ( Va - V6). 

23. (V3a + V2^)(V3a"-V26). 

24. ^ (3V5 + 2 VH) (3 V5 - 2 Vll). 

25. (VaJ4-y + Vy)(Va: + y-V^). 

26. ( Va + Va? — y) ( V5 — -y/x — y). 

27. (V9aj4-5 4-3Va)(V9a; + 5-3Va> 





»■ (>^W- 


f^)(V^-V^> 


29. 


(VS+VS)'. 


40. (a/3-^/2)». 


30. 


(V3+V2)«. 


41. (Va + V6)(a + 6-Va6). 


31. 


(1+V2)«. 


42. (Va + V6+Vc)». 


32. 


(V6-V6)». 


43. (V2+V6-Vl0)». 


33. 


(■Vx + y + Vx-y)*. 


44. Vo' . Va»-' • Vo. 


34. 


(a + VI -ay. 


46. -v^a'+* • -v^a'-' • -^a. 


35. 


(_1+V3)». 


46. ^.^.</f. 


36. 


(3V2-2V6)*. 


47. Va"-%» • ■V6"-'a» 


37. 


i^'-^J- 


48. \^a« + 6».\'a»-6». 


38. 


(^^-^l)■• 


49. (V7-V3)(V3-V2). 
60. (3V2-2V3)(7V^+6V3) 


39. 


(Va+V6)«. 


61. (5V3 + V6)(6V2-2). 



82. (2V6 + 6V5-7V2)(3V3-V2). 

63. (3+V64-Vl6)(2+V6-Vl0). 
64. (:\/3 + -^)(2-s/9-3</i). 
66. Va • Vo. 



67. ^.^1 



66. ■^•■^ ^®' \? ''" 
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69. ^-Ve. 64. ^c . </c . ->/lOc. 

60. ^f-Vf 66. (V6 + \^)(V6-^/9). 

61. Va-Vb. 66. (V6+-J^)l 

62. v^.Vy. 67. (V2 + -v/4)l 



ea. </r..^^. 



DIVISION OF RADICALS 

264. Monomial surds of the same order may he divided by 
multiplying the quotient of the coefflcierUs by the quotient of the 

surd factors. E.g, as/b -i- x-y/y = -^-o 

Since surds of different orders can be reduced to surds of the 
same order, all monomial surds may be divided by this method. 

Ex.1. 4V48-j-3V6 = tV8 = |V2. 

Ex.2. (VS0 + 3Vi2)-j-V2 = V26+3V6 = 5 + 3V6. 

265. If, however, the quotient of the surds is a fraction, it is 
more convenient to multiply dividend and divisor by a factor 
which makes the divisor rational. 

This method, called rationalizing the divisor, is illustrated by 
the following examples : 

Ex. 1. Divide VlT by V7. 

In order to make the divisor (V?) rational, we have to multiply 

Ex. 2. Divide 4</3a by 3-v/265. 

The rationalizing factor is evidently y/ib ; hence, 

4\/3^ ^ 4\/3^ . VTb ^ 4y/l2ab ^ 2'\/l2M ^ 
S</2b^ S^/2b^ </rb 3.2 6 a6 
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Ex.8. Simplify ^^^,. 

Ex. 4. Divide 12V3 + 4V5 by VS. 

Since Vs = 2 V2, the rationalizing factor is V^, 
12V3 + 4\/6 _ 12V3 + 4V6 ^ V2 _ 12V6 + 4\/iO _3^ .^ 
V8 V8 ' V2 4 

266. To show that expressions with rational denominators 
are simpler than those with irrational denominators, arith- 
metical problems afford the best illustrations. To find, e.g. 

— ::: by the usual arithmetical method, we have 
V3 i i 



V3 1.73205 

T> 4..i. • vi. 1 V3 1.73206 
But if we simplify — = -^ = — --— . 

V3 3 3 

Either quotient equals .67735. Evidently, however, the 
division by 3 is much easier to perform than the division by 
1.73205. Hence in arithmetical work it is always best to 
rationalize the denominators before dividing. 

BXEBCISE 102 
Simplify : 

1. VI2-5-V6. 4. V6«-^V2a. 

2. V18-S-V2. 6. ^/8i-^■v^. 

3. V2»-i-V». 6. (4V6-h4V2)-i-V2. 

7. (3^5/12 + 6^5^-2^28) H--v^4. 

«• ^^^- 11. V^ft^Js. 

\^/ , 12. V2^^4^. 
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13. 


a 


14. 


a 


16. 


3 
V3 


16. 


4 

V2 


17. 


1 

V7 
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18. 


9 
2y3 


19. 


48 
•5V32 


20. 


a 


21. 


a 


-C/a-» 


oo 


x+y 



28. ^2^t^. 
3A/rTa* 



24. 



26. 



26. 



g 
a 



Vo^ 



Va? + y 



Givea V2 = 1.41421, V3 = 1.73205, V5 = 2.23607, and 
VS = 2.44949, find to four decimal places the numerical values 
of: 



27. V 

V2 




29. '. 
V3 






81. « . 

V8 


28. V 
V3 




80. «^. 






82. -4=- 
V60 


"•viK- 


34. 


12 
V6 


86. 


2 

V20 


86. IL 

V46 



267. Two binomial quadratic surds are said to be conjugate, 
if they differ only in the sign which connects their terms. 

Va + y/h and Va — VS axe conjugate surds. 



. The product of two conjugate binomial surds is raJbionaX. 

( Va + VS) ( Va - VS) = a - 6. 



To rationalize the denominator of a fraction whose 
denominator is a binomial quadratic surd, multiply numerator and 
denominator by the conjugate surd of the denominator. 



Ex. 1. Simplify 
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2V3.-V2 
V3-V2' 



V3-V^ V3-V2 V3+V2 3-2 



Ex. 2. Simplify ^""" ^^-^ 



= 2a;«-l-2xVi^^. 

Ex. 3. Eind the numerical value of : 

V2 + 2 

2V2-I* 

v^4-2 _ V2 + 2 2V2 + 1 ^ 6 + 6V^ ^ 13.07106 ^.^Qgyg 

2\/2-l 2v^-l 2V2 + I 7 7 * ' 

270. If the denominator is a trinomicU quadratic surd, two 
multiplications are necessary to rationalize the denominator. 

Ex. 4. Eationalize the denominator of : 
1+V2 + V3 . 
I4.V2-V3' 

l+>/2 + V3 ^ I+V2 + V3 I +V2 + V3 ^ 6 + 2V^+2>/3 + 2V5 
I + V2-V3 (l+S/2)-V3 (l+v^)+V3 (l+2V2 + 2)-3 
_ 3 + V^+>/3 + V6 \/2 _ 3\^+2+V6+2V3 
V2 ' V2 2 

BXEBCISE 108 
BatioHalize the denominator of : 

1. _1-. 8. -^6 - - «^ 



8. 



2 + V2 4-2V3 7-3V2 

2 ' 9ViO „ IIV15 



2-V3 4 + 2V6 10-3V5 
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7. ?:rV5. 1,. 3V7-5V3, „^ 



2+V2 3V7 + 6V3 s/x+Vy 

8. 3 + V5 13^ 5V3-3V5 ^g V^-Vj^ 

3-V3 * V5-V3 ' -v^ + Vy 

9 2^ 14. 7V5 + 5V7 19. 5 + V^ 

V8-2' ' V7+V5 5-V« 

10. ^-Vg 16. V6-V5 '20. « + ^^ 
V3+V2* V3-V2 ■ e + dVx 

11. 7V2-5V3 jg^ _a^ 2j^ c«r-6ir 



4V3-3v^ a + Vo VH + V6 

2 . o, 2V2 . 



22- — — -' 27. 



23. 



o-Va«-4 1+V2-V5 

2ax 1 



V2aa + a!!Va ' V2 + V3+y6 



Va + & + Va-6 1+V2 



24. ^"-'-"t-^'illi;. 29 



26. 



Va + 6-Vo-6 1 + 2V2 + 3V3 

g' 1 

a+V^Hfti" *<'• 2Vi + l-V6 



26. -i . 81. ^ 



3*-l VV2-I 

Given V2 = 1.41421, V3 = 1.73206, and V5 = 2.23607, find 
to four places of decimals : 

-» 1 84. -L^ 86. ^ 



I+V2 3-V6 2-V3 

^L_. 36. •^-^. 37. -^J^ 

2-V3 V6+V3 V12-VS 
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INVOLUTION AND EVOLUTION OF RADICALS 

271. Powers and roots of radicals can be found by the use 
of fractional exponents. 

^ Ex. 1. Find -V^, 

Ex. 2. Eind the square of ^2^. 

(v/^2^)2 =(2x2)*= v^ilc* = a;v^. 

272. A case which frequently occurs is expressed by the 
formula -s/a^ = (">/«)"*. This equation is correct since each 

m 

member equals a". It should be remembered, however, that 
the signs of the two members are equal only if they are 
restricted in the manner of Article 265. If the radicals are 
taken with all possible signs, -y/a^ does not necessarily equal 
(Va)"*, as illustrated by the following example : 

( Va)2 = a, by definition of square root, 

Vc? = ± a. 



Ex. 8. Find 


(2^aV)«. 






(2v'^6> 


l* = 2*v'a8a!«' = 16o 


kfiy/c^. 


Ex.4. Find-v'144». 








^144» = 


:(v'l44)»=(J:12)» 


=±1788. 


Simplify: 




BZBBCISB 104 




1. (2v^)» 




6. (4o-v^)« 


9. '^4V5. 


2. (2Vi)« 




6. W. 


10. VV5. 


3. i2Vx)*. 




7. -5^125*. 


11. VTx. 


4. (2a-^* 

s 


1 

• 


8. </l&. 


12. ^V^^f^. 
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SQUARE ROOTS OF QUADRATIC SURDS 

273. A quadratic mrd cannot be equal to tlie sum of a rational 
expression and a quadratic surd. 

For, if possible, let Va = h -hVc. 

Squaring both members, a = 6* -f 2 6 Vc + & 

Solving for Vc, Vc = ^"^ ""^ ' 

Jj 

That is, a quadratic surd is equal to a rational expression, 
whioh is impossible. 

274. If a-hV* = jr4-v5^, thena = jrand*=/. 

Suppose a were not equal to x. 

Transposing a, -y/b = aj — a + Vy, 

which is impossible. (§ 273.) 
Therefore a = «, and hence 6 = y. 

275. To find the square root of a bhiomial surd. 

To find the square root of 17 + V240. 



Assume Vl7 -f V2S = Va + Vy. 

Squaring both members, 17 + V240 = a; -f 2V^+y. 
Then, by § 274, « + y = 17. (1) 

2V^ = V240. (2) 

The solution of (1) and (2) gives the values of x and y. The 
most convenient method for solving consists in subtracting the 
square of (2) from the square of (1), thus obtaining (x — y)\ 

Squaring (1), a?+2xy + f = 289. (3) 

Squaring (2), 4 a^ = 240. (4) 

(3H4), aj«-2ary + 3^ = 49. (6) 

Extracting square roots, » — y = 7. (6) 



But 
Therefore 
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a; = 12 and y = 5. 


Henoe 


Vl7H-V240 = Vl2H-V5. 
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(1) 



Vl7+V240 = ±(2V3 + V5). 

If in (6) we select — 7 as the square root of 49, the values 
of X and y are interchanged, and the final answer is the same 
as before. 

NoTB. The preceding example gives a rational x and y, because 
172 _ 240 is a perfect s quare. In general the method can be used for 
the finding of ^a + Vb only ita^ — bisB, perfect square. 



Ex. Find V2a-V4a« •^461 

Let v'2a_vTa2-4 6a = \/5-V^. 

Squaring both members, 2 a — V4 a^ — 4 b'^ = x— 2Vxy + y. 

Then, by § 274, x + y = 2a. (1) 

2Vay = V4aa-46a. (2) 

Squaring (1), a^+ 2a;y + y2 -4^2. (3) 

Squaring (2), 4 xy = 4 a^ - 4 6*. (4) 

(3)-(4), x2 - 2 a^ +2/2 = 4 62. 

Extracting the square root, x-^y = 2b. 

But aj + y = 2 a« 

Therefore x = a + 6, y = fl — 6, 

and V2a -\/4a2 - 4 62 =±(-v/ST6 - Vo"^). 

EXERCISE 105 
Extract the square roots of the following binomials : 

1. 74-2ViO. 6. 7 + V40. 

2. 3 + 2V2. 6. 19-4Vi2. 
8. 6+V32. 7. 8--V65. 
4. 7+V24. 8. 46-.3V20. 
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9. 9 + 4V6. 14. 33 -10 Vs. 

10. 83 + 12V36. 15. m + n + 2^/mn. 

11. 62 + 14V3. 16. 2a + &-2Va2 + a5. 

12. 69 4-16V5. 17. a* + 2a + 2Va»-l. 

13. 7-V33. 18. 2 + 2a«-V4(l + a*+a*) 

276. To find the square root of a binomial square by inspection. 

According to § 65, 

(V5+V3)«=5 + 2V5T3 + 3. 
= 8 + 2Vi5. 

If on the other hand we had to find Vs + 2 ViH, the 
problem would be quite simple, if presented in the form 
V54.2V3 . 5 +3. To reduce it to this form, we must find 
two numbers whose sum is 8 and whose product is 15, viz 
5 and 3. 



Ex. 1. Find Vl2 + 2V20. 



Find two numbers whose sum is 12 and whose product is 20. These 
numbers are 10 and 2. 



^^12 + 2 V20 = Vio + 2VlO"x2 + 2. 
= VIo + V5. 



Ex. 2. Find Vn _6V2. 

Write the binomial so that the coefficient of the irrational term is 2. 

Vll-6V2 = v'ii_2Vl8. 

Find two numbers whose sum is 11, and whose product is 18. The 
numbers are 9 and 2. 

Hence >^ll-6v^ = V9-2V2T9~+2. 

= V9 _ V2 . 
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EXERCISE 106 

Knd by inspection the square roots of the following expres- 
sions : 

1. 3--2V2. 6. 7-2ViO. 8. 11-4V6. 

2. 5-2V6. 6. 7-V48. 9. 6 + V32. 

3. 4-2V3. 7. 11-4V7. 10. 30 + 12V6. 

4. 6 + 2V6. 

Find the fourth roots of: 

11. I7-I2V2. 12. 28 +16 VS. 

RADICAL EQUATIONS 

277. A radical equation is an equation involving an irrational 
root of an unknown number. 

Vx = 5, y/x^fS = 7, (2x—x^)i = lyB.Te radical equations. 

278. Radical equations are rationalized, t.e. they are trans- 
formed into rational equations, by raising both members to 
equal powers. 

Before performing the involution, it is necessary in most 
examples to simplify the equation as much as possible, and to 
transpose the terms so that one radical stands alone in one 
member. 

If all radicals do not disappear through the first involution, 
the process must be repeated. 

Ex. 1. Solve VaJ*+12 - a? = 2. 



Transposing jb, y/x^ + 12 = x + 2. 

Squaring both members, x^ + 12 = x^ + ix + i. 
Transposing and uniting, — 4 a = — 8. 

Dividing by — 4, a; = 2. 

Check. The value x = 2 reduces each member to 2. 
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Ex.2. Solve 6Va + 6- 3 = 4^^+^-1-17, 

Transposing and uniting, 2 Vx + 6 = 20. 

Dividing by 2, Vx + 5 = 10. 

Squaring both members, x + 6 = 100. 

Transposing, x = 06. 



Check, 6V96T6-3==67; 4>/95T6+17 = 67. 

Ex. 3. Solve VaJ + 6 4- Va — V4aj + 9 = 0. 

Transpose vTxT^, Vx + 6 + Vx = V4 x + 0. 

Squaring both members, x + 5 + 2Vx'* + 6x + x = 4 x + 0. 
Transposing and uniting, 2Vx^ + 6x = 2 x + 4. 

Dividing by 2, Vx^ + Sx = x + 2. 

Squaring both members, x^ + 6 x = x* + 4 x + 4, 

Transposing and uniting, x = 4. 

Check, VT+5 + Vi - V16 + = 3 + 2-5 = 0. 



Ex. 4. Solve Vl4-a; + Vll-ic = 



3 



VTl^ 



Clearing of fractions, Vl64 -26x + x'*+ll-x = 3. 
Transposing, V164 - 26 x + x* = x - 8. 

Squaring, 164 - 26 x + x^ = x^ - 16 x + 64. 

Transposing and uniting, — x = - 90. 

Dividing by - 9, x = 10. 



8 



Check. V14-10+V11-10 = 3; =3. 

Vll - 10 



EXBBCISB 107 
Solve the following equations : 



1. A/a = a. 5. 5-3V2a;-l=:2. 



3. 6 + -v/S=:8. 7. 13-V4a:*+7a?-8=2» 



4. 6 + 3Va=7. 8. V(aJ-5)(4aj+4)+6=2as 



27. 



28. 
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9. 4aj-V(2a? + 5)(8a?-7) + 7 = a 



10. V^-Pl2a = aj + 2. 

11. ^ + 2 = 3. 

12. Va? + 7-V« — 6 = 2. 



13. V3a?4-10 = 7-V3a;-ll. 



14. V7aj4-l = V7aj-hl8-l. 



16. V4aj + l + V4a?-f 25 = 12. 
16. ^v^^^-l=VaJ-10. 
IT. V5a;H-64-2 = V6a; + 34. 



18. V9a;-ll + 3 = V9aj + 28. 

19. VaJ + 60 = 2Vaj + 64- Va. 



20. Va; + 9-Vi»-f 2 = V4aj-27. 



21. Vl2a?-ll-V3aj + l=V3aj-6 



22. V9aj -2 = V25 a?- 11 -V4 a?- 3. 

23. V9aj-5-2V4aj-15-Va?-5 = 0. 



24. -^64-^44-VaT2 = 3. 

25. (2Vi-h3)(2V«-3) = 7. 

26. (3V^+2)(3V^-2) = 5. 

2V^ + 1 ^ 2V^-|-3 81. V^+4 = -^±^. 

3V5-2 3V5-6 Vaj-1 

4V^~7 ^ V^--7 32. V9a;4-10 = Jg ^±lg . 

6V5-6 V^-6 V4aH-9 

29. ll-V25^ ^ A^-l-2 33. V2^i:i = 4^^^. 

27-5v^ Vi-4 V2a?-10 

80. V7^T2 = -^^±1-. 34. ^^-^^-^^=1 

V7aj + 2 4aj-7V» + 12 
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86. V19-a? + Vll-a? = 



86. Va — 05+ V6 — aJ = 



Vir--» 

6 



-y/b — x 



37. Va+^-Va^^ = Va- 18 -Va?-25. 

38. Va^-Va?-10 = Va: + 6-VaJ-2. 
gg 2Vag~6 ^ 3Va^--26 » ^^ 3V3g-|-5 _y, 

2Vaa + 6 3Vai + 46 ' 3V3a-5 

41. V36 + 7V6a + i = 14. 

42. (l-v^):(l+3VS) = l:4 ' 

43. (4 + Vi):(4-Va) = 4:l. 

44. (a + Vi) : (a — V^) = a + 6: a — 6. 



46. 



6 + xS^^ = 8. 46. {3^^ + 5^^ = 45. 



47. V3a-V2a+Va = -2V2. 
f 6Vi»-6 — 6Vy + 4= 4. 
|l3 Va^=^+ 2Vy + 4 == 60. 

EXTRANEOUS ROOTS AND EQUIVALENT EQUATIONS 

279. Solve the equation : 

5 + Va = 2 (1) 

Transposing, Va = — 3 (2) 

Squaring both members, x = 9. (3) 

But the root a? = 9 does not satisfy the equation (1) since, 

5 + V9 = 8. 

* Consider the equation a proportion and apply composition and 
division. 
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If the value of V9 had not been restricted (§255) to its posi- 
tive value, 9 would be the root. On the other hand, no positive 
value of Va can satisfy the equation, since 5 plus a positive 
number cannot equal 2. 

Consequently equation (1) has no root, although the student 
should bear in mind that this is the consequence of the arbi- 
trary exclusion of negative values of roots. 

280. If x = 9 is not a root of the equation 5-{-^/x = 2, it 
becomes necessary to ascertain why the solution produced this 
value. 

In solving an equation, we usually proceed as if the given 
equation were true and we had to prove the correctness of 
each following one ; or we prove that (3) is true if (1) is true. 
The real problem,- however, is the opposite one, viz. to prove 
equation (1) is true if equation (3) is true. That is, we should 
start from equation (3) and prove successively (2) and (1). 

But the members of (2) are the square roots of the members 
of (3), and if two quantities are equal, their square roots are 
not necessarily equal, as shown by the following illustration : 
(- 3)2 = (+ 3)^ while - 3 does not equal + 3. Hence (2) does 
not need to be true, if (3) is true. 

In general, squaring the two members of an equation intro- 
duces a new root, as can be seen from the following example : 

Let 0? = a. 

Squaring both members, a^ = a?. 

The roots of the second equation are -|- a and — a, while the 
first one has only one root, -h a. 

281. Eqttiyalent equations are equations which have the same 
roots ; as 0? -I- 4 = V» and x = Va? —4. 

282. A new root which is introduced by performing the 
same operations on both members of an equation is called an 
extraneous root. 
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283. Squaring both members of sin equation frequently 
introduces an extraneous root. 

284. Multiplying both members of an equation by an ex- 
pression involving x usually introduces an extraneous root. 

E.g,^ 05—4 = has one root, a; = 4 

Multiplying both members by x, we obtain 

«*-4a; = 0, 

an equation which has two roots, 4 and 0. 

285. The results of a radical equation must be substituted in 
the given equation to determine whether the roots are true roots or 
extraneous roots. 

BXBBCISB 108 

Solve the following equations, and if the resulting roots are 
extraneous, change the equations so as to make the answer 
true roots: 

1. 5-Va? 4-4 = 6. 

2. Va + 5 — V» = V4a?4-9. 



3. Va;4-9 — Va?-h2=V4aj-27, 

4. Va? + 7 4-Va— 5 = 2. 



5. VaJ + 3— Va?-2 = 5. 

6. V5 + a? + Va?-2 = 7. 



CHAPTER XVI 

TH£ FACTOR TH£OR£M 

286. If aj'-3aj^ + 4a; + 8 is divided by aj-2 and there is a 
remainder (which does not contain a), then 

a? — 3a^ + 4:X + S=(x-'2)x Quotient -f Remainder. 

Or, substituting Q and M respectively for "Quotient" and 
"Remainder/' and transposing^ 

iJ = aj»-3ar^H-4aj + 8-(aj-2)Q. 

As E does not contain a?, we could, if Q was known, assign 
to X any value whatsoever and would always obtain the same 
answer for B. 

If, however, we make a; = 2, then (a? — 2)Q = 0, no matter what 
the value of Q, Hence, even if Q is unknown, we can find the 
value of E by making x=:2. 

JB = 2»-3.22 + 4.2 + 8-0 = 12. 

Ex. 1. Without actual division, find the remainder obtained 
by dividing 3 aJ*H- 2 a? — 5 by aj — 3. 

1? = 3a* + 2a; - 5 - (aj - 8)§. 
Let a; = 3, 

then 5 = 3.81 + 2.3-5-0 = 244. 

Ex. 2. Without actual division, find the remainder when 
and^ + ba? -{- cai? •\- dx -{- e is divided by x^m. 

B = ax!^-{-bafi-\-cx^ + dx-\-e'-(x- m)Q. 
Let x = m, 

then S = aw* + bm^ + C7n^ + dm + e. 

267 
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287. The Remainder Theorem. If an iiUegral ratiojval expres- 
sion involving x, is divided by x^m, the remainder is obtained 
by substituting in the given eocpression m in place ofx. 

E.g, The remainder of the diylsion 

(4a* - 4x + 11) -^ (X + 8) is 4 (- 8)6 - 4 (- 8) + 11 = - 949. 
The remainder obtained by dividing 

(» + 4)*-(x + 2)(«-l) + 7 by x-1 is 6* -3.0 + 7 = 632. 

BXBBCISB 109 

Without actual division, find the remainder obtained by 
dividing: 

1. iB^-f 3aj* — 3aj + 2by aj — 4. 

2. a^<^-7aj8 + 4a^-2aj-4by a?-l. 

3. a« + 2a«-4a-f Iby a-3. 

4. a*-f 5a* -f2a + l by a + 2. 

5. (ar4.1)8-3(a;-2)(aj + 2) + (» + !)« by a?-2. 

6. aj* — 4 Qi?m -f 4 xm? -f m® by a? — m. 

7. aj* — 2a^+4a/7i* — n^by aj + 2n. 

8. (aj + 4)«-f (a;-f3)«-f(a; + 2)*byaj-fl. 

9. (a-l)(a-3)-4[(a-3)(a-4)-3]bya-3. 

10. 7?-^Vhy x — b. 

11. a* + 6* by a + b. 

12. a» + 5»bya + 6. 

288. If the remainder is zero, the divisor is a factor of 
the dividend. 

The Factor Theorem. If a rational integral eoDpression involv- 
ing X becomes zero when m is written in place of x, z — m is a 
factor of the expression, 

^.gr. if x« - 3x2 - 2x - 8 \^ divided by x - 4, the remainder equals 
48 _ 3 . 42 _ 2 . 4 - 8 = 0, hence (x - 4) is a factor of x» - 3x2 - 2 x _8. 
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289. A rational integral expression, aaj" + 5aJ"~*-« ea?+/, is 
divisible hj x — m only, if m is a factor of/. (§ 131.) 

Hence, to factor the expression, we substitute for m exact 
divisors of /, and determine by means of the factor theorem 
whether » — m is a factor or not. 

Ex.1. Factor a:*-7a:* + 7a? + 16. 

The exact divisors of 16 are 4- 1, - 1, + 8, - 8, + 6, - 5, + 16, - 1& 
Let as = 1, then a^ — 7x^ + 705+15 does not vanish. 
Let « = -1, then a^ - 7 a;^ + 7 a; + 15 = 0. 
Therefore x — (- 1), or x + 1, is a factor. 
By dividing by x + 1, we obtain 

iK8_7x2 + 7x+15 = (x+l)(x«-8x+15). 
= (x + l)(x-3)(x-6). 

Ex. 2. Factor 7?-\-h7? — a^x-- d?h. 

The exact divisors of a% are — a, + a, — 6, + 6, — a&, etc. 
The substitution x = a makes the expression vanish. 
Dividing by x - a, we have 

aj» +.6x2 -a^- a^b = (x - a)(x^ + 6x + ax + ab). 
= (x-a)(x + a)(x + 6). 

EXERCISE 110 
Without actual division, show that : 

1. 10a5»-4aj*-13a»+7isdivisibleby a?-l. 

2. a* — 4 a* — 7 a — 24 is divisible by a — 3. 

3. a* + a' — ab^ — h^ is divisible by a — 5. 

4. a'* + 3 oj* — 4 a; — 12 is divisible by a? — 2 and x + 2. 

5. (aj + l)*(a?-2)-4(aj-l)(aj-3) + 4isdivisiblebya? — 1. 

6. 6a?[4(a; + l)(aj + 2)-47]-ar^-a? + 3a?-6 is divisible 
by X''2. 

7. 6aj* — 3aj* — Sa' + Soj* — 2aj — 3 is divisible by x + 1. 
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Besolye into factors: 

8. a«-2a-4. 12. aj»-7a? + 6. 

9. aj' + 2aj — 3. 13. w« — 7n — 6. 

10. 3aj»-8aj + 5. 14. jfi + 7 p^ + 14.p + ^ 

11. a« + 6a* + lla + 6. 16. m» — 19m + 30. 

16. 4ic«-13aj + 6. 

17. m*-3m^-5mn« + 18»*. 

18. 2a;8_5aj2_i3a._^3Q^ 

19. a* — aj8 — Ta^ + oj-f 6. 

20. 6ar* + 7iB*-aj-2. 

21. ic3-(3a-6)iB* + (2a*-3a6)a? + 2a«6: 

22. ii^^{a-\-h + c)7^ + {ah + hc + ca)x — abc. 

23. aj8-(3a + 26)a^+(6a& + 2a^aj-4a%. 

24. Find the H. C. F. of 3 a«+5 a'-a+2 and a^+a*— a+2. 

25. Find the H.C.F. of 9aj» + 18a^-aj-10 and 3ar» + 13aj* 
+ 2aj-8. 

26. Find the H.C.F. of a? — a» — 5a?-3 and aj»-4iB* 
-llaj-6. 

290. If n is a positive integer, it follows from the Factor 
Theorem that 

1. of — y" is always divisible by x--y. 

For substituting y f or a?, a?" — 2/* = 2/* — JT = 0. 

2. af + y* t« divisible by x + y,ifn is odd. 

For (— y)» + y» = 0, if w is odd. 
By actual division we obtain the other factors, and have fox 
any positive integral value of n, 

aj»-y« = (aj-y)(af-i + af—V-f-af—y.-. +2r"V 
♦ The symbol ••• means " and so forth to." 
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If n is odd, 

«.fir. a* - y6 =:(x - y)(x* + «8y + aV* + a^ + y*). 
a* + y6 =(« + y)(x* - a% + xV - a^ + y*). 

291. It can readily be seen that aJ" + y* is not divisible by 
either x-\-y or a? — y, if n is even, and that of — jT cannot be 
divided by a? + y, if n is odd. 

EXEBCISB 111 

State whether the following expressions are prime or not, 
and factor whenever possible. 

1. a»-l. 

2. a* + l. 

3. a* + W 

[For additional examples of this type, see Appendix 11.] 



4. m^ + n". 


7. 


l + a\ 


10. a*-6'« 


6. m* — n\ 


8. 


l-a». 


11. 6»-a». 


6. a'-l. 


9. 


a" -6". 


12. a'«-6». 



CHAPTER XVII* 

GRAPHIC REPRESENTATION OF FUNCTIONS 
AND EQUATIONS 

REPRESENTATION OF FUNCTIONS OF ONE VARIABLE 

292. An expression involving one or several letters is called 
a function of these letters. 

a;2 — X + 7 is a function of «. 

2xy — y^ + Sy^iBB, function of x and y. 

293. If the value of a quantity changes, the value of a 
function of this quantity -will change, e.g, if x assumes succes- 
sively the values 1, 2, 3, 4, oj* — a; + 7 will respectively assume 
the values 7, 9, 13, 19. If x increases gradually from 1 to 2, 
ic* — 35 -h 7 will change gradually from 7 to 9. 

294. A variable is a quantity whose value changes in the 
same discussion. 

295. A constant is a quantity whose value does not change in 
the same discussion. 

In the example of the preceding article, x is supposed to change, hence 
it is a variable, while 7 is a constant 

296. A convenient method for the representation of the 
various values of a function of a letter, when this letter 
changes, is the method of representing these values graphi- 
cally ; that is, by a diagram. This method is frequently used to 
represent in a concise manner a great many data referring to 
facts taken from physics, chemistry, technology, economics, etc 

♦ This chapter may be omitted on a first reading. 
272 
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To give first a diagram of one of these applications, let 
us suppose that we have measured the temperatures at all 
hours from 12 m. to 11 p.m. on a certain day, and that we wish 
to represent the results graphically. Draw a line OX, and 
lay off on it equal parts, representing the hours. Then rep- 
resents 12 o'clock ; 4, four o'clock, etc. At each point draw a 
perpendicular line, and make it g 

equal to the temperature of the \ \\ 

corresponding hour (any conven- 
ient length being taken as a unit). 

By inspection of the diagram 
it can be seen that the tempera- 
ture at 12 o'^clock was 3°,, at 1 p.m. O 
5^ at 2 P.M. ej^etc. 

But it is possible to represent ' .C 

in the diagram th^^mperatures of any particular time between 
12 M. and 11 p.m. ; thus the perpendicular AB indicates that 
the temperature at 3.30 was 7^ We may also omit the per- 
pendicular and simply draw its end point; as point (7. By 
measuring the distance of G from OX, we find that the tem- 
perature at 11.20 was — 3''. 



2 3A4 5 6 7 8 9 I 



PTAjc 



If we would represent the temperatures of every mo- 
ment between 12 and 11.20, we would obtain an uninterrupted 
sequence of points, or a 
curved line, as shown in the 
next diagram. This curve is 
said to be a graphical represen- 
tation or a graph of the tem- 
peratures from 12 to 11.20. 

To find from the graph the 
temperatures at any hour, 
e,g. 2.30, take a point A, 2^ 
imits from 0, and measure 
the length of the perpendicular at A (not drawn in the diagram) 
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From the diagram find approximate answers to the following 
questions : 

1. Determine the tem- 
perature at: 

(a) 5 P.M. (5) 1.30 P.M. 
Xc) 5.45 p.m. (c«) 11.45 a.m. 

2. At what hour or hours 
was the temperature (a) 6**, 
(6)6»,(c)r,(d)-l°,(e)0«? 

3. At what hour was 
the temperature highest? 

4. What was the highest temperature ? 

5. During what hours was the temperature above 5® ? 

6. During what hours was the temperature between 3® and 
* 40? 

7. During what hours was the temperature above 0® ? 

8. During what hours was the temperature below 0** ? 

9. How much higher was the temperature at 4 than at 

8 P.M.? 

10. At what hour was the temperature the same as at 1 p.m. ? 

11. During what hours did the temperature increase ? 

12. During what hours did the temperature decrease ? 

13. Between which two successive hours did the temperature 
change least ? 

14. Between which two successive hours did the temperature 
increase most rapidly ? 

299. Graph of a function. To represent the various values 
which an algebraic function, e,g, 3-|-f oj — ^a^, assumes, when 
X changes from —3 to +9, let us substitute in 3-|-f a? — ^«*, 
successively the values — 3, — 2, — 1, 0, 1, etc. 
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If a; respectively =- 3, -2,-1, 0,1, 2,8, 4,5, 6,7, 8, 9, 
then 3 + }« - ia;2 = - 3}, - 1, IJ, 8, dj, 6, 5J, 5, 4i, 3, IJ, - 1, -3J. 

Selecting any convenient length as a unit, we lay off on 
a line OX from the values of x, and at each point 

erect a perpendicular equal 
to the corresponding value of 

To find e,g. the point repre- 
senting that, 
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for a; = 2,3 + faj-iaj* = 5, 

we lay off OA = 2, and at A 
draw a perpendicular ^45= 5. 
Similarly for all other points, 
as (7, D, etc. Since the posi- 
tive values of 0? are laid off from toward X, negative values of x 
must be laid off from in the opposite direction ; as 0F= — 2. 
Similarly negative values oi S-^-^x — ^a^ must be laid off in 
a direction opposite to the positive values, as FQ=^ — 1, or 
57= -Sf. 

300. The lines OA and AB are called the coordinates of 
point Bf OA is the abscissa, AB the ordinate of point B. The 
abscissa of J is OH, its ordinate HI, 

301. The line OX is called the axis of abscissas or jr-axis. The 
perpendicular OT, erected at 0, is the axis of ordinates or /-axis. 
The point is called the origin. Abscissas measured to the 
right of thp origin, and ordinates above the oj-axis, are considered 
positive. 

302. The point whose abscissa is x and whos^ ordinate is y 
is often represented by (a?, y). Thus (2, 5) represents the point 
B, (- 2, — 1) is the point G. 

The point (as, y) can aJso be obtained by first laying oft y on the y-axls, 
and then drawmg x perpendicular to oy at the extremity of y. 
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303. If y^e should rep- 
resent the values of the 
function 3 + f a? - ^ a:^ f^j. 

all values of x from 
aj=— 3 to a; =+9, and 
should omit the perpendic- 
ulars, we should obtain a 
continuous succession of 
points, or a curved line 
as shown in the diagram. 
This curve is called the 
graph of the function. 

Note. It is convenient to use for such drawings cross-section paper, 
i.e. paper divided into squares, as shown in ]the diagram. An ordinary 
ruled sheet can also be used to advantage. 



y_ 
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EXERCISE 118 

Find from the diagram of the preceding article approximate 
answers to Exs. 1-19. 

1. Determine the value of the function, S + ^x — \a?, if 
(a) a? = -2i, (b) x = 5, (c) «: = % (d) x^S^. 

2. What value or values of x will make 3 -hfiB — iaJ* equal 
to(a)3,(6)4,(c)-2,(d)l,(e)0? 

3. What is the greatest value which 3 + fa? — JaJ* can 
assume between x = — S and aj = -|-9? 

4. What value of x produces the greatest value of S + ^x 

5. What values of x produce positive values of 3 + ^x 

6. What values of x produce negative values of the same 
function ? 

7. Between what values must x lie to produce a function 
3 + fa?--iaJ* greater than 4-3? 
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8. What- values of x produce values of the same function 
smaller than — 1 ? 

9. What values of x make the same function equal to zero ? 

10. What then are the roots of the equations 3 + fa; — Jaj* 
= 0? 

11. Find two roots of the equation 3 +f 05 — J aj*= 2. ' 

12. Find two roots of the equation 3+fiB — Ji»* = 3. 

13. Find two roots of the equation 3 + faj — ^0:^ = 4. 

14. Has the equation 3 + faj — Ja*=6 any real roots ? 

16. Find the value of m for which the equation 3 + faj 
— \7^ — m has only one root. 

16. How much smaller is the value of the function for 
aj = 6 than for a? = 3? 

17. Which other value of x produces the same value of the 
function as oj = 6 ? 

18. If X increases from — 3 to +2, does the function also 
increase ? 

19. Up to what value of x will the function increase when 
X increases ? 

20. Locate the points (2, 5), (3, 6), (3^ - 2), (0, 5), (-2, 5), 
(-5, -4), (-3^,0), (0, -i),(-l,0). 

21. Locate the points (-2, 0), (0, -2), (-^, -^). 

22. Locate the points (- 3, 3), (- 2, 3), (- 1, 3), (0, 3), (1, 3). 

23. Where do all points lie whose ordinate is 3 ? 

24. Locate the points representing the values of -Jaj + l, if 
a; = --3, -2, -1,0,1,2,3. 

25. Construct the graph of the function -J a? + 1, from a? = — 3, 
toa;=+3. 

26. From the graph constructed in Ex. 26 find approxi 
mately : 

(a) the value of f «+ 1 if a; = -2^, -^, If 
(6) the value of a?, if f aj + l = - f 2, ^. 
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(c) the values of x which make | a? + 1 positive. 

(d) the values of x which make ^x + l negative. 

(e) the value of x that makes | a? + 1 = 0. 
(/) the root of the equation | a? + 1 = 0. 
(g) the root of the equation | a? + 1 = 2. 

27. Construct the graph of a?, from » = — 5, toaj = + 6, and 
from the diagram determine the following values: (—1^)^, 
my> (2.2)2, V7, VT2, VO. (Make the scale unit of the x 
equal to 10 times the scale unit of tbe a^.) 

GRAPHIC SOLUTION OF EQUATIONS INVOLVING ONE 
UNKNOWN QUANTITY 

304. A rational integral equation which contains the nth 
power of the unknown quantity, but no higher power, is called 
an equation of the nth degree. 

aj8— 2a; — 4isan equation of the third degree. 

306. The roots of equations of the first and higher degrees can 
be found approximately by the graphical method. 

Ex. Find graphically the root's of the equation -J- a^+aj"— 2 = 0. 

To obtain the values of the function for the various values 
of X, the following arrangement may be found convenient : 

(Compute each column before commencing the next, and see table on 
p. 288.) 



X 


a^ 


x» 


l«^ 


JX8 + X« 


ia!»+x8-2 


-6 


26 


-.126 


-26 
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-4 


16 


- 64 


-12.8 


3.2 


1.2 


-3 


9 


- 27 


- 5.4 


3.6 


1.6 


-2 


4 


- 8 


- 1.6 


2.4 


.4 


-1 


1 


- 1 


- .2 


.8 


- 1.2 
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1 
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.2 


1.2 
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3 


9 ^ 


27 
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14.4 


12.4 
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Locating the points (—5, —2), (—4, 1.2), etc., and joining, 
produces the graph AJBO, Since ABC intersects the aj-axis at 
three points, P, P', and P", three values of x make the function 
zero. Hence there are three roots which are found, by meas- 
urement of OP"f OF', and OP, to be approximately —4.6, 
- 1.7, and 1.25. 




To find a more exact answer for one of these roots, e.g. OP, we draw 
the portion of the diagram which contains P on a larger scale. 

If jc = 1.25, the function equals — .0469, i.e. it is negative. Hence it 
appears from the diagram that the root must be larger, and we substitute 
X = 1.26, which produces i«» + x^ — 2 = — .0123. This again being a 
negative value, we substitute x = 1.27, which produces the positive value, 
.0226. The root, therefore, must lie between 1.26 and 1.27. 

Making the side of each small square (diagram II) equal to .001, we 
locate the points (1.26, - .0123) and (1.27, .0226), U, B' and C Smce 
in nearly all cases small portions of the curve are almost straight lines, 
we join the two points by a straight line B'C, which intersects the o^axls 
faiP. 

The measurement Of OP gives the root 

X = 1.2637, 



280 



ELEMENTARY ALGEBRA 



an answer whose last place is not quite reliable. Restricting the answei 
to three places, we obtain the root 

X = 1.264. 

If a greater degree of accuracy is required, a third drawing oa a still 
greater scale must be constructed. 

EXERCISE 114 

1. From the diagram of the preceding example find approxi« 
mate answers to the following questions : 

(a) What is the value of ia? + a^-2 if aj = -1.2? if aj=. 
-3.4? ifa?=1.5? 




(6) What values of x will make \a^ + o^ — 2 equal to 1 ? 
equal to 1.4 ? equal to — 2 ? 

(c) What is the greatest value which ^ cc^ + «* — 2 can assume 
for negative values of a ? 

(d) What negative value of x produces the greatest value of 
the function ? 
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(e) What value of x between — 3 and 2 produces the smallest 
value of the function ? 

(/) What is the smallest value of the function between 
aj = -'3anda; = + 3? 

{g) Between what values must x lie to produce (1) a positive 
value of the function ; (2) a negative value of the function ? 

Qi) Find the roots of the equation : 

(i) Find the roots of the equation : 

|ajs + aj2_2=:1.2. 
(Jc) How many roots has the equation : 

|aj8-faj2-2=3? . 
Find the value of this root, or these roots. 
(]) How many roots has the equation : 
|aJJ + aj2_2 = -2? 
(m) Between what values must m lie in order to give, the 
equation \x^-\-x^ -2=m, three roots ? 

(n) In the same equation, what values of m produce two roots ? 

(o) In' the same equation, between what limits- must m lie to 
produce only one root ? 

(p) If X increases, between what values of x does the func- 
tion (a) increase, (6) decrease ? 

2. Construct the graph of 2 -f a? — ^a* from a; = — 2 to a? = 9, 
and from the diagram determine approximately : 

(a) the value of the function if a; = 2^, if a? = — 1^. 

(5) the value or values of x if the function equals — 1, +2. 

(c) the values of x that make the function positive. 

(d) the values of x that make the function negative. 

(c) the root or roots of the equation obtained by making the 
function equal to zero. 
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(/) the root or roots of the equation obtained by making 
the function equal to 1. 

(g) the greatest value of the function between the given 
points. 

(h) the value of x that produces the greatest value of the 
function. 

In each of the Exs. 3-9 construct the graph of the function, 
and from the diagram determine, whenever possible, the 
answers to questions (a), (6), (c), (d), (e), (/), and (g), given 
in Ex. 2. 

3. 3 — f a;, from aj = — 2, to a? = 4. 

4. a? + 1, from a; = — 4, toaj = + 4. 

6. ^ic* — «— 2, from 05 = — 3, to iB = + 6. 

6. I a?, from » = — 6, to a? = 8. 

7. ?-|, fromaj = l,toaj = 12. 
X 2 

8. ^jf3? — x + l,iTomx=^ — 4:,tox = 4. 

9. V25 — a^f from a? = — 6, to a? = 5. 

306. It can be proved that the graphs of the functions of the 
first degree involving one unknown quantity, are straight lines, 
hence two points are sufficient for the construction of these 
graphs. (This is true whether the scales of the abscissas and 
ordinates are equal or unequal.) 

10. Draw the graph of 4 x—5. 

11. Draw the graph of 3 — 2 a;. 

12. Degrees of the Fahrenheit scale are expressed in degrees 
of the Centigrade scale by the formula C = KF — 32). 

(a) Draw the graph of | (F - 32), from F = — 6, to F = 40. 

(b) From the diagram find the number of degrees of Centi- 
grade equal to - l** F., 9*^ F., 14° F,, 32° F. 

(c) Change to Fahrenheit readings - 10° C, 0° C, 1° C. 
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13. The formula for the distance traveled by a falling body 

(a) Kepresent | gt^ graphically from < = to * = 5. (Assume 
gr = 10 meters, and make the scale unit of the t equal to 10 
times the scale unit of the J gtK) 

(b) How far does a body fall in 2^ seconds ? 

(c) In how many seconds does a body fall 30 meters ? 

Sojve graphically : 

14. 4a;4-3 = 0. K. 6a?— 5 = 0. 



Solve the following equations by the graphical method: 
(For the squares and the cubes of numbers, see table on 
p. 288.) 

16. aj2--3ic-3 = 0.* 24. a:»4-aj-.3 = 0. 

17. ar^ — aj-i^ = 0. 25. a^ — Ax + 1=0. 

18. a^-\.^x + ^ = 6. 26. aj»-2aj«-5a?-f5 = 0.t 

19. a«-2a;-9 = 0. 27. aJ*-10«»4-8 = 0.t 

20. aj«-fV^-ll = 0. 28. aJ*-17a^4-a? + 54 = 0. 

21. |a:»-.a:-V=^0. ^^ 2- + a:-4 = 0. 

22. 6a*-13aJ4-4 = 0. ^ 

, . . ^ 80. 5-2» = o. 

23. |a»4-i» — 4 = 0. a: 

* A more convenient method for solving, graphically, equations of the 
second degree is given in Chapter XVIII. 

t To avoid large ordinates, make the scale unit of ordinates J of the 
scale unit of the abscissas. The same graph may be obtained by dividing 
each term of the equation by 5 and using equal scale units for ordinates 
and abscissas. 

t Make the scale unit of the ordinates ^ of the scale unit of the 
abscissas. 
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GRAPHIC SOLUTION OF EQUATIONS INVOLVING TWO 
UNKNOWN QUANTITIES 

807. In § 303 the graph of the function 3 -f f a; — ^ aj^ was 
constructed and, discussed. If3 + fa; — ^aj*be denoted by y, 
then the ordinate represents the various values of y, and the 
diagram (p. 276) represents the equation, 



y = 3-f|a;-ia«. 



(1) 



The coordinates of every point of the curve satisfy equation (1), 
and every set of real values of x and y satisfying equation (1) 
is represented by a point in the curve. 

308. The curve representing an equation is called the graph 
or locus of the equation. 

309. If an equation containing two unknown quantities can 
be reduced to the form y =^f{x)^ when f(x) represents a func- 
tion of X, then the equation can be repre- 
sented graphically. 

Ex. 1. Kepresent graphically 3aj — 
2y = 2. 

Solving for y, y = 



8a;-2 



Hence, if x equals. — 2, — 1, 0, 1, 2, 8 ; 
then y equals — 4, — 2i, — 1, i, 2, 3 J. 

Locating the points (-2, -4), (-!» -2i), 
etc., and drawing a line through them, we 
obtain the graph of the equation, which is a 
straight line. 

810. The graph of an equation of the first degree involving two 
unTcnown quantities is always a straight line, and hence it can he 
constructed if two points are located. (§ 306.). 
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Ex. 2. Draw the locus of 4 a; -f- 3 2^ = 12. 

If a; = 0, y = 4; if y = 0, a; = 3. 

Hence, locate points (0, 4) and (3, 0), and join 
them by a straight line AB. AB is the required 
graph. 

Note . Equations of the first degree are called linear 
equations, because their graphs are straight lines. 




EXERCISE 115 

Draw the loci of the following equations : 

1. a; + y = 4. 5. a;4-y = — 10. 9. 12 a: -f 15 y =48. 

2. a; — 22/ = 4. 6. y = — 4. 10. y — V«-f2 = 0. 

3. 2a?-3y = 12. 7. a;-fy = 0. 11. (l.l)*-2^ = 0. 

4. oj — y=0. 8. y — 2x. 12. ocy+y — ai^^O. 

311. Graphical solution of a linear system. 

To find the roots 
of the system. 

2a?-f32/ = 8, (1) 
x^2y=^2. (2) 

By the method of 
the preceding article 
construct the graphs 
AB and CD of (1) 
and (2) respectively. 
The coordinates of 
every point in AB 
satisfy the equation 
(1), but only one point 
in AB also satisfies 
equation (2), viz. P, the point of intersection of AB and CD. 

By measuring the coordinate of F, we obtain the roots, 
a? = 3.15,?/«.57. 
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312. The roots of two simaltaneous equations are represented 
by the coordinates of the point (or points) at which their 
graphs intersect. 

313. Since two straight lines which are not coincident nor 
parallel have only one point of intersection, simultaneous 
linear equations have only one pair of roots. 

314. Equations of higher degree, however, can have several 
points of intersection, and hence several pairs of roots. 

Ex. 1. Solve graphically the following system : 

r a? + f:^ 25, . (2) 

l3aj-22/=:-6. (1) 

Solylng (1) for y,y = y/2b-x\ 

Therefore, if x equals — 6, — 4, — 3, — 2, — 1, 0, 1, 2, 8, 4, 5, y equals 
respectively 0, ±3, ±4, ±4.6, ±4.9, ±5, ±4.9, ±4.6, ±4, ±3, 0. 

Locating the points (—6, 0), (-4, 
+ 3), (—4, —3), etc., and joining, we 
obtain the graph (a circle) ABC of the 
equation x^-\-\^^ 26. 

Locating two points of equation (2), 
e.g, (— 2, 0) and (0, 3), and joining by 
a straight line, we obtaki DE^ the graph 
of 3a;-2y = -6. 

Since the two graphs meet hi two 
points P and Q, there are two pairs of 
roots, which we find by measurement, 
« = Hiy = ^»ora;=:-4, y=-3. 

Ex. 2. Solve graphically the following systems 

f «y=i2, . (1) 

U-y= 2. (2) 

From (1) y = — . Hence by substituting for » the values — 12, — 11 

X 

• - to +12, we obtain the following points: (—12, —1), (—11, — 1^:)* 
(-10, -li), (-9, -li), (-8, -li), (-7, -If), (-6, -2), (-6, 
-2i), (-4, -3), (-3, - 4), (-2, -6), (-1, -12), (0, ± oo), (1, 
12), (2,6), etc., to (12, 1). 
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Locating these points and joining them produces the graph of (1), 
which consists of two separate branches, CD and EF, 

Locating two points 
of equation (2) and 
joining by a straight 
line, we have the graph 
AB of the equation (2). 

The coStdinates of 
the two points of inter- 
section P and P' are 
the required roots. By 
actual measurement we 
find x = 4.6+, 2^ = 2.6+, 
or X = — 2.5, y = — 4.0. 

To obtain a greater 
degree of accuracy, the 
portion of the diagram 
near P is represented 
on a larger scale in the 
small diagram. Since 
the small part of CD 
which is represented is 

almost a straight line, it is sufficient to locate 2 or 3 points of this Ihie. 
By actual measurement we find : 

x= 4.606, y= 2.606. 

Evidently the second pair is 

fl;= -2.606, y= -4.606. 

By increasing the scale further and further, any degree of accurac]^ 
may be obtained. 

EXERCISE 116 
Solve graphically the following simultaneous equations: 

\2x-'Sy=z6. ' 1 x + 5y= 6. 

= 7. \ 
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2. 



f3a! + 4y = 10, 
l4a;+ y= 9. 
i2x-Zy= 7, 
\3x + 2y=-S. 



l5aj— y=s\ 
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6. Show graphically that the following system cannot have 
finite roots: (2x-y^2, 

120? — 2( = 4 

7. What are the relative positions of the graphs of two linear 
inconsistent equations ? 

8. Show graphically that the following system is satisfied 
by an infinite number of roots : 

r3a;-2y = 3, 

l6a?-4y=:6. 
Solve graphically : 



fa^ + / = 1 
la? 4-K =5 



10. 



9. 

la? 4-K = ::. 

X -2y. ' \ x + y + l = 0. la!«+y*=25. 



2'-y + l = 0, 



I a? =2v. I 



la? — 2/= 1 

•i 



aj2^ = 6, 



Table of Squares, Cdbes, and Squabb Roots 
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CHAPTER XVIII 

QUADRATIC EQUATIONS INVOLVING ONE UNKNOWN 
QUANTITY 

315. A quadratic equation, or equation of the second degree, 
is an integral rational equation that contains the square of the 
unknown number, but no higher power; e.g. oj*— 4a?=7, 
62^=17, aa^4-&a; + c = 0. 

316. A complete, or affected, quadratic equation is one which 
contains both the square and the first power of the unknown 
quantity. 

317. A pure, or incomplete, quadratic equation contains only 
the square of the unknown quantity. 

aafi + 2ta;+c = 0isa complete quadratic equation. 
ox^ = f» is a pure quadratic equation. 

PURE QUADRATIC EQUATIONS 

318. A pure quadratic is solved by reducing it to the form 
v? = ay and extracting the square root of both members. 

Ex.1. Solve 13aj«-19 = 7iB« + 5 
Transposing, etc., 6 a;^ = 24. 

Dividing, a;^ = 4. 

Extracting the square root of each member, 
a; = + 2 or a; = -2. 
This answer ia frequently written a; = ± 2. 

Check. 13(± 2)2 - 19 = 33 ; 7(± 2)2 + 6 ?=» 

V 280 
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Ex.2. Solve «Ili? = ^±4a. 
' a-\-x a? — 4a 

Clearing of fractions, ox-x^ — 4aa4.4ax = ax + 4a* + x2 + 4ax. 
Transposing and combiningi — 2 x^ = 8 a^. 

Dividing by - 2, X* = - 4 a^. 

Extracting the square root, x = ± V— 4a^ 

or X = ± 2 aV^. 

EXERCISE 117 
Solve the following equations : 
1. 170^-7 = 418. 3 _£_ + _^=2|. 

2.'l3a!«-19 = 7a!» + 6. '" + ^ '""^ 

tA ig + 3 , a; — 3 _ai 

3. 16£=§io. '**• irr^^i^-^' 

4. aa? — h = c. ' 7a? — 1 6a; — 3 



8. (« + i)(«-i) = A. 12. V23«»-70a!4-81=6a!-7 

6. «»+7 = 4. 13. 3-V7«'-24a!+46=4» 

7. 4a!(a!-l)=-4(a!-2). 14. _1— = 2^^?. . 

Va! + 4 3 
^ a;4-2 .^^__24_. ^. ^ 

^Z:2"^aj + 2~a:^-4 15. VV5^T9-19 = 2. 



16. 24-V17-2a;=V2a; + 17. 

17. (a + a;)(6~aj)+(a-a:)(6-fa;)=0. 

18. (a4-&a;)«4-(aa;-fe)2 = 2(aW-6^. 

19 <^^ + ft _ ca?4-cg 
a + fta; c + do; 

20. If a^-\-V:=^ c^, find a in terms of ft and c 

21. If d = 2««, solve for «. 

22. If 2a*4-26«=4m* + c', solveforw. 
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23. Solve the equation of the preceding example for c 

24. K a^ = 6* -f c* — 2 cp, solve for 6. 

26. If 5 = ^, solve for r. ^S. If 12 = §, solve for d 

26. If 5 = 4 TTT^, solve for r. ^ 

27, If Z : gr = ««:,r^, solve for ^. 29. If -E7 = ^, solve f or v. 

EXERCISE 118 

1. Find a positive number which is equal to its reciprocal. 
•"- The ratio of t.wo numbers is 5:4, and their product is 
980. Find the numbers. ' ' 

3. Three numbers are to each other as 2 : 3 : 4, and the sum 
of their squares is 261. Find the numbers. 

4. Two numbers are as i5:4, and the difference of their 
squares is 36. Find the numbers. 

6. The sides of two square fields are as 7 ; 24, and they con- 
tain together 10,000 square yards. Find the side of each field. 




319. A rigM triangle is a triangle, one of 
whose angles is a right angle. The side 
opposite the right angle is called the hypote- 
nuse (c in the diagram). If the hypotenuse ' 5" 
contains c units of length, and the two other sides respectively 
a and b units, then ^ _. ^2 _j_ 52^ 

Since such a triangle may be considered one half of a rec« 
tangle, its area contains -— square units. 



6. The hypotenuse of a right triangle is 15 inches, and the 
two other sides are as 3 : 4. Find the sides. 

7. The hypotenuse of a right triangle is to one side as 41 : 9, 
and the third side is 40 centimeters. Find the unknown sides 
and the area. 
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8. The hypotenuse of a right triangle is 2, and the othei 
Vwo sides are equal. Find these sides. 

9. The area of a rectangle is 1260 square feet, and the two 
sides are as 5 : 7. What is the length of the sides ? 

iO. The area of a right triangle is 147 square feet, and the 
two smaller sides are as 2 : 3. Find the sides. 

11. The area of a circle exceeds the area of another circle 
by 616 square inches, and their radii are as 25 : 24. If the 
value of IT is assumed equal to ^, find the radii of the circles. 
(The area /S of a circle whose radius is B is determined by the 
formula S = vIP.) 

12. Two circles together contain 44,506 square inches, and 
their radii are as 15 : 8. Find the radii. 

COMPLETE QUADRATIC EQUATIONS 

320. Method of completing the square. The « following ex- 
ample illustrates the method of solving a complete quadratic 
equation by completing the square. 

, Solve a^-7aj + 10=0. 
Transposing, as* — 7 a; = — 10. 

The left member can be made a complete square by adding 
another term. To find this term, let us compare 05* — 7 a? with 
the perfect square a^ — 2 ww? + ml Evidently 7 takes the place 
of 2 m, or m = ^. Hence to make a:^ — 7 a; a complete square 
we have to add (|)* which corresponds with mK 

Adding (^y to each member, 

a^-7aj + (f)« = ^-10, 
or (x^iY^l 

Extracting square roots, a? — |^ = ± f . 
Hence a; = |^ ± f . 

Therefore a? = 5 or a; = 2. 

Check. 6^-7.5+10 = 0, 22-7.2 + 10 = a 
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Ex.1. Solve9a5*-2 = 15a? + 4. 

Transposing, 9x^ — 15 aj = 6. 

Dividing by 9, «2^Ja; = f. 

Completing the square (i.e, adding (})2 to each member), 

Simplifying, (a?- !)* = «. 

Extracting square roots, x — { = ± {• 
Transposing, x = { ± 2- 

Therefore a5 = 2, or —J* 

321. Hence to solve a complete quadratic : 

Reduce the equxition to the form a^+px^q. Complete the 
square by adding tJie square of one half the coefficient of x. Ex- 
tranet the square root and solve the equation of the first degree thus 
formed. 

Ex. 2. , Solve ^=:1 + ?-5L±l =2. 
a X 

Clearing of fractions, ib* — « + 2a^ + a = 2aa5. 

Transposing, x^ — jc — 2cm; = — 2a2 — a. 

Uniting, a;a - a;(l + 2 a) = - 2 a^ - a. 

Completing the square, 

a^ - «(1 + 2 «) + (1±2«)' = - 2 tf» - « + l±i^±l^ 
Simplifying, (x - Lt2«\« = k:^ 

Extracting square root, z - 1-tA^ = ± lvi-4fl^. 

2 2 

Transposing, « = L±l« ± lvi-4oa 

Therefore x = l + 2aj:>/n^4? 
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Ex.3. Solve aW-a^ + 2a*a: + a* = 0. 
Transposing, a^^ - a;2 + 2 tf^ = - a^. 

Uniting, z\a^ - 1) + 2 a^x = - a*. 

Dividing, aja + -l^a; = ^. 

Completing the square, 

a2-l U^-iy (aa-l)a (a^-l) 

Simplifying, (x + ^' .V^ ^^ 

'' ^ ^' \ ^a«-i; (a«-l)a 

Extracting the square roots. 



«^+-T^ = ±- 



a2-l ""a2-l 
Transposing, ., = --^±_£^, 

Therefore 

aj«-.f^ = «-orx=ii«i±«* «-. 

a^-l a«l a2-l a + 1 

EZBBCISB 119 

1. aj«-f8ar=33. 13. 10aj« = 27-39ajL 

2. aj»-6a? = 7. u. 28a^-65 = 17a?. 

3. a:»-6aj~16=0. 15. 27 a«- 30 a? = 77. 

4. ic8 + 12a?=64 ig. 35iB»-65==66a. 

6. ic» + ll = 12». j7^ 8a? + 41a? + 36 = 0. 

6. aj*-21 = 4ajL 

7. iB2-llaj = 60. 



18. 12iB»+77aj-f30 = 0. 

19. a?(aj + 5) -84 = 0. 
8. a?-8i« + 15 = a g^^ 30^-30^-330 = 0. 



9. oj2 + 15 = l2a?. 

10. 0^ + 17 o? = -.7a 

11. 12oj«+fl? = 35. 4o:4-7 

12. 15o:«=7o? + 88. ^^- ^'' + *''"fe^ 



21. 2flj«-5o?-S = 0. 

22. 6oj«H-l = 6a?. 
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24. 9u?=X + i. 29. 3« + -2I- = 9. 

6 ^ ^'"-^ 

80. Has — - — -7 = 16. 
18 , - 3a! + l 

26. » = 3- 

» 81. 3a!»-f« + i = 0. 

27. 3»-^ = 8. 32. (3«-5)(7a!-8) = 140. 

22 33. (2a!-16)(3a!+8) = -154 

^®- ^'"~2l+3"^^" 34. (a!+3)»+(a;+5)'=514 

86. (2a! + l)*+(3ar+l)«=(2ir + 3)». 
86. 3(a!'-l)-24 = 4(x + 6)(a!-3). 

37. " =^^» 46. -L-+.-^ = 3. 

2(a!^3) x-1 x-i^-x-S 

7a!-6 ^ 5a!-3 ^^^ _9 i_=6. 

10a!-3 6a; + l' * aj-2 a!-7 ,' 

g^= "-^ . 48. -^ ^ = 9. 

x + 2 2a; + 10 ^-2 ar-6 

41. flJ» + 22(aJ + 6) = 0. gO. 2£±3_E±2^3. 

OJ — 3 !F — 2 

42. ia?-x = ii. 

- oa?--D ix + z , Q_ft 

*^- 2a;-l 2a?-l"" 



38. 



39. 



52. aj"+2aa? = 3a*. 
58. aj« + llm« = 12i 

54. 3a?— 2n* = 5a?». 

55. 2aj* — 5acc = i 
56. a» + (a-f6)a; = 2a2-6a& + 2y. 



44. 2_4 = ». 58. aj« + llm« = 12mas. 

i a?-13""» 65. 2a?-5aa? = 3al 
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b1. a? + ab = ax + bx. __ , 1,1 

60. a+«=- + — 
a X 

68. x + -=ia-\ — . ^, a + x , h-\-x 6 

X OL 61« r-* H — 



69. a?-(a — aj)*=(a — 2»y. 62. aa? + fca? + c = 0. 



322. Solution by formula. Every quadratic equation can be 
reduced to the general f orm^ 

oaj' + ftaj + cssO. ^ 

Solving this equation by the method of the preceding article^ 
we obtain 

»= • 

2a 

The roots of any quadratic equation may be obtained by sub- 
stituting the values of a, h^ and c, in the general answer. 

Ex.1. Solve5aj*==26a?-6. 

Transposing, 5aj* — 26a; + 5 = 0. 
Hence a = 5, 6 = — 26, c = 6. 

Therefore ^ = + ^^^A-^Y^±±Ji 

10 ^ 

10 6 

Ex. 2. Solve pa? — jA? — a; == — jj. 
Reducing to general form, px^ — (j)2 + i)a5+p=sO. 
Hence o = f, 6 = — (p^ + 1), c =p. 



Therefore « = f + l±^(.I^-^\)*^A]^ 

2i» '^ p 
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EXERCISE 120 
Solve by the above formula : 

1. 3a?»-10a; + 3=0. 14. 12a^ + aj = 6. 

2. 7i»* + 9a;-10 = 0. 16. 15 or* -f 14 a? = - 3. 
8. ic^ — 5a; + 3 = 0. 16. 6aj — a^ = — 50. 

4. 2a«-7a?4-3 = 0. 17. 3aj2-6a? = 2. 

5. 3a^-2 = 5a?. 18. 9 a? + 17 a? = 310. 

6. 15a^-53a; = 42. 19. iB« + |a; = 40. 

7. 8a?-17a?=115. 20. a^-fa? = -f 

8. 9iB*-32a;-16 = 0. 21. 4a^-12gaj + 9g«=0. 

9. 7a^-39 = 8a?. 22. 6 aj^-49ma? + 8 7/1^ = 0. 
10. 6a? = 37a-6. 23. 6 aj* + 5 ?iaj = 6 n*. 

Ti. 6aj« = a;-fl2. 24. 4a^-6daj = 4(P. 

12. 20 = a*-a?. 26. a:^ + 2 aa; = 6. 

18. 10 + 16a = -6a*; 26. ar*-2aa4-6 = 0. 

27. abo^-ia^ + b^x + ab^rzO. 

28. a^-4a« + 4a2-&2 = 0. 

29. a5*-2aa? = 46*-a«. 

80. a^Q?-VQ^-^abx=za^^V. 

81. mV — m(a — 6)a: — a6 = 0. 

32. (n — p) a* + (jj — m)a? -f (m — n) = 0. 

Find the roots of the following equations to two decimal] 
places: 

83. aj" + a? — 1 = 0. 87. 6 a:*- 5 a; -f 1 = 0. 

34. 2a?+2»-l = 0. ^®- •2a'-.6aJ = .3. 

36. a!»-4aj + 2 = 0. 3«- i + ^:f:i = ^- 

36. iB'-3a! + l = 0. 40. 9a? = x-\-\. 
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323. Solution by factoring. Let it be required to soive the 
equation: 5a!»+5 = 26xj 

or, transposing all terms to one member^ 
5aj*-26aj + 5 = 0. 
Besolying inlio factors, 

(6aj-l)(a:-5)=:0. 

Now, if either of the factors 5 a? — 1, a? — 6 is zero, the product 
is zero. Therefore the equation will be satisfied if x has such 
a value that either 5 a; — 1 = (Vi 

or a:- 6 = 0. (2) 

Solving (1) and (2) we obtain the roots 
x^\ or aj = 5. 

324. Evidently this method can be applied to equations of 
any degree, if one member of the equation is zero and the other 
member can be factored. 

Ex.l. Solve a? = I^±l^. 

Clearing of fractions, 2 ac* = 7 oc* + 15 as. 

Transposing, 2«» — 7»* - 16a; = 0. 

Factoring, « (2 a; + 8) (x - 6) = 0. 

Therefore a5 = 0, 2a5 + 8 = 0, ora;-5 = 0. 

Hence the equation has three roots, 0, — }, and & 

Ex.2. Solve a?-3aj"-4a? + 12 = 0.- 

Factoring, z^(x - 3) - 4(« - 8) = 0. 

(a;2-4)(a;-3)=0. 
Or (a;-2)(a; + 2)(x-8) = 0. 

Hence the roots are 2, — 2, 3. 
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Ex. 3. SolYea? + 2a^-'Sx'\-5 = 0. 

By the factor theorem we find that x = 1 satisfies the equation, and la 
therefore, a root of the equation. 

Dividing by a; — 1 we obtain the other factor, and have 

(a;-l)(x«-^3x-5) = 0. 

Hence «- 1 =0, or x^ .j. 3x- 6 = 0. 

Solving the second equation by the formula, 

* -3 J:V^ ^^ ^ t 
X = =i= , or X =? I. 

2 

Ex.4. Solve 3?* + 0^ = 0. 

Factoring, ^ (x + a) (x^ - ox + a*) = 0. 

Hence x + a = 0, or x^ — «x + a^ = 0. 

Therefore x = - a, or « ± ^y^^ . 

Ex. 5. Form an equation whose roots are 4 and — 6. 
The equation is evidently (x - 4) (x - (- 6) ) = 0. 
Le. (x-4)(x + 6) = 0. 

Or x« + 2x-24 = 0. 

325. If both members of an equation are divided by 
an expression involving the unknown quantity, the resulting 
equation contains fewer roots than the original one. In 
order to obtain all roots of the original equation, such a com- 
mon divisor must be made equal to zero, and the equation 
thus formed be solved. E.g, let it be required to solve 

ic«-9 = 5(a;-3). 

If we divide both members by a? — 3, we obtain a? + 3 = 5 
or a? = 2. But evidently the value a? = 3 obtained from the 
equation a? — 3 = is also a root, for ar^ — 9 — 5(a? — 3)=0, or 
(aj-3)(a? + 3-5)=0. Therefore a; = 3 or a? = 2. 
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SXBBCISB 12X 
' Solve by factoring: 

1. aj*-6iB = 7 ^ 12. a?=s6aj'-t-4aR.' 

2. a» + 8iB = 20. 13. (aj-l)(aj»-12aj + 27)=0 

3. a'-16 = 6aj. 14. a?(aj - 6) =3 7 »- 42. 

4. a?(ic + 5) = 14 15. a' + a?s=5a(2a? — 4). 
6. a:2_7a.=:8. 16. a?*-16 = 0. 

6. aj»-9aj + 20==0. 17. a? + aj»-4a?-4 = 0. 

7. iB» + 29aj = 210. 18. 6aj»-2iB»-10aj + 4a»0. 

8. aj8-lla:» + 18aj = 0. 19. 3a:8 + 13aj»=:30«. 

9. 4aj8+17aj»+4a? = 0. 20. 3a? + 7a = 6. 

10. aj»-8 = 0. 21. 6a' + 7« = 3. 

11. a»(10aj + l) = 3aj. 22; 6a(a?-3) = 6(»-«). 

23. (a — »)(» — 6) = (a — «)(c— «). 

24. a^ — a5*=(a — a)(6 + c — «). 

26. aj»=(a+&)«. 27. a;(a? - 1) — 6(aj - 1). 

26. 2aj^ + »2-6aj + 2 = 0. 28. Jt^-6a5* + ll»-e = a 

29. aj»-4aj"-.20aj + 48 = 0. 

30. Find all roots of the equation a^al. 

31. Find all values of ^. * 
(Hint. Let a; s \/8, hence x9 a 8, etc) 

Solve: 

32. ^__— 8-.= 8 . 84. 3 • * « 



ar + 6 a; — 6 x — \ ' a;— 2 a!— 3 7 — a> 

_5_ + _6 6_. 3JJ _I_ + _9_ = J0_. 

x — 4: x — 3 x — 6 x — 3 x + 5 x+1 
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86. 3a-8 = 4V4ic + l.* 39. 6 + 5V13a? + 9 = 8as. 



37. 4a?-3V7a?-6 = 6. 40. Va + 6 + Va?-3=:4. 

88. 6 + 3V3a?— 5=2a?. 41. V» — 3 + Va?-8 = 6. 

42. Va? + 7— Va-5 = 2. 

43. Va + 2 + ViB-3 = V3a? + 4 

44. Va + 7 + V2aj + 7=V8a? + 9. 
46. V3aj + 4-V5a?-ll = Va?— 3. 

4«. £±«+£n? = 3i. 47. .^— 2a_ = 2a±5. 

• 0-6 2a 2a-a:'^2a-.2& 



50. 0? — 6V« = a(a — ft). Va + a? + Va — a? _ c^, 

-, aaj + 6 mfl5 — n Va + »— Va — oj ^ 

oi. = • 

oos + a nX'-m 

a-f-ft 

Form the equations whose roots axe: 

r5. 2,1. 67. -4,-6. 69. 1,2,3. 

66. 2, -^-a 68. O^a 60. -1,2,0. 



. PROBLEMS INVOLVING QUADRATICS 

t 
326. Problems involving quadratics have in general two 
answers, but frequently the conditions of the problem exclude 
negative or fractional answers, and consequently many prob- 
lems of this type have only one solution. 

♦ The answers of radical equations must be substituted in the original 
equation in order to determine which roots are true roots. (See § 285.) 
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BXBBCISB 122 

1. The square of a number increased by 14 times the uum^ 
ber equals 275. Find the number. 

2. What number increased by its reciprocal equals ^? 

3. The difference of two numbers is 49, and their reciprocal 
values differ by J. Find the numbers. 

4. What number exceeds its reciprocal by n ? Find the 
number if (a) n = |, (6) « = f. 

5. Find two numbers whose difference is 7» and whose 
product is 30. 

6. Find two factors of 1728 whose sum is 96. 

* 

7. Find two consecutive numbers, the sum of whose squares 
equals 113. 

8. A man sold a horse for $ 96, and gained as many per 
cent as the horse cost dollars; Find the cost of the horse. 

9. A man sold a watch for $ 16,. and lost as many^ per cent 
as the watch cost dollars. Find the cost of the watch. 

It. A needs 3 days more than B to do a certain piece of 
work, and, working together, the two men can do it in 2 days. 
In how many days can B do the work ? 

11. A cistern is filled by two pipes in 40 minutes, and the 
larger pipe can fill it in one hour less time than the smaller 
one. In how many minutes can the smaller pipe fill the 
cistern ? 

12. A number of boys bought a boat, each paying ^ many 
dollars as there were boys. Had there been 8 boys more, each 
would have paid $ 4 less. How many dollars did each boy 
pay? 

13. If a train had traveled 5 miles an hour faster, it would 
have needed one hour less to travel 150 miles. Find the rate 
of the train. 
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14. A wheelman, traveling a distance of 72 kilometers, 
would arrive 30 minutes earlier if he traveled 2 kilometers 
per hour faster. Find his rate of traveling. 

* 16. To pave a room with square tiles of a certain size, 360 
tiles are needed. If each tile were one inch longer and one 
inch wider, 250 tiles would be needed. Find the dimensions 
of the tiles. 

16. A rectangular field has an area of 180,000 square feet, 
and a perimeter of 1720 feet. Find the dimensions of the 
field. 

17. Find the price of an egg, if 1 more for 6^ would dimin- 
ish the price of 100 eggs by $ 1. 

18. One side of a rectangular field exceeds the other side by 
70 feet, and the area equals 49,400 square feet. Find the 
dimensions. 

19. On the prolongation of a line AC, 10 inches long, a 
point B is taken, so that the rectangle, con- 
structed with AB and CB as sides, contains A C B 
39 square inches. Find AB and CB. 

20. A line AB, 20 inches long, is divided into two parts, AC 
and* CB, so that AC is the mean proportional between CB and 
AB. Find the length of AC (AB is said to be divided in 
" extreme and mean ratio.") 

21. Solve the preceding problem if AB equals a inches. ' 

22. A line AB is divided into two parts, AC and CB, so that 
AC is the mean proportional between CB and AB, If AC 
equals 1 inch, find AB, 

23. The length AB of a rectangle, ABCD, exceeds its width 
AD by 119 feet, and the line BD joining 
two opposite vertices (called " diagonal ") 
equals 221 feet. Find AB and AD. 
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24. A rectangular grass plot, 40* feet long and 30 feet wide, 
is surrounded by a walk of uniform width. If the area of the 
walk is i of the area of the plot, how wide is the walk ? 

26. A circular basin is surrounded by a path 6 feet wide, and 
the area of the path is J of the area of the basin. Find the 
radius of the basin. 

26. A number is formed by two digits, and the tens digit 
exceeds the units digit by 2. If the number is divided by the 
product of its digits, the quotient is 2 J. Find the number. 

27. A man bought a certain number of pounds of tea and 10 
pounds more of coffee, paying $14.00 for the tea and $9.00 for 
the coffee. If a pound of tea cost 40^ more than a pound of 
coffee, what was the price of the coffee per pound ? 

28. A stone is dropped into a well, and the sound of. its 
impact upon the water is heard at the top of the well 4f seconds 
later. If the velocity of sound is assumed as 360 meters per 
second, and ^ = 10 meters, how deep is the well ? (A body falls 

in t seconds 2t« meters.) 
2 

EQUATIONS IN THE QUADRATIC FORM 

327. An equation is said to be in the quAdratic form if it 
contains only two unknown terms, and the unknown factor of 
one of these terms is the square of the unknown factor of the 
other, as 

aar»- + 6af + c=:0, ir»-3aj*=:7, (aj» - 1)« - 4 (aj» - 1) = 9. 

328. Equations in the quadratic form can be solved by the 
methods used for quadratics. 

Ex.1. Solve a^-.9aj' + 8 = 0. 



By formula, ^^l±>^lHM 

2 

= -^ = 8, orl. 
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Therefore a = \^ = 2, or aj = v^=4. 

If the factoring method is used, we have 

(x8-8) (x8-l) = 0. 
Writing each factor equal to zero, and solving, 

Note. 'Phe solution by means of factoring frequently produces all 
roots, while other methods produce only some roots of the equation. 

Ex.2. Solveo?"* — 33a?"i + 32=:0. 
Factoring, (x"^ - 32) {x^ - 1) = 0. 

Therefore «"* = 82, or 1. 

Raising both members to the -f power, 

X = 82"* or r* = A or 1. 

BXBBOISB 188 
Solve the following equations: 

1. i»*-5a»^36. 13. a.-5V5+6 = 0. 

2. 12a:«-32 = aJ*. ^^, a:* + 3aj* = 10. 

3. a^-26ic»-27=:0. 



4. a^-60aj» = 256. 

5. 50aJ* + 23a^-l = 0. 

6. (aj*-10>(»»-3) = 78. 

7. (a»-5/+(a?-l)« = 4a 



15. \/a^-2^/a?=24. 

16. 3\/^ + 2\/i-16=:0. 

17. iK2»-3a:^ + 2 = 0. 

18. aJ*-2aiB» + a*-6* = 

Sn ft* 

9. 8Va5 = 15aj"i — 14 20. 3a:» +2 = 16a;''». 

10. 3aj* + 3aj'* = 10. 21. Va-l-^-l. 

11. «-2Va-3 = 0. 22. a:-(a+6)-v^=2a(a-6) 
19. » + 3V5=:10. 23. ^ + Va = 20. 

24. «+a6=:(a + 6)Va + 2(o-6)» 



806 
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329. In more complex examples it id advantageous to sub 
stitute a letter for an expression involving x. 



Ex.1. Solve (£±ij+15 = 8^. 



Let 



x + \ 



= y. 



or 
or 



ITien 
Hence 


|^ + 15=8y, 
y«-8y+15=0, 

(y-6)(y-3)=o. 

y=5, or y = 8. 


Le. 




or * + ^ = 3. 

X 


Solving, 


« + 4 = 5x, 
405 = 4, 


a; + 4 = 8a;. 
2a; = 4. 




x = l, 


a; = 2. 


Ex. 2. Solve fl 


c«-8aj-2\/ 
~8a; + 40~2V 


aJ-8aj + 40=;-5. 


Adding 40, x^ 


'x2-8a; + 40 = 35. 
len aj«-805 + 4O = y«.* 


Let Vx«- 


.8a; + 40 = y, tl 


Hence , 


y2-2y = 36. 


' 


y2-2y-36 = 0. 


Therefore 


(y_7)(y + 6) = 
y = 7, or y = — 6. 


V^ 


-8x + 40 = 7, 


or Vx«-8x + 40=i-.fi. 


afi 


"-8« + 40 = 49, 


x2-8a; + 40 = 26. 


z^ 


-8x-9 = 0, 


aja-805 + 16=O. 


X 


9)(aj + l)=0, 
= 9, or -1. 


(»-5)(a;-8) = 0. 
jc = 6 or 8. 



Since both members of the equation were squared, some of the roots 
may be extraneous. Substituting, it will be found that 9 and — 1 satisfy 
the equation, while 5 and 3 are extraneous roots. 

This can be seen without substituting, for 6 and 8 are the roots of the 
equation Vx^ — 8 x + 40 = — 5. But as the square root is restricted to its 
positive values, it cannot be equal to a negative quantity. 
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1. 3(a!»-2)»+6(!r»-2)=24. a?+l a!«-1 ^34 

/ IV / i\ ' <^-^ <^+^ 16* 

2. («' + -) +3(. + l) = 10. ^^ ^+2^3^-21^^ 

»•— 2 aj'+2 
8. a5»+6»-6 = — i— . Y^ 3»+2x-B= ^ • 

4. 4 + ?Y + 3!r + 5 = 4. 8. a?^6x + 12^—=^L-, 

\ xj X ar — 6a! + l 

9. !r'-4a!-3 = V-4^ 5' 

10. (a!»-6a! + 2)» + 6(a!*-5a! + 2) + 8=:0. 

11. (a!« + 3a!-2)»-4(a^ + 3a!-2) = 32. 

12. 2(a!» + 2 as + 3)»-(«' + 2 a; + 4)* =98. 
18. (a!» + 2aj-l)(a:» + 2a!-2)=2. 

14. (a»-3)* + 4(a!'-3)=5. 

. af + m* x'-m* 41 a? + 6 35a? _..o 

• a!»-m»"^a!»+m» 20 » "^aj' + e" 

17. (3ar»-2)»-6(3ar»-2)+4=0. 

18. -^+^J^=2i. 
21— Va? wx 

19. (aj+Va)*-.(aj + Va)* = 20,692. 

^£ = 34 23- a^-6 = i 

+ * ' 24. a« = V?^^ + 13. 



^14-0? \l4 + aj ' 



26. (aj + 3)+(a; + 3)* = 2 

27. a? — 3-(aj-3)* = 6. 



21. !21X^ + 6 = 5xS-. , 

aj-3 \a?-3 26. (aj + 3)+(a; + 3)* = 2 



8* Vs?+3 + '-^ — ^ = 4 



V? + 3 28. 4a?-7~2V4aj-7 = 16 
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29. 2 a^ + 5 a?- 17 + 3V2 0^ + 5 a?- 17 = 2& 

30. 4ic* + 7a? + 5-3V4ic2 4-7aj + 5 = 4. 



31. 3ic2-2 = 10 + 3V3aj2-2. 



2 aj»-4 « + 9 =3 + 2V2ar*- 4 0? + 9. 



33. iB' + aj = 4V?+a + 3-.6. 



34. a?« + aj— 6 = 4Va^ + a: + 6. 



36. 3»2_4^^2V3aj*-4aj-6 = 21. 



36. 16a?-.3V3ar^-16aj4-21 = 3aj*-7. 

o- /2a;-5 , /3a; — 7 . 

a* + aj — 2 a* + aj — 4 

GRAPHIC SOLUTION OF QUADRATIC EQUATIONS* 

330. Quadratic equations may be solved graphically by the 
method used in a preceding chapter. (§ 305.) It is, however, 
simpler to solve such equations by the method employed for 
the solution of simultaneous equations. 

Consider the equation am? + 6a? + c = 0. (1) 

Let y = a*.l (2) 

Substituting in (1), ay + fta? + c = 0. J (3) 

The solution of the system (2), (3) for x produces the required 
root of (1). 

The advantage of this method lies in the fact that the graph 
of the linear equation (3) is easily constructed, while the graph 

♦ This section may he omitted. 
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30& 



of (2) is identical for all quadratic equations. Hence the 
graph of the equation y = x^, which is represented in the 
annexed diagram, may be used for the solution of any numeri- 
cal quadratic equation, provided its roots lie between the limits 
of the represented abscissas (—6 and +6). 



Ex.1. Solve llic2 + 30a;-165 = 0. 
Let y = x2. 

Then 11 y + 30a; - 165 = 0. 



a) 

(2) 

(3) 

In (3), if a; = 0, then y = 15 ; if y = 0, then x = 5J. The straight line 
joining the points (0, 15) and (SJ, 0) is the graph of (3), which intersects 
the graph of (2) in P and P'. By measuring the abscissas of P and P', 

we have a; = 2.7, or a; = - 5.6. 



Ex.2. Solve 5a^-14aj-65 = 0. 



Let 
Then 



5y- 14 a: -65=0. 



(1) 

(2) 
(3) 
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Locating two points of the equation (3), e.g, (0, 13) and (6, 27), and 
joining by a straight line produces the graph of (8), which intersects the 
graph of (2) in Q and Q', Measuring the abscissas of Q and Q', we 
obtain a; = 6.3, or a; =-2.6. 

331. In the equation ay + bx-{-c = 0, itrx = 0, then y = — ^, 

a 

and if y = 0, then x = — • Hence, by taking on the aj-axis 

c ^ c 

the point — j- and on the y-axis the point — , and applying a 

straight edge, the roots of the equation aoc^ + bx + c = can 
frequently be determined by inspection. In some cases, how- 




it 



53 









i 



ever, it is more advantageous to locate one or both points out- 
side the axes. 

Equations of the third and higher degree, which are linear 
with the exception of one term, can be solved by the same 
method. 

Note. The student should construct the graph of 2^ = oc^ on a large 
scale. It is advisable to make the scale of the ordinates considerably 
smaller than the scale of the abscissas. 
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EXERCISE 126 
Solve the following equations by the graphical method : 

1. a?^x-^6 = 0. 14. ir2-2a:-9 = 0. 

2. aj«3ha?-2 = 0. 15. 3»» + 7aj-42 = 0. 

3. a?«-3aj-.18 = 0. 16. 2a^ + 5aj-20 = 0. 

4. a^ + 3a;-10 = 0. 17. a* + 2a;-10 = 0. 

5. a?« — 2aj — 8 = 0. 18. 5a«-4aj — 5 = 0. 

6. a?* + 2aj-4 = 0. 19. 5»» + 4a?-.25 = 0. 

7. a*-;-3aj-12 = 0. 20. 9iB«-48aj + 59 = 0. 

8. ir2 + 3aj-10 = 0. 21. 9a«- 12aj-26 = 0. 

9. »2 + a;-3 = 0. 22. 9a^- 12a;- 100 = 

10. aj*-5a;-16 = 0. 23. .3ir2-2aj-65 = 0. 

11. 4a»-26aj + 20 = 0. 24. 2a^ + a;-36 = 0. 

12. 3a* + 20a; + 12 = 0. 26. 2i»* + 5aj- 12 = 0. 

13. a:»H-aj-5 = 0. 26. a?«-6aj + 9 = 0. 

27. Has a?-\-x+l = any real roots ? 
28. 3iB» + 5a?- 15 = 0. 29. aj»-5aj-2 = 0. 



CHAPTER XIX 
SIMULTANEOUS QUADRATIC EQUATIONS 

332. The degree of an equation inyolving several unknown 

quantities is equal to the greatest sum of the exponents of 
the unknown quantities contained in any term. 

a^ -f- 2/ = 4 is of the second degree. 
x8y + 5 acV - y* is of the fifth degree. 

333. A symmetrical equation is one which is not altered by 
interchanging the unknown quantities. 

x + y = xyj x^ + a:*y* '\-y^ = 4 are symmetrical equations. 
X — y = 2 and a^ — y^ = 1 are not symmetrical, but a change of sign 
would make them symmetrical. 

334. A homogeneous equation is an equation all of whose 
terms are of the same degree with respect to the unknown 
quantities. 

4x^ — Sx^=:Sy^ and x^ — 2 acy — 5 y2 = q are homogeneous equations. 

335. The absolute term of an equation is the term which 
does not contain any unknown quantity. 

In x2 — 4 xy -f 2 = the absolute term is 2. 

336. Simultaneous quadratic equations involving two un- 
known quantities lead, in general, to equations of the fourth 
degree. A few cases, however, can be solved by the methods 
of quadratics.* 

* The graphic solution of simultaneous quadratic and higher equations 
has been treated in Chapter XVII. 

312 
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I. EQUATIONS SOLVED BY FINDING x + y AND x-y 

337. If two of the quantities x-{-y, x — y, xy are given, the 
third one can be found by means of the relation (x -{-yy — 4oiyy = 
(x-y)*. 

Ex.1. Solve ('" + \=^' ^^]^ 

(3) 
(4) 

(5) 



fx + y 
\xy = 



Squaring 


(1), 




x^ + 2xy + y^'. 


= 25, 






(2)x4, 




4xyz 


= 16. 






(3)- 


-(4), 


x^- 


-2xy + y^-. 


= 9. 




Hence 








x-y. 


= ±3. 




Combining (5) 


with (1) 


, we 


have 










x + y = 
X'-y = 


5, 
3. 


or 


x-\-y = 

x-y = 


5, 

-a 



(05 = 4, (x=l, 

or J 

y=l. U = 4. 



338. In many cases two of the quantities x + y^x — y, and 
xy are not given, but can be found, 

f2a?-3a^2/ + 2y = 8, (1) 

[ a;-y = lo (2) 

Square (2), x^ - 2 a^ + 2/* = 1. (3) 

(3)x2, 2a;2-4a;2/ + 2y2 = 2. (4) 
(l)-(4), xy = 6. 

Hence 4xy = 24. (6) 
(3) + (6), x^-{-2xy + y^ = 26. 



Therefore a; + y = + 6, 

But x — y = l, 

Hence x = S, y = 2, 

2.32-3.3-2 + 2.22 = 8, 

^*''*-^ 8-2=1. 



'■r 



or x + y=^b, 

X — y = 1. 

x=-2, y = -3, 
r2. 22 -3. 2. 3 + 2. 32 = 8, 
1 -2 + 3 = 1, 
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339. The roots of simultaneous quadratic equations must be 
arranged in pairs, e.g. the answers of the last example are : 



x = -2, 



Solve 
1 
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2. 



lajy = 6. 

la?y = 36. 

|aj + y = 28, 
la^ = 187. 

I « - y = 5, 

la?y = 176. 

fa;-2^ = 24, 
lajy = 4212. 

lajy = -2592 

la^ = 876. 



10. 



aj« + y2 = 50, 

a^ + t/> = 37, 
a? + y = 7. 

raj« + 2/» = 13, 



{ 



l!r-y=l. 
|ai» + y» = 8: 

l»-y=l. 
liB' + y' = 34. 

X y 

aj' + 3ajy + 2/« = 211, 



11. 



12. 



18. 



14. 



15 



■y = 
3^ = 100, 
.xy = 48. 
aj« + y« = 82, 
8. 

y- 



17. 



18. 



19 



'-^=^ 



I icy = a* + a5. 

la!» + 2^ = 2a«+26«. 
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n. ONE EQUATION LINEAR, THE OTHER QUADRATIC 

340. A system of simultaneous equations, one linear and 
one quadratic, can be solved by eliminating one of the unknown 
quantities by means of substitution. 

Ex. Solve 2x + Sy = 7, 
From (1) we have, 



7-8|f 



Substituting in (2), 



(^) 



+ 2y2_y-5. 



Simplifying, 49-42y + 9y2+8y2-4y = 20. 
Transposing, etc. , 17 y^ _ 40 y + 29 = 0. 

Factoring, (y - 1) (17 y - 29) = 0. 

Hence y = 1, or f |. 

Substituting in (3), aj = 2, or Jf . 



(1) 
(2) 
(8) 



Solve : 
^ (xy-5x = l, 
\7x-y = l. 

U + y = 7. 
law = 16. 



EXERCISE 127 



3. 



6. 



6. 



r2a;-3y=l, 



l3a?-2^ = 0. 
It/ — aw = 0. 



9. 



10. 



11. 



12. 



raj« + 2/2 = 37, 
t9a: + 72^=61. 
raj2 + 2/' = 7 + a«^, 
l2aj-3y = 0. 
V + 4a?y = 96, 

5a;~y _ 7 

-4 ""4a? + 3y' 
3a?-2y = l. 
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13. 



14. 



3 4^3^ 
X y 2 

? + 2? = 3, 

4 5 ' 



15. 



16. 



ra::y = 2:3, 



[x + y) + 2. 

y±S^Sx±y^ 
x-{-2 ^x — y 
2a?-y = 2. 



m. HOMOGENEOUS EQUATIONS 

841. If one equation of two simultaneous quadratics is 
homogeneous, the example can always be reduced to an 
example of the preceding type, for one unknown quantity can 
be expressed in terms of the other. 

Consider the homogeneous equation, 

4a^-lla^ + 62^ = 0. (1) 

Expressing x in terms of y by means of the formula for 
quadratics, ny ±^ (llyy-^^.^.^f 

^" 8 

_ lly±5y 

"■ 8 

= 2y, or \y. 

In most cases this result can be obtained more simply by 
factoring, e.g, factor (1), 

(a?-22^)(4a?-32^)=0. 
Hence a? — 2^ = 0, 4a? — 3*^ = 0. 

Combining these results with another quadratic equation 
produces two systems of the preceding kind. 

Ex.1. Solve If -^•^ + 2rf' ^'^ 

Factor (2), (a; - 2 y)(2 x - 3 y) = 0. 



(2) 
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Hence we have to solve the two systems 
x-2y = 0, 






From (3), x = 2y. 

Substituting in (1), 

y3 + 2y-3 = 0, 

(y-i)(y + 3) = o. 

Hence y = 1, i — 3, 



r = In - 3n 
5 = 2J -6J 



f2x-3y = 0, 
^«2-3y2 4.2y = 3. 



(3> 
(1) 



9y2 



-3j^2 + 2y = 3, 



8y2_8y + 12 = 0, 



4 + 2>/ir5 
^ 3 



4-2V^ 
8 

2-V36. 



342. If both equations are homogeneous with exception of 
the absolute term, the problem can be reduced to the preceding 
case by eliminating the absolute term. 



Ex. 2. Solve 



Eliminate 2 and 5 by subtraction. 



(1) x5, 

(2) X2, 
Subtracting, 
Factoring, 
Hence solve : 

From (3), x = y. 

Substituting 2^ in (2), 

2y2-2y2 + 6y2= 5, 

y« = l, 

y = ±i, 
x = ±l. 



16x2-20a;y + 16y2 = 2 x 5. 
4*2 _ 4 a;y+ 102^3-5x2. 
11 x^-16xy^6y^ = 0. 
(x-y)(llx-6y) =0. 



(1) 

(2) 

(3) 
(4) 



;lla!-6y = 0, (8) 

or •< 

''2x2-2a;y + 6y2 = 5. (2) 

X = ± 1J7 Vl09, y = ± A^J^^109. 
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343. In general two quadratic equations which are homa 
geneous with the exception of one term can be solved if these 
terms are similar. For the similar terms can be eliminated. 

To solve f 4«^-9^ + 2/'-4y = 0, 

Eliminate the terms containing the first powers of y, and 
proceed as before. 

BZBBOISB 188 
Solye : 

\xy + 4.i^=%. ' lsB»-j/» = 21. 

{x + xy = Q, (2x'-2x!, + f = 2, 

\7o? + 2xy-5y'=0. 12- [a?-f = -3. 

far'-«» = 8, 
3- 1_» . .o^ « (2x'-3xy + y' = 3, 

,„ , „ . A [a? + 2xy-3y* = 5. 

xy-2y*=0, 

9xy + 2y* = -3. ^^ (3xy + f = 28, 
ixy + y' = 0, ' U«' + «y = 8. 

a/ + 2y> = 17. 

|2a!'-a^-6y» = 9, "* 1 2 »»-3 ajy + 2 2/« = 43. 

l3a!»-] 



4. 



6. 



6. 



(3x'-xtf-2y*=0, 

l4!r»- 

{2a?- 

[a? + 4: 

(2x'- 

l3a!»-_„^ , „^ _.. f6a?-4a^-8 = 0, 

( 4: a? = 9x1, -By', "• j 2a;y + 6y»-28 = 0. 

l7a:!'-3a!W-3a;-2«=l. 



14. 

16. 

'^ ' foar — 4a^ — 8 = 0, 



4xy + 2j/» = 17. I ai'-xy + y' = 39, 

15* 



(x' + 6y' = 5xy, 17. .^„ . . „ 

f3a!y + y» = 7, -g fa!» + 2a!y + y*=9y, 

'■ la!« + a^ = 6. ' \2a?-3xy + 2y'=^y. 

J fa!»-3/»=16, f3a!»-3a!y + 2y' = 2iB, 

l2r'-4a!y + 32/« = 17. " \2a? + 3f-'ix:^xy. 
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IV. SPECIAL DEVICES 

344. Many examples belonging to the preceding types, and 
others not belonging to them, can be solved by special devices. 

345* ^* Symmetrical equations, and equations which would 
be symmetrical if a sign were changed, can often be solved by 
the substitution ic = tt-fv, y = u — v. 

U-2/ = 2. (2) 

Let x = u + v, y = u — v. 
Substituting in (1), (ti + v)* + (m - v)* = 2, 
or tt* + 4 uH + 6 uhjf^ + 4 tiv* + «*, 

+ ti* - 4 tt^t? + 6 ttV - 4 tt«8 + tr* = 2, 



or 2 m* 


+ 12 1*2^2 + 2 «* = 2. 




Dividing by 2, 


M* + 6 mV + |;4 = 1. 


(3) 


Similarly from (2), 


2t> = 2, 






tj = l. 


(4) 


Substituting o in (3), 
or 


tt* + 6 m2 + 1 = 1, 
M* + 6 m2 = 0. 




Factoring, 


m2(m2 + 6) = 0. 




Therefore 


M = 0, M=±V-6. 




Vfanna 


= ±V^=^ + ln +ln 
= ±V-6~l.i -1./ 




y 





346. 5. Equations of higher degree can sometimes be re- 
duced to equations of the second degree by dividing member by 
member. 



Ex. Solve 



{ 



a!» + y = 28, (1) 

x+y=^ (2) 

Dividing (1) by (2), a;«-a^ + i^ = 7. (8) 

Squaring (2), a:« + 2 a!» + {/* = 16. (4) 

(4) -(8), 3xy = 9, 

zy = 3. (6) 
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(3) -(6). x^--2xy + ^ = 4, 

x-yz=±2. 

Combining with (2), / «^ = ^' or l^^l' 
I y = 1. 1 y = 3. 

347. (7. Some simultaneous quadratics can be solved by con- 
sidering not X or y but some other quantity, as -, xy, a^, {x+y\ 
a^y, etc., at first as the unknown quantity. 



Ex.1. Solve P + ^ + ^;±Z=2<^' f> 

[x^y-^/x^y = 6. (2) 

Considering Vx + y and y/x — yos unknown quantities and solving, 
we have 

from (1), Vx + y = 4 or — 6, 

from (2), y/x-y = 3 or - 2. 

But the negative roots being extraneous, we obtain, by squaring, 
X + y = 16, 
X - y = 9. 
Therefore x = 12i, y = 3J, 

fa;^' + ajy-12 = 0, (1) 

Ex. 2. Solve J ^ ^ ^ ' ^ ^^ 



[ a; -f- y = 4. 



(2) 

Solving (1) for xy, xy = S or — 4. 

Combming with (2), j ^^^^' or I ^="^' 

lx + y = 4. lx + y = 4. 

Solving according to § 337, x — y = 2. x — y=±4 V2. 

X = 3, I X = 1, I x=2+2\/2, 1 x=2-2 V2, ^ 

y = 1. J y = 3. J y=2-2\/2. J y=2+2\/2. J 

Ex.3. Solve a^ + 4y2-2a; + 42/ = 27, (1) 

xy = e. (2) 

Multiplying (2) by 4 and subtracting from (1), 

x2-4xy + 4y2_2x + 4y = 3, 
P (x-2y)2-2(x-2y)--3 = 0. . (8) 
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Considering (sc ~ 2 y) as unknown quantity and solving (8), 

x — 2y = Sy or — 1. 
Hence we have to solve the two systems 

(x-2y = -l, rx-2y = 3, 

I xy = 6. I xy = 6. 
The solution produces the roots : 



x = 3, 
y = 2. 



-4, 



2 

-3+\/57 

4 



+ 3-\/57 ' 

2 
-3-\/67 



348. Z>. If the quadratic terms can be eliminated^ the example 
can be reduced to one of type II (one equation linear, one 
quadratic). 



Ex. 1. Solve 


2 
.3 


xy-{-2x — 4y = 10. 


(1) 

(2) 


(1) X 3, 




6 X2/ - 3 X + 6 y = 48. 


(3) 


(2) X 2, 




• 6xy + 4x-8y = 20. 


(4) 


(4) -(3), 




7 X - 14 y = - 28. 




Dividing by 7, 




x~2y = -4. 




Hence, 




X = 2 y - 4. 




Substituting in (1), 


2 y (2 y - 4) - (2 y - 4) + 2 y = 16. 




Solving, 




X=:2.J -6.J 




Substituting in 


(1). 
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Solve by the method of symmetrical equations : 

a!»-2/» = 19. 
■y = s. ix — y. 



\x + y = Z. 
liB — « = L 



las — y = l. 
\x-\-y = 4i. 
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Solve by dividing member by member : 



= 72, 
2/ = 6. 
= 217, 

y- 



11. 



• 1 

Solve by the method of § 347 



ajy + y* = 21, 



10. 



13. 



la? — y = l. 

raJ* + a^2^ + 2^ = 3, 
loj* — icy + 2/* = l. 



lVa + Vy = 7. 



12. 






14. 






Solve by eliminating the quadratic terms : 
(Qpy-{-x = 15, r4aj»-i-a? + ^ 

\xy + y==16. ^^' {3a?-Sy = 

r4a^-62^-3a; + 3^ + 3 = 0, 



= 67, 

27. 



Solve by any method : 
18. F+f = 12H 

aj8 + 2/^=16,021, 

a; + y = 37. 
ra^ + iBy = 150, 
li/» + ajy = 75. 
^^ fici+a^-y* = -31, 
la?— ajy4-y* = 49. 



19 



20 



■{' 



22. 



23. 



24. 



25. 



(x-{-2y = 8, 
lic» + v' = 13. 



r3aj + 8y = 20, 
\x'+2f+xy=z5x+y+l 
(Sa?-10xy + Sf=^0, 
l3a^-t/ = 26. 



ra? + 5y = 3, 
W + Saw — 



+ Sxy-^2f + l=.0. 
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27. 



28. 



29. 



30. 



31. 



32. 



35. 



36. 



37. 



ra^ + ajy + y* = 37, 
\a? + f = 25. 

raj2 4-30^ + 22^ = 20, 
l4a?2 + 5y«-41 = 0. 

f2aj«-32^ = 6, 
l3aj*-2y2 = 19. 

fa?-40 = -y«, 



{ 



? = 3. 

a?y = 12, 

2a; -f- 3 2^ = 18. 



l2a;-v = 0. 



r6a;* + 22^ = 22, 

l3a;«-52^ = 7. 

(a^ + y' + xy^UT, 
\x + y = 13. 



x + y 

[x-^y 



= 8. 



^^ f4a;2 + 3a;2^ + 22^ = 18, 



39. 



40. 



41. 



42. 



43. 



44. 



45. 



46. 



47. 



48. 



49. 



r(3a;-22^)(2a;-3y)=26, 
\x+l=2y, 

(a^-2xy-f=^l, 
l3ar*-4aj2^ = 35. 
r3a:« + 4«2^-2^ = 14, 
\2a? + 5xy-{'6f = 9. 



ra? + y+Va; + y = 12, 
\a? + f = 45. 



= 97, 
6. 



la; + 2^ = 

f«»-2/« = 242, 
U-y = 2. 



2a; — y + 1 ^3 
a;-22^ + l 8' 
a;* — 3a^4-^ = 5e 



fa;:y = l:9, 
1 a; : 6 = 6 : y. 



1 , 1_5 
— r "" — -^f 
X y o 

1 1^13 
la^ f 36 

a^'^y' 4' 



1^ 

y' 



1 
'2 



a; y 
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60. 



51. 



52. 



61. 



62. 



63. 



64. 



65. 






^x y 



= 3. 






1(0?- 



(a. + y)(aj2 + y2) = 175, 



63. 



64. 



66. 



xVx + yVy __ 35 
xVx — yVy -^^ 
a? + 2/ = 13. 

ra; + y = 520, 

X y 3 
aj« + y' = 160. 



gg f(a? + yy = 3a^-2, 

• \(x-yy = Sf-^ll. 

^^ (a^^2xy-^Sf^3(x-y) = 0, 
\2a^'\-xy-f-9(x-y) = 0. 
(2a^-3xy==9(x-2y), 

* W-3y2=6(a;-2y). 



59. 



60. 



((x + 2y){x + Sy) = S(x + y), 
\(2x + y)(Sx + y)=2S(x + y). 



^a^ + 2xy + 
[xy = 2. 
f^+-\/? = 20, 

K-a:y+2^ = 13, 
W + 2/8 = 91. 

10:^ + 2/^ = 133, 

ra^-^f + x + y=:lSy 
\xy=6, 

r«' + y" + «-y = 6, 
U«' + 2/^(aJ-2/) = 5. 



3^-3 = 2(aj + 2/), 



66. 



67. 



68. 



69. 



[x + y = 5. 



(x + y = m, 
lQi? + y^ = n, 



x+y 



=:ay 



y 

xy = b. 

x-\-y _^ o?-\-V 
x — y^a^—l^ 
xy = b\ 
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72. 



x^-Sxy+4tz*=31, 
3aj + y = 5, 73. 

2a?-32 = -7. 



yQx: + y + z) = b, 
[z(x + y + z)=:c. 



EXERCISE 130 
PROBLEMS 

1. The sum of two numbers is 44/ and the sum of their 
squares is 1000. Find the numbers. 

2. The difference of two numbers is 2, and the sum of their 
squares exceeds their product by 103. Find the numbers. 

3. The sum of the squares of two numbers is 40, and the 
product of the numbers is equal to three times their difference. 

4. The hypotenuse of a right triangle is 13, and the sum of 
the other two sides is 17. Find these sides. (§ 319.) 

5. The area of a right triangle is 330 square feet, and the 
hypotenuse is 61 feet. Find the other two sides. 

6. The hypotenuse exceeds one side of a right triangle by 
2 inches, and the third side is 6 inches. Find the unknown 
sides of the triangle. 

7. The perimeter of a right triangle is 70 feet, and its area 
is 210 square feet. Find the three sides. 

8. The mean proportional of two numbers is 10, and the 
sura of their squares is 2504. Find the numbers. 

- 9. To inclose a rectangular field 68,200 square feet in area, 
1460 feet of fence are required. Find the dimensions of the 
field. 

10. The area of a rectangle is 1008 square feet, and the diag- 
onal (Ex. 23, p. 303) is 65 feet. Find the length of the sides. 
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11. The sum of the radii of two circles is 113 centimeters 
and their areias are together equal to the area of a circle whose 
radius is 86 centimeters. Find the radii. (Area of circle 
= 7ri?.) 

12. The radii of two spheres differ by 18 inches, and the 
difference of the spherical surfaces is equal to a sphere whose 
radius is 48 inches. Find the radii. (Surface of sphere = 4 irR^.) 

13. A dealer sells a number of horses for $ 1320, receiving 
the same price for each animal. If he had sold one horse less, 
but charged $ 10 apiece more, he would have received the same 
sum. Find the price of a horse. 

14. Two cubes together contain 23f cubic inches, and the 
edge of one, increased by the edge of the other, equals 4^ inches. 
Find the edge of each cube. 

15. The volumes of two cubes differ by 61 cubic centimeters, 
and the edge of the larger exceeds the edge of the smaller by 
1 centimeter. Find their edges. 

16. A number less than 100 is equal to four times the sum 
of its digits, and the sum of the squares of the digits is 20. 
Find the number. 

17. The sum of the squares of two numbers, added to the 
difference of the numbers equals 292. The same sum multi- 
plied by the difference of the numbers equals 3091. What are 
the numbers ? 



CHAPTER XX 

PROPERTIES OF QUADRATIC EQUATIONS 

CHARACTER OF THE ROOTS 

349. The quadratic equation da? + &a? + c = has two rootSj 

2 a 2 a ^"^ ^ 

Hence it follows : 

1. If b^—Aac is positive or equal to zero, the roots are real. 
If l^ — 4ta/C is negative, the roots are imaginary, 

2. If b^^4:ac is a perfect square, the roots are rational, 

ijf 6^ — 4 ac is not a perfect square, the roots are irrational. 

3. If b^ — 4:00 is zero, the roots are equal, 

Tjf 6* -- 4 ac is not zero, the roots are unequal, 

350. The expression 6^ — 4ac is called the discriminant of 

the equation aa^ + &» + c = 0. 

Ex. 1. Determine the character of the roots of the equation 

The discriminant =(-2)2-4.8. (-6) = 64. 
Hence the roots are real, rational, and unequal. 

Ex. 2. Determine the character of the roots of the equation 
4aj2-12ic + 9=:0. 

Since (— 12)2 — 4.4.9 = 0, the roots are real, rational, and equal. 

Ex. 3. Prove that the roots of the equation a? + 2px+p!^ 
— g* — 2gr--r^ = are rational. 

The discriminant = (2 1))2 - 4 (p2 ^ gS _ 2 gr - f^), 

= 4(g2 + 2gr + r^), 

= 4(g+r)2. 

Hence the roots are rational. 

327 
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351. The preceding propositions make it possible to deter« 
mine the coefficients so that the roots shall satisfy a given 
condition. 

Ex. 1. Determine the value of m for which the roots of the 
equation — Jic*4-fa-f-3 = m are equal. 

Transposing, — J aj2 ^. j ^j + (3 — to) = 0. 

The discriminant must equal zero. (§ 349. ) 

Hence (i)^ - 4 (- J) (3 - to) = 0. 

Or } + 3-TO = 0. 

Hence to = 6J. 

Note. This result can be obtained by inspection of the graph of this 
function, which was discussed in §302. 

Ex. 2. Eletermine the value of m for which the equation 
(m *+- 5) ic* + 3 ma? — 4(m —5) = has equal roots. 

The discriminant must equal zero. 

Hence (3 to) 2 + 4 . 4 (to + 5) (to - 5) = 0. 

Or 25w2-400=0. 

Therefore to = + 4, or — 4. 

Check. The equations 9x2 + 12 aj + 4 = 0, and a;2 _ 12 aj + 36 = 0, have 
equal roots. 

EXEBCISB 181 

Determine, without solution, the character of the roots of 
each equation : 

1. a^^7x + 12 = 0. 10. ar^ = faj-l. 

2. 3ar^-10aj + 3 = 0. 11. a^ + 15a? = 17. 

3. 9x'-6x + l = 0. 12. 9a:2 = 24aj-16. 

4. a;2 + 2aj + 9723 = 0. 13. 9 aj« = 17 a? - 47,125. 

5. a* — 7a; — 7 = 0. 4 ^j 
rt « . -I /\ 14. 16 H — = — —• 

7. 6ar^-5a;-l = 0. _ aj-8 

15. = 0/. 

8. a2 = aj + 12. a;-3 

9. aj»-a?V2 = 3. 16. (a? + 4) (a? + 13) = 90. 



PROPERTIES OF QUADRATIC EQUATIONS 329 

Determine the value of m for which the roots of the follow- 
ing equations are equal : 

17. 2a^-8a + m=0. * 22. 4aj2_2a; = 3m. 

18. 3a^ + 6iB + m = 0. 23. a^ — 6x + m = 0. 

19. 5a?'h20x = m. 24. a?-(m + 3)x-\-3m = 0. 

20. mo^-Ux-7 = 0. 25. o^+ (m + 5)x + 5m=^0. 

21. a? + 2x + S = m. 26. (m + l)a^ + 3mfl5 = l — m. 

27. a^-(2m-3)aj + 2m = 0. 

28. (13 + 3m)a^ + 57nx + lS-3m = 0. 

RELATION BETWEEN ROOTS AND COEFFICIENTS 

352. If the roots of the equation oa^ + bx + c = are denoted 
byr,andr„then ^ ^^^_^ 

•■' 2^^ ' 



— 6— V6^ — 4ac 
2a 

Hence ri + r2 = — } 

and nr, = (-V-<^;-^«^X 

Or fifa = — 

a 

b c 

If the given equation is written in the form aj' + -a?+- = 0, 

these results may be expressed as follows : 

353. If the coefficient of of in a quadratic eqvxition is unity, 

(a) The sum of the roots is equal to the coefficient ofx with the 
sign changed, 

(6) 27ie product of the roots is equal to the absolute term. 

E.g. the sum of the roots of 4x2 4- 6x — 3 = is — }, their product 
18 -J. 
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364. Formation of equations. If r^ and rj denote the roots ol 

b c 
the quadratic equation a? + -x + - = 0, the equation may be 

written : 

«*-(ri + r,)a? + rir,=0. (1) 

Or factoring, (a? - n) (x - r,) = 0. (2) 

To form an equation whose roots are given we may use 
either (1) or (2). 

Ex. 1. Form the equation whose roots are 2 and — 3 
According to (2), (z -2)(x + S) = 0. 

Or «a + a;-e = 0. 

Ex. 2. Form the equation whose roots are — f and — f . 
The som of the roots .^"^ 

The product of the roots = + ^ 

Hence, according to (1), a^ + 4x + ^ = 0. 
Multiplying by 4, 4 aJ« + 16 « + 16 = 0. 

Ex. 3. Form the equation whose roots are 2+V2 and 
2-V2. 



The sum of the roots 




= 4. 


The product of the roots 




s2. 


Hence the equation is 


aJ»- 


-4« + 2=sa 




BXBBCISB 182 



In each of the following equations determine by inspection 
the sum and the product of the roots : 

1. aj*-7a? + 6==0. 4. Ba? + 5x + l=^0. 

2. a? + Sx-2 = 0. 6. a* - (a + &) a? + a6 = 0. 
8. 3a:»4-5aj + 3 = 0. 6. 7aj«-a? + l = 0. 
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Form the equations whose roots are : 

7. 1, 2. 14. -^, -|. 

8. -6,-6. 16. 3+V2, 3-V2. 

9. -1, +6. jg a + y/b, o-Vft. 

10. -a, +a. 1+V3 1-V3 

11. i, 3. "• ^2~"' ~2~' 

12. 4+V5, 4-VX a+V36 g-V^ft 

lo» 9 • 

13. ao, a. 4 4 

Solve the following equations, and check the answers by 
forming the sum and the product of the roots: 

19. aj» — 4a; + l = 0. 21. a^-6x + 4: = 0. 

20. aj*-6aj + 6 = 0. 22. a? + x + l=:0. 

23. Without solving find the sum of the squares of the roots 
of the equation aa^ + bx + c = 0. 

24. Without solving find the difference of the roots of the 
equation da? + bx -{- c = 0, 

FACTORING OF QUADRATIC EXPRESSIONS 

355. Let Vi and Vi denote the roots of the equations 
aoi? + bx-hc = 0. 



aa?+bx + c^a(9(P + -x + -] 
\ a aj 



=:a(a«-[ri4-rjaj + rir2). (§354.) 
Or factoring, ax^ + 6jr -H c = a (jr — ri) (jr — r2). 

356. Hence any quadratic express^Um can be factored. The 
factors, however, are rational only if the roots of the equation 
obtained by making the expression equal to zero are rational. 
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Ex. 1. Determine whether 6 oj* + 9 a? + 2 has rational factors. 

The discriminant = 92 - 4 • 6 • 2 = 33. 

Hence the roots are irrational, and the expressiou has no rational 
factors. 

Ex. 2. Factor 3 a? - 19 a: - 14. 

Solving the equation 8 a^ ~ 10 x — 14 = by the formula^ 

19 J:Vl08-f4.3.14 
6 

Or « = 1242§ = 7,or.|. 

6 8 

Hence h9? - 19a; - 14 = 3(a; + })(« - 7) 

=(3x + 2)(a;-7> 

Ex. 3. Factor 2a?^2x + l. 

Solving the equation by means of the formula, we find the roots 

2 

Hence »g«-2»+l = 2(«- H V^ Wg_ l-v^ 

2 2 

= }(2« - 1 - V^)(2a; - 1 +a/^^). 

Ex.4. Factor aj* + ajy-2aJ2/* — 22^ + 82^ — 8y*. 

The expression is quadratic in respect to z, hence we solve the equation 

«2 + a;(y-2y2)-2y2 + 8y8-8y* = 0. 
By formula, a; = — 2 y + 4 y^, or y — 2 y^. 

Hence x^ + xy '~2xy^'^2y^ + Sy^ -Sy^ 

= (x + 2y - 4y2)(a; - y + 2y«). 

Note. A quadratic equation cannot have three roots. For if we 
write the equation oaj^ + 6x + c = in the form a(x — ri)(x — r2) = 0, no 
other value rs, not equal to either ri or rs, can satisfy the equation, as 
a(rz — ri)(ri — r2) cannot equal zero. 
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EXERCISE 183 

Determine whether the following expressions have rational 
factors: 



1. 3aj"-7aj + 12. 

2. 6aj» + 20a?-65. 

3. 72aj»-145aj + 72. 

4. a*-82a? + 1572. 
6. «i*— mn — 2n*. 



6. 9m* — 6mn — 8n*. 

7. 16a' + 101a?-126 

8. ISoj* — 19a^ — SGjr*. 

9. 4a«-206a?+265«-9a» 
10. (A: + l)a? + 3A;a? + A:-l. 



Eesolve into factors : 

11. aj2-60iB + 899. 

12. 26aj«-100aj + 96. 

13. aj»-90a? + 2009. 

14. 60 a* + 316 aj- 729. 
16. IB* -64 a? + 1015. 
16. 40aj»-63a^ + 62/*. 

23. aa?+(a^ + T)x + a. 

24. 3a:*-4ajy + 8a»-43/* + 83/2;-3«». 

26. p' + 7pq + 2q'. 

2e. Sa^-iexy-Sxz + ef-Syz^SOs?. 

27. 12i)»-18i)g + 28i>r-12g* + 19gr-6i*. 

28. aj«-3«-a. 



17. 300 »* + 811 a? -630. 

18. aj* + 214 a? + 11,448. 

19. aj* + a? + l. 

20. aj« + 3a?-3. 

21. 2aj« + a?-2. 

22. aj' + l. 



CHAPTER XXI 
PROGRESSIONS 

357. A series is a succession of numbers formed according 
to some fixed law. 

The terms of a series are its successive numbers. 

ARITHMETIC PROGRESSION 

358. An arithmetic progression (A. P.) is a series, each term 
of which, except the first, is derived from the preceding by 
the addition of a constant number. 

The common difference is the number which added to each 
term produces the next term. 

TliuB each of the following series is kn A. P. t 
8, 7, 11, 16, 19, .... 
17, 10, 3, -4, -11, .... 
a, a + d, a + 2(7, a + 3d, .... 

The common differences axe respectively 4, — 7, and d. 

The first is an ascending, the second a descending, progression. 

359. To find the nth term / of an A P., the first term a and 
the common difference d being given. 

The progression is a, a + d, a + 2d, a + 3d. 

Since d is added to each term to obtain the next one, 

2 d must be added to a, to produce the 3d term, 

3 d must be added to a, to produce the 4th term, 

(n — 1) (? must be added to a, to produce the nth term. 

Hence Z = a + (n-l)d (I) 

Thus the 12th term of the series 9, 12, 15 is 9 + 11 • 3 or 42. 

334 
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360. To find the sum s of the first n terms of an A.P., the first 
term a, the last term i, and the common difference d being given. 

8 = a + (a + d) + (a + 2d) ... (Z — d)+Z. 
Reversing the order, 

8 = l + (l-'d) + (l — 2d)'"(a + d)+a. 
Adding, 2» = (a4-0 + (« + + (« + — (« + + (« + 0- 
Or 2« = n(a + 0- 

Hence 8 = ^(a + l). (II) 

Thus to find the sum of the first 60 odd numhers, 1, 8, 6 ..• we have 
h-om (I), Z = 1 + 49 . 2 = 99. 

Hence « = Af (1 + 99) = 2500. 

361. In most problems relating to A. P., Jive quantities are 
involved ; hence if any three of them are given, the other two may 
he found by the solution of the simultaneous equations : 

7=a+(/,-l)i/. (I) 

* = |(a + /). (11) 

NoTB. It is possible to find general formulas expressing any two 
quantities in terms of any three others. The formulae, however, have 
little value, since all examples can be solved without them. 

Ex. 1. The first term of an A. P. is 12, the last term 144, and 
the sum of all terms 1014. Find the series. 

8 = 1014, a = 12, Z = 144. 

Suhstitutmg ifi (I) and (II), 

144 = 12 + (»-l)d (1) 

1014 = ^ (12 + 144). (2) 

2 

From (2), 78 n = 1014, or = n = la 

Substituting in (1), 144 = 12 + 12 . d. 

Hence d = 11. 

The series is, 12, 23, 34, 46, 56, 67, 78, 89, 100, 111, 122, 133, 144. 
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Ex.2. Findn, if «=:204, d = 6, Z = 49. 

Substituting, 49 = a + (n - 1) • 6. (1) 

2a4 = |(a + 49> (2) 

From (1), a = 49 - (n - 1)6. 

Substituting in (2), 204 = ? (98 - n^ • 6). 

408 = 11(104-611). 
6na-104nf408 = 0. 

8na-62n + 204 = 0. 
Solving, n = 6, or llj. 

But evidently n cannot be fractional, hence n = 6. 

EXBRCISB 184 

1. Find the 11th term of the series 11, 22, 33, .... 

2. Find the 18th term of the series 94, 87, 80, .... 
8. Find the 7th term of the series 12, 15J, 19. 

4. Find the 16th term of the series 8, lOJ, 12J. 

6. Find the 11th term of the series — 1, — 3^, — 6. 

6. Find the 12th term of the series — 7, — 1, +5. 

7. Find the 13th term of the series - 8.6, - 10.9, - 13.3 

Find the last term and the sum of the following series ? 

8. 4, 7, 10, •••, to 11 terms. 

9. — 2, — 1, 0, •••, to 14 terms. 

10. 4, — 1^ — 6, ..-, to 13 terms. 

11. \j I, -J, •••, to 10 terms. 

Find the sums of the following series : 

12. oj — 6, 05 — 4, a? — 3, •••, to 11 terms. 

13. -1.4, - 1.3, - 1.2, ..., to 11 terms. 
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14. i|, 3|, 5, —, to 5 terms. 

15. 2a? + 3y, 3aj +-2^, 4aj + y, •••, to 7 terms. 

16. Find the sum of the first 25 integral numbers. 

17. Prove that the sum of the first n integral numbers is 
n{n + l) 

2 

18. Find the sum of the first 49 odd numbers. 

19. Find the sum of the first n odd numbers. 

20. Find the sum of the first 40 even numbers. 

21. The first term of an A. P. is 13, the last term 88, and 
the common difference is 5. Find the number of terms. 

22. The first term of an A. P. is 62, the last term is 7, and 
the common difference is — - 5. Find the number of terms. 

23. The last term of an A. P. of 22 terms is 6, and the 
common difference is ^. Find the first term and the sum. 

24. Given a = 4, I = 25, w = 8. Find d. 

26. Given a = 7, d = 4, n = 43. Find I and «. 

26. Given a = — 3, c? = 2, n = 8. Find i and «. 

27. Given a = 4, n = 12, Z = 26. Find d and «. 

28. Given a = 5, n = 4, Z = — 2. Find d and 8. 

29. Given a = 1, n = 35, s = 1225. Find d and L 

30. Given ?i = 12, ci = 4, s = 99. Find a and L 

31. Given d = 1^, w = 33, ? = 77. Find a and 8. 

32. Given a = 21, ? = - 59, « = - 323. Find d and m 

33. Given Z = 23, « = 58, n = 29. Find a and d. 

34. Given a = — 7, d=:3, « = 430. Find n and L 

35. Given Z = 97, d = 3, s = 1612. Find a and n. 

36. Find d in terms of a, n, and L 

37. Find n in terms of a, I, and a. 
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362. When three numbers are in A. P. the second one is 
ealled the arithmetic mean between the other two. 

Thus X is the arithmetic mean between a and b,ifa,x, and 
5formanA.P.,orif x^a = b^x. 

Solving, a5s=5L±_. 

2 

Le. the arithmetical mean between two numbers is equal to 
half their sum, 

Ex. 1. Insert 5 arithmetic means between 14 and 62. 

The number of terms is eyidently 7. 
Hence n = 7, a = 14, Z = 62. 

Substituting in (I), 62 = 14 + 6 • d. 

Solving, <i = 8. 

Therefore the series is 14, 22, 30, 88, 46, 54, 62. 
Or the means are 22, 30, 38, 46, 54. 

Ex. 2. The eleventh term of an A. P. is 39, the nineteenth 
term is 67. Find the series. 

(1) 
(2) 



Using formula (I) twice, 


89 = a + 10.(l. 




67 = a + 18(J. 


Subtracting (1) from (2), 


28 = 8(1. 


Whence 


(J = J. 


Substitutmg in (1), 


89 = a + 36. 


Therefore 


a = 4. 


Or the series is 4, 7i, 11, 14 J, 


.... 



EXEBCISB 135 

1. Insert 6 arithmetic means between 25 and 4. 

2. Insert 4 arithmetic means between 17 and — 13. 

3. Insert 6 arithmetic means between- — 1 and — 7. 

4. Insert 2 arithmetic means between — 9 and 12. 

5. Insert 9 arithmetic means between 2^ and 27^ 
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Find the arithmetic means between: 

6. a and 6a. g. ^Zll^ and ^±^. 

X X 

7. i and i. ^ a-6 ^. Sa + b 
ah ©• —2— ^d — 2^ — 

Find the series in which : 

10. The 5th term is 19; and the 8th term is 31. 

11. The 9th term is 12, and the 17th term is 60. 

12. The 4th term is — 1, and the 9th term is — 2. 

13. The 12th term of an A. P. is 14, and the 20th term is 
- 6. Find the 28th term. 

14. The sum of three numbers in A.]?, is 18, and their 
product is 192. Find the numbers. 

Hint. Let a; — |^, x, x + y* represent the numbers. 

15. The sum of three numbers in A. P. is 9, and the sum of 
their squares is 29. What are the numbers ? 

16. The sum of five numbers in A. P. is 25, and the sum of 
their squares is 135. Find the numbers. 

17. The sum of four numbers in A. P. is 20, and their product 
is 384. Find the numbers. 

Hint. Let as — Sy, x — y, a; + 2^)X + dy represent the A. P. 

18. How many times does a common clock strike in 12 hours? 

19. A bookkeeper receives every year an increase of $ 100. 
How many dollars did he receive in 15 years if he received 
9 1200 during the first year ? 

20. For boring a well 200 yards deep a contractor receives 
4^1.00 for the first yard, a;id for each yard thereafter 1^ more 
than for the preceding one. How much does he receive all 
together ? 
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21. A man saved each month $ 1.00 more than in the preced- 
ing one, and all his savings in 10 years amounted to $8460. 
How much did he save the first month ? How much the last ? 

22. $ 2000 is divided among eight persons so that each per- 
son receives f 10 more than the preceding one. How much 
does each receive ? 

23. A man accepts a position at a salary of $1200 for the 
first year, and is to receive every year $ 60 increase of salary- 
In how many years will he have received $45,000 ? 

24. If a body falls 6 meters during the first second, 3 times 
as far during the next second, 5 times as far during the next 
second, etc., how far will it fall during the 7th second ? during 
the nth second? 

26. How, far will a body fall in 7 seconds ? in f seconds ? 

26. A man pays off a debt of $ 24,000 by monthly .payments 
of $100, and the first payment is made at the end of the first 
month. If the yearly rate of interest is 6%, what is the total 
amount of interest paid until the debt is cleared off ? 

27. A man purchases a $600 piano by paying monthly 
installments of $ 10 and interest on the debt. If the yearly 
rate of interest is 6%, what is the total amount of interest? 

GEOMETRIC PROGRESSION 

363. A geometric progression (G. P.) is a series each term of 
which, except the first, is derived from the preceding one by 
multiplying it by ^ constant number, called the raiio. 

E,g. 4, 12, 86, 108, .... 
4, -2, +1, -i, ..H 
a, ar, af^, ar*^ —. • 
The ratios are respectively 3, — J, and r. 

364. To find the nth term / of a 6. P. ; the first term a and 
the ratios r being given. 

The progression is a, ar, ar^, •••, 
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To obtain tlie nth term a must evidently be multiplied by 

Hence Z = a?-" ~ \ (I) 

Thus the 5th term of the series 16, 24, 36, ..., is 16(f)* or 81. 

365. To find the sum s of the first n terms of a G. P., the first 
term a and the ratio r being given. 

5 = a + ar + ar* ••• ar^''\ (1) 

Multiplying by r,rs=^ ar-^-ar^ "* + ai*. (2) 

Subtracting (1) from (2), 

«(r — 1) = a7^—a. 

Therefore a = ^^""^ » (II) 

r — 1 

Thus the sum of the first 6 terms of the series 16, 24, 36, •••. 
^ _ 16 [(i)^ ~ ^3 = 32 (W - 1) = 382i. 

!-i 

Note. If r is less than unity, it is convenient to write formula (II) in 
the following form : _ q_qyn 

"" 1-r 

366. Jn mo5^ problems relating to G. P. Jive quantities are in- 
volved; hence, if any three of them are given, the other two may 
he found by the solution of the simultaneous equations: 

/ = ar"-\ (I) 

Ex. 1. To insert 5 geometric means between 9 and 576. 

Evidently ^he total number of terms is 5 + 2 or 7. 
Hence n = 7, o = 9, Z = 676. 
Substituting in I, 676 = 9 r«. 

re = 64. 
r = ± 2. 
Hence the series Is 9, 18, 36, 72, 144, 288, 676. 

or 9, - 18, 36, - 72, 144, - 288, 676. 

And the required means are i:18, 36, ±12^ 144, ±2SS. 
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EXBBCISB 186 

1. Find the 8th term of the series 5, 10, 20, •••• 

2. Find the 8th term of the series 2, 6, 18, •••. 

3. Find the 7th term of the series 3, — 6, + 12, -^ 
. 4. Find the 6th term of the series 4, — 6, + 9, •••. 

6. Find the 10th term of the series 81, 27, 9, •••. 

6. Find the 7th term of the series — 4, + f , — -^ ••h 

Find the sum of the following series : 

7. 2, 6, 18, — to 6 terms. 

8. 2, — 4, 8, ••• to 7 terms. 

9. 1, ^, J, ••• to 8 terms. 

10. 27, 18, 12, ...to 6 terms. 

11. 48, 36, 27, ...to 5 terms. 

12. 729, — 243, 81, ... to 5 terms. 

13. a', cfi, aV" to 8 terms. 

14. a* + a% + aVy ... to 7 terms. 

15. a* — a^b + d!b\ ... to 7 terms, 

16. Find the geometric mean between 2 and 50. 

17. Prove that the geometric mean of two numbers is equal 
to the mean proportional .between the numbers. 

18. Find the geometric mean between a* — 6* and ^ ■ * 

a — 6 

19. Insert 3 geometric means between 4 and 324 

20. Insert 3 geometric means between 3 and 48. 

21. Given r = 4, n = 3, Z = 80, find a and a. 

22. Given r = 3, n = 3, ? = 18, find a and «. 

23. Given r = 4, w = 3, .s = 106, find a and t 

24. Givenr=5,n = 4, 5 = 780, find oandl 
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25. Given a = 2, r = 4, Z = 32, find n and $. 

26. Given a = 5, r = 4, Z = 80, find n and «. 

27. Given a = 4, n = 3, Z = 64, find r and ». 

28. Given a = 5, n = 3, Z = 125, find r and a. 

29. Given a = 15, r = 3, « = 600, find n and t 

30. Given a = 15, r = 4, « = 6115, find n and L 

31. rind 8 in terms of a, r, and Z. 
32* Find a in terms of r, n-, and Z. 

33. Find a in terms of r, n, and 9. 

34. Find r in terms of a, w, and Z. 

35. Find the sum of the series V3, 3, 3 V3, ••• to 6 terms. 

36. Find the sum of the series 1, 2, 4, 8, to w terms. 

37. The fourth term of a G. P. is 135, the seventh term 
3645. Find the series. 

38. The sum of the third and fifth terms of a G. P. is 90, 
and the sum of the sixth and eighth terms is 2430. Find the 
series. 

39. The population of a city is 100,000, and it increases 
60% every 4 years. What will the population be in 20 years ? 

40. A sum of money invested at 6% compound interest 
doubles itself in 12 years. What will $ 1.00 invested at 6% 
compound interest amount to in 240 years? 

INFINITE GEOMETRIC PROGRESSION 

367. If the value of r of a G. P. is less than unity, the value 
of r* decreases, if n increases. The formula for the sum may 
bewritten ^_^^ ^ ^^ 



1 — r 1 — r 1 — r 



By taking n sufficiently large, r", and hence , may be 

made less than any assignable number. "" ^ 
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Consequently, by taking a sufficiently large number of terms, 

8 can be made to differ from by less than any given num- 

1 — r 

bar, however small. This is usually expressed by the formula 

vsrhere 8^ denotes the " sum to infinity." 

Ex. 1. Find the sum to infinity of the series 1, — t, ^, ••- 

a = l,r=-J. 
Therefore «. = — i— = }• 

Ex. 2. Find the value of .3727272 —. 

.8727272 ... = .3 + .072 + .00072 + ..^ 
The terms after the first form an infinite G. P. 



Hence 



a = .072, r = .01. 

_ .072 ^ .0?2 _ 72 _ 4 
• l-.Ol .99 990 56' 



Therefore .87272 ... = A + ± = IL . 
10 66 110 
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Find 8^ for each of the following series : 
1. 1, J, J .... 3. 2, -I, +^ .... 5, 3, -f, +T^ .... 
2o l,t,i-. 4. 4,1, J.... 

Find the value of : 

6. .777 .... 8. .126126 .... 10. .42111 .... 

7. .645454 .... 9. .42727 .... 11. 3, V3, 1 .... 

12. The sum of ,an infinite G. P. is 6, and the first term is 
4. Find the series. 
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13. A ball is thrown vertically upwards to a height of 16 
feet. After striking the ground it rebounds to three fourths 
the height it dropped from, and so on for each successive re- 
bound. What is the entire distance traveled by the ball until 
it comes to rest ? 

14. Under the conditions given in Ex. 13, the time the ball 
needs for the first ascension and fall is 2 seconds, and the time 
between any two successive rebounds is equal to the preceding 
similar period multiplied by ^^ V3. In what time does the ball 
come to rest ? 



CHAPTER XXII 

BINOMIAL THEOREM 
PROOF BY MATHEMATICAL INDUCTION 

368. The following example explains the demonstration by 

mathematical induction, a method frequently used in algebra. 

To prove that ^2 /*, 1 1 \2 

13 + 2« + 3«...n« = '^V^ + V> 
4 

Assuming that the proposition was correct for some number 

A;, we have ^2/'i-j-1\8 

19 + 2^ + 3^. ..jcS^f^S^±J±. (1) 

4 
Adding (A: + 1)' to each member, 

l» + 28 + 3«..-(A; + l)« = ?5^%tD!+(A; + l)« 

4 

4 

Or ls + 2» + 3»...(A: + l)« = ^^±^^^^±^'. (2) 

But (2) expresses that the proposition is true for (A: + l). 
Hence, if the proposition is true for any particular number, it 
must be true for the next higher number. 

Evidently the proposition is true for A; = 1, hence it is true 
for A; = 2, and therefore again it is true for A; = 3, and so on for 
higher and higher numbers. 

As this mode of increasing A: can never reach an end, the 
proposition is generally true. • 

346 
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369. The method of proving a proposition by mathematical 
induction consista therefore of two parts- 

(1) Assume the proposition to he true for some number, and 
demonstrate thai it then must he true for the next higher one. 

(2) Prove thai the proposition is true for some particular 
numher. 

BXEBCISE 188 

Prove the following identities by mathematical induction. 

1. 1+2 + 3+... +n = |n(w + l). 

2. 2 + 4 + 6+-. +2w = n(n + l). 

3. l« + 2« + 3«+..-+n2 = ^ri(n + l)(2n + l). • 

' 1.2"^2.3 3.4"^'""^7i(n + l) n + 1 
5. 1 + 1 + 1+ . 1 - n 



1.3 3.5 ' 5.7 ' ■ (2n~l)(27i + l) 2« + l 



1 . 2 . 3 . 

2.3.4^3.4.5^4.5.6^ 



+ 



_ n(n + l) 



(w + l)(n + 2)(n+3) 4(n + 2)(n + 3) 

7. 1.2 + 2.3 + 3.4 + ...+n(n+l)=:Jn(n + l)(w + 2). 

8. I*2.3 + 2.3.4 + 3.4.6 + ... + n(n + l)(n + 2) 

= Jn(n + l)(w + 2)(n + 3). 
9 1 . 2 , 3 
' 8. 4. 5*^4. 5. 6"*"5. 6.7"^"* 



+ 



_ n(n + l) 



(n + 2)(w + 3)(n + 4) 6(n + 3)(n + 4) 

10. 1 + 2. 2 + 3.2^ + 4. 23 + ... + w.2'»-^ = (n- 1)2" + 1. 

11. l + 2.3 + 3.3^ + 4.3«+.>. + n.3*>-^ = <^^^""l)^"'^l . 

4 
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BINOMIAL THEOREM FOR INTEGRAL EXPONENTS 
370. It has been shown in § 220 that 



a6* 



. 5 * 4 » 3 « 2 « 1 y« 
■*"l.2.3.4.5 ■ 

The method of induction furnishes a convenient means for 
proving this proposition for any positive integral exponents, 
»\e. to prove 

(a+6)* 

=a-+n.a«->6+!i§^a-V+%::^^ (1) 

x. • Z '1. • Z • o 

Assuming that the proposition is true for a number k^ we 
have 

1 • 2 J. • 2 * o 

Multiplying both members by (a + b), and collecting similar 
terms in the right member, 

(a + 6)»+> = o»<-> + (&+l)a»6+ | *fc:ll + A; 1 a^-»6» 

^t 1-2-3 ^ 1.2 J 
Or(o + 6)»<-> 

=a*+»+(*+l)a*6+ ^t^ a»-'6«+ (^+1)^-1) a»->68 .... (2) 
1 • 2 1 • 2 • 3 

But (2) expresses that the proposition is true for the exponent 
{k + 1), since every k of (1) has been replaced in (2) by a (A; + 1). 
Therefore, if the proposition is true for any exponent, it must 
be true for the next higher one, and since it is true for k = 2, 
it is generally true. (§ 369.) 
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371. The product 1 • 2 • 3 ••/ n is called factorial /i, and it is 
frequently represented by the symbols \novn\ 

Thus [3 = 1.2.3 = 6;5I = l-2.3.4.5 = 120. 

372. Using this symbol, the binomial theorem may be 
written, 

(a + hY = a^ + na^^h + ^(^ "" ^) ar-^W + *» . 

If. 

The student should note that every coefficient of the ex- 
pansion has the same number of factors in numerator and 
denominator. 

373. The general term of expansion, i,e. the 

(r + l)th term = />(/>- 1) -(/>-/■+ 1) ^n-rf^^ 
Ex. 1. Expand (2 a^ - V6)*- 

= (2 a2)6 - 6 . (2 a^yb^ + f~ (2 a^YQ)^)^ 
1*2 

= 32 aW - 80 a^h^ + 80 a«6 - 40 a*6* + 10 am - fti 

Ex. 2. Eind the 7th term in the expansion of (3 a + h^^. 

Since r + 1 = 7, r = 6, and n = 8. 

Hence the 7th term = 8'7.6.5>4.3 ^3 ^)2(5a)6 = 252 a%^. 
!•. 2 . 3 . 4 . 5 . 6 ^ ^ ' , 

Ex. 3. Eind the middle term of (aj - 2 yy\ 

Since the expansion has 11 terms, the 6th term is the middle term, ox 

r4-l=6. 
Therefore r=5, n = 10, a = x, 6 = — 2y. 

Hence the middle term = \^ l 'l '7 '5 ^(-2 y)». 

= - 8064x6^6. 



a. (x+sy. V" u/ , ly 
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BXBBCISB 189 
Expand the following : 

6. /^a? + iY. 

"Simplify : 

9. (VS+y6)*+(Va-V6)*. 11. (1+VS)«-.(1-.V«)«. 
10. (1+Vn)«4-(1-Vn)«. 12. ( V2 + »)« + ( V2 - a?)*- 

13. Find the 4th term of (a + 6)«. 

14. Find the 9th term of (a - hy\ 

15. Find the 3d term of (1 + xy, 

16. Find the 4th term of (a + 3 by. 

17. Find the 5th term of (a^ - 3 by. 

19. Find the 10th term of (1 + a?)". 

20. Find the 5th term of /"a-lY. 

21. Find the 20th term of (1 - a?-^)^ 
22. , Find the middle term of (a 4- b)\ 

23. Find the middle term of (m — nf. 

24. Find the middle term of f aj — i ) • 

\. x) 

25. Find the middle term of (a* — 5 aby. 

26. Find the middle term of (-s/m — iV- 

V mV 

27. Find the term independent of a; in ( aj — i^ . 

28. Find the^term independent of xiufv? — iV- 



18. Find the 7th term r* f-^- ^^" 
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374. The coefficients of the expansion of (a+6)", called the 
binomial coefficients, aBe represented by several symbols, e.g. 
-(7„ ,0^ O,", and Q). 

Using the firs); symbol, 
5-4 



*(?,= 



1-2 



* 1.2 
-rt _ w(«-l) — (n-r+l) 

Ir 

375. The binomial theorem may then be written 

(a 4- by = ar + "Cia"-^6 + ""Csor-^b^ • • • + ''C/C^b' • • • + 6* 
Making a = 1 and 6 = a;, 

(l-|-«)" = l+"Cia; + "C2aj2H +«0^— +af. 

376. The (r+ 1) term may be written 

377. If we multiply the numerator and the denominator, of 
■0, by |n — r, 

•rT _ ^(^ — 1) "• (n — r-|-l)(n — r) "» 2 *1 



•a=r 



|r |n — r 

[n 



|r [n — r 
Substituting n — r f or r, 

|n--r [r 
That is, "0^ = "(7n-r: 

378. Hence the binomial coefficients of any terms equidistant 
from the end and the beginning are equal. 

Thus, «>Q^=iocr^ = 15j| = 46. 

J«O„=^«^(7i = 100. 
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379. By substituting a = 1 and & = 1 in the formula for the 
binomial theorem, we have 

That is, the sum of the coefficients of the expansion of 
a 4- 6 is 2*. 

Similarly, the sum of the coefficients of the expansions of 
(a + 2 6)" = 3", etc. 

380. In higher algebra it is proved that the binomial theorem 
is true for negative and fractional values of w, provided a is 
greater than 6. The expression, however, gives an infinite 
number of terms. 

Thus, (l4-a?)^ = l + la?4-^^-^^g^ + ^'""|'""^ -g^'-'' 

381. The sum of two saccessive binomial coefficients is a binomial 
coefficient of the next higher order. 

WT r-i i.2...r 1.2...(r-l) 

_ nC« - 1) »- (n - r + 2) r n- r-fl . il 
1.2.3.-(r~l) I r / 

_ n(n-l)«.»(w~r + 2) (n + 1) 
1.2.3... (r-1) ' r 

^ Cn + Dn . Cn - 1) ... (n - r 4- 2) _ ,^,^ 
1.2.8...r 

E.g. »a8 + 6C2 = «C8, "Ce + »»C6 = '»+iC6. 

382. The proof for the binomial theorem, as given in § 870, referred 
only to the first three terms. To prove that it is correct for any term we 
may use the proposition of the preceding paragraph. Assuming that 

(1 + x)* = 1 + nCia; + «C2x2 ... "Cr-ix'-i + ^C^ ... *C«x». 
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Multiplying by (f + k), 

/-. . N«a.i }^+ "^1*+ "Caa;* ... «a-ix'-i + «C^ H-.-a;" 

I + a+ ^Cixs + »Cr-iX'-+...a;»+i. 

(l + x)»+i= 1 + *+iCiX + »+iC2x2 +»+iC^ +...x'»+i. 

Hence it follows by the method used in § 369 that the theorem is 
correct for all terms. 

EXERCISE 140 

1. rind ^^C^ ^G,^ 

2. Find the 98tli terra of (a + hf\ 

3. Find the 47th term of (1 - «)* 

4. Find the sum of the coefficients in the expansion of 
(1 + aj)^. 

5. Find the sum of the coefficients in the expansion of 

6. Find the sum of the coefficients in the expansion of 
(2a + 6)«. 

7. Find the sum of «Ci, ^Ci, ^O^ ^C^ •Ci, and ^Ci without 
finding the value of each coefficient. 

8. Findn, if "C2 = 28. 

9. Findw, if ''(78-f-"C2 = 10. 

10. Expand (1 + aj)"^ to four terms. 

11. Expand (1 — x)"^ to four terms. 

12. Expand (1 — x)^ to four terms. 

13. Write the term of [ 1 + — j , which contains »"•. 

14. Write the term of f a? — - ) , which contains aj*. 



°'(-i)' 



15. In the expansion (a + 6)^°, the coefficient of the ^^th 
term, is equal to the coefficient of the 2rth term. Find r. 
2a 
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REVIEW EXERCISE V ' 
Simplify : 

1. (J_6«-« + 272-*) + (J + 2z-i + 32-«). 

2. {'s/aF^ + </aF^)'. 

3. fnV - n (n - 1) a;*-* + iSJzlI* a*-»y . 

4. 2V| + VSo-Vl6 + V|. 

6. (9 + 2ViO)(9-2v15). 

7. (2 V8 + 3 V6 - 7 v^)( VT2 - 5 v^ - 2^). 

8. (V5 + V'2)-*-(V3-V2). 

9. l + (</2-l). 11. (6-V2i)i. 

10. (7 + 4V3)i. 12. (a; + 2Vi31)l 

13, «-2 a;4-2 1 1_^ 

a;*— a!+l a? + x + l x — 1 x + 1 

j^ a\x-h)(x-c) h\x-a)(x-c) <*(x-a){x-by 
(a-b)(a-e) "^ (b-a){b-c) ''" (c-a)(c-6) ' 

,, o* + 6" + c' + 2aft + 2oc + 26<j 

16« — 



a»-62-c*-26c 



8a — 5a; + 8ay — 5gy f 2a 5 1 

24 aj + 16 aa; + 12 ajy-t-8aajy'*"l2aa;-|-3aj 8a + 12J 

17. Find the coefficient of aW in (a + 6)". 

18. Find the coefficient of aJ" in (a- iy~ 

19. Find the middle term of the expansion of (a — 6)". 

20. Find s^ for the series, 

1 . 1 -+. 1 



n + 1 (n + 1)' (n + l)» 
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21. Solve 05 = 1+^^. 
1+- 



22. Solve -^g^-.J|I^ = 3. 

23. iB^ = 1 — a?. Find x to four decimal places. 

24. Solvea?-5^±^'aj + l = 0. 

25. Solve 32 a**c»-* + 4 a-+V-^(ac«- 2) a? = a^c*+W. 

26. Find the equation whose roots are a and -- 

a 

27. If the equation a? — 8aj + 15 = A; has equal roots, what 
is the value of A; ? 

'aj2y + a^2 = 30, 



la^ = 91. 



29. Solve 1 ""^^ ' 31. Solve 



32. Solve 



\a^ + f = 



728. 



1 + 1 = 5. 
a? yd 



33. A body projected vertically upward with a velocity of u 

feet per second reaches after t seconds an elevation s = vt — ^^. 
(^= 32 feet.) If v = 64, and s = 48, find t. ^ 

34. Find three numbers such that the product of any two of 
them divided by the third one gives respectively the quotients 
a, b, and c. 

35. The edges of two hollow cubes differ by 10 centimeters. 
If a certain quantity of water is poured into the larger cube, 
there remain 1578 cubic centimeters of space not filled with 
water. If the second cube contained 142 cubic centimeters 
more, it would hold the quantity of water. Find the number 
of cubic centimeters of water. 
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36. The geometric mean of two numbers is to their arith- 
metic mean as 3 : 5. Find the ratio of the two numbers. 

B7. The sum of five numbers in A.* P. is 25, and their prod- 
uct is 946. Find the numbers. 

38. A man spends $ 6 on the first day of January, and his 
expenses increase 50^ every day. How much does he spend 
during the month of January ? 

39. The population of a town increased during 4 years from 
10,000 to 14,641. If the rate of increase was the same every 
year, find that rate. 

40. What is the remainder when 2a^ + 3a^'-2x is divided 
bya; + 2? 

41. For what value of I is 2iB* — 3aj«+ to*— 9<» + l exactly* 
divisible by a? — 3 ? 

42. Prove that a?* — 2 af -{- 1 is exactly divisible by a? — 1. 

43. Factor 6 3:^ + 59 2^ + 105 2^. 

44. Factor (jb* - 5 a? + 2)« - 4. 

45. Add to 10 terms x + y, ix? + 2y, a?-f3y, a5*-|-4y •-. 



46. Solve , ^ o ^. 

:14. 



p + 3a^ = 7, 
1 0^ + 3^2 = 14 

47. Solve -^/cF^^^a^. 

48. Solve (^)8*-7=(jy'-«. 

49. Factor a*-a64-3a-2 6«-36 + 2. 

m m 

60. Solve the equation oj'* — 3«*"-fl = 0. 

61. Simplify 2* -|-10«-4i- (!)-* + 0*+\^S* 



62. Solve 



a 

2 + 5=-l. 
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63. Find the L. CM. of aj*-*^^ aj8-aj2, ar^ + l. 
54. Find the fifth term of 

and reduce it to its simplest form. 



66. Simplify -^\ .- . sr- g/-./ 



APPENDIX 

I. MULTIPLICATION BY DETACHED COEFFICIENTS 

1. When the literal part of the product of two polynomials 
can be obtained by inspection, the work of multiplication may 
be simplified by omitting all literal factors. 

Ex.1. Multiply 4i»2 + 6a: + 2 by 2i»2~6a?-.l. 

ORDINARY SOLUTION 

-> 4a^- 6a;->2 

8iB*- 8aj8-30aj«-16a;-2. ' 

DETACHED COEFFICIENTS 
4 +6 +2 

2-5 - 1 
8 +12 4- 4 

-20 -30 -10 

-4 - 6 -2 

8-8 -30 -16 -2. 

Hence the product equals : 

8a^-8a^-30a^-16aj-2. . 

2. An example containing an irregular sequence of expo- 
nents may be made regular by the insertion of zero coefficients, 
e,g.iii? + 2z + l=:a^ + 0x^-{-2x + l.' 

369 
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Ex.2. Multiply «* -fa* -7 by 2a? + l. 



+ -7 



1 

2 


+ 1 
+ 


+ 

+ 1 


- 7 


2 


+ 2 


+ 
+ 1 


-14 

+ 1 



2 +2 +1 -13 +0 -7. 

The highest exponent of the product is obviously 5^ hence the product 
equals 2a^ + 2aj* + a^-13xa-7. 

EXAMPLES 

Perform the following multiplications by detached coeffi- 
cients : 

1. (a? + 2x + 5)(x''-Sx + l). 

2. (aP-Sx-7)(a? + Sx-2). 

3. (2aj3-6aj«-f 2a; + l)(a^ + 3a;-f 1). 

4. (a^ + 3a'b-h5ab^-b^{a?-2ab + lf). 

5. (ar' + 2a;-5)(a^-5aj + l). 

6. {6a^-2ab-\-5b^(6a' + 2abr-Bb^. * 

7. (mV + 6 mV + 9)(mV + 5 mn 4-1). 

3. The method of detached coefficients can be applied to 
addition, division, extracting of square roots, etc. 

n. ADDITIONAL CASES IN FACTORING 

A. Trinomials of the type /? V + gr^^ + ry . 

The trinomial p^x^ + qoE^^ + r^^ can be factored if ±2pr'-'q 
is a perfect square. 

Ex. 1. Factor ^c^ + lboc^f-^-l^y^. 

9a:* + 15«2y2 + le y4 = 9a4 ^. 24 x'^y^ + 16y* - OaV 
= (3a:2 + 4 2/2)2_(3a.y)2 

= (3x2 + 3 xy H- 4 y2)(3 a;2 _ 3 xy + 4 y*). 
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Ex.2. Factor 16aj*-56a^y* + 25y*. 

16 X* - 66x2^2 + 25y* '= 16x* - 40 xV + 26y* - 16x2ya 
= (4x2-62/2)2_(4a:y)2 

= (4x2 + 4xy- 5y2)(4x2 _4xy-5y2^. 

BXAMPIiES 
Factor: 

1. a* + a^ + l. 6. aj*4-2/*-14ar^2/^ 

2. a* + 14a2 + 81. 7. 9 a;* + 11 aj2y2 + 4 j^. 

3. 64 a* -f- 12 a^ 4-1. 8. 9 a* + 3 a^^^^ ^ 4 6*. 

4. 9a^-4aj22/' + 42^. 9. a*-18a262 + 6^ 

5. 16a^-25icy + 92^. 10. 4m*-28mV + 9n*. 



B. Binomials of the type a" ± 6".* 

1. Binomials of the form a" — 6** can always he factored. 
By actual division : 

a — h 
Hence a* - ^>* = (a - h) (a* + a«^ + a%2 + aft^ + &*). 

Similarly, a« - 6« = (a - h) (a^ + a^6 + a^l^ + a%» + a5* + 6*). 
Or in general, 

a** - ft** = (a - 6) (a**-* + a'-^ft + a^-^ft^^ + • •• + 2>""*)- 

2. To obtain prime factors, it is better to consider a* — 6* the 
difference of two squares than the difference of two 6th powers. 

Thus, a« - 6« = (p? + b") (a» - b") 

^la-\-b)(a^-al) + V^(a'-b)(a!' + ab + b'). 

Similarly, a^ — b^^ should be considered the difference of two 
6th powers. 

= (a + 6)(a-&)(a«...). 
♦ See Chapter XVI. 
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3. Binomials of the form a* + 6* can he factored ifnis odd. 
By actual division : ^ t 

a + b 
Hence a» + 6*=(a + 6)(a*-a?6-f-a%*-a6» + 6*). 
Similarly, 

a' + &' = (a + 6)(a«-a*6 + a*&«-a86«+aV-ay-f6«). 
Or in general, if w is odd, 

a" + 6* = (a + 6) (a""* - a''-*6+a''- V + b*-^). 

4. 77ie swm o/ two even powerSy as a^ + b\ a* + b% etc, is not 
exactly divisible by a + b or a—b. 

Frequently such expressions can be considered the sum of 
two odd powers. 

a« 4- 5* = (ay + (by = (a« + b^ (a* - a%* + 6*). 
a^o + 6" = (ay + (by = (a« + ft^ (a« - aW + a*6* - a%« + &«). 

BXEBCI8B 
Divide : 

1. a^-y^hjX'-y. 5. a" + &" by a* + «>*. 

2. aj"4-l byaj + l. / 6. l + m«byl+m*. 

3. m^ — n^ by m-^n. 7. a*— 6* by a* — 6^ 
. 4. ct*-16bya-2. 8. a«-6«bya-6. 

Factor : 

9. m'^ — n^ 15. 32 + mV. 21. a^ + 1. 

10. a^ — 6^ 16. m^^ — 1, 22. a«+64. 

11. c»4-32. 17. a%^-<?. 23. a^" + l. 

12. a'- 1. 18. a^-&". 24. a^-f6«»ci». 

13. a» + l. 19. a»-729. 25. a^-y^. 

14. afb'' + d'. 20. a"-a«. 
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m. HIGHEST COMMON FACTOR AND LOWEST 
COMMON MULTIPLE # 

1. The Highest Common Factor of two expressions which cannot 
be factored by inspection may be found by a method analogous 
to the one used in arithmetic for the finding of the greatest 
common divisor of two numbers. (Euclidean Method.) 

Suppose it is required to find the H. C. F. of 7^ — 57^ + 
4 iB2 + 10 a?- 12 and aj8- 3 02- 3 a;+ 9. 

By dividing the first expression by the second, we obtain 
the quotient x — 2 and the remainder si?^bx-\-^. Hence 

(aj4-5a^ + 4a2^10a:-12) = (iB3~3aj2-3aj4-9)(a?-2) 

+ (a^_5a; + 6) (1) 

From (1) follows that any factor contained in the divisor 
(a^ — 3a^ — 3a;4-9) and the remainder (a^ — 5 a; -f- 6) is a factor 
of the entire right member, and therefore a factor of the left 
member. Hence a factor common to divisor and remainder is 
also a common factor of divisor and dividend. 

Similarly it follows that a factor common to dividend and 
divisor is also a common factor of divisor and remainder. 

Hence the required H. C. F. of dividend and divisor is also the 
H. C.F. of divisor and remainder. 

We have therefore to find the H. C. F. of 

aJJ -_3aj»- 3 a? + 9 and a^- 5 a; + 6. 

This can be done by determining whether or not the factors 
of a^ — 6a;— 6 are also factors of «* — 3a;^ — 3aj4-9. 
We may, however, divide again. 






a;2 — 5aj-f 6 



a; 4-2 



2ar»-9a;-f-9 
2g^-10a; + 12 
!Bem. = x — 3 
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It follows in precisely the same manner as before that 
the required H. C. F. must be the H. C. F. of the new divisor 
a* — 6*aj + 6 and the new remainder x — S. 

Dividing again, we obtain no remainder, and therefore a? — 3 
isH.C.F. of o^-5x + 6 and aj-3. 

Hence the required H. C. F. = a; — 3. 

The work of the last example may be arranged as follows : 













Quotients 


!8«_6!r» + 4a:» + 10»-12 


!r»- 


-3x'- 


3x 


+ 9 


x^2 


a!*-3!B'-3a^+ 9* 


a?- 


-5x' + 


6x 
9x 


+ 9 




-23f + 7a?+ a!-12 


x + 2 


-2a!» + 6ar'+ 6a!-18 




2a?- 


10 a; 


+ 12 




First remainder, 












a?- 5x+ 6 






X 


-3 


x-2 


a?- 3x 












- 2x+ 6 




- 2x+ 6 












H.C.F. = a!-3 













2. Before dividing, all monomial factors of the two given 
expressions should be removed and their H. C. F. be determined 
separately. 

All monomial factors of any of the successive divisors should 
be removed, as they do not affect the answer. 

If the first term of a dividend is not exactly divisible by the 
first term of the divisor, multiply the dividend by such a 
number as will make the term divisible. E.g. the first term 
of 3a;* + 5aj4-2 is not exactly divisible by 2 a; + 3, hence 
multiply So? + 5 x + 2 by 2, and divide 6 a;* + 10 a? + 4 by 
2aj + 3. 

Since the divisors do not contain any monomial factors, 
the introduction of such a factor into the dividend does not 
produce a common factor, and hence does not affect the 
result. 
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Ex.2. Find the H.C.F. of 3a^-9a^2/» + 6a^ and 6a^f 

+ 24ajV-30/. 

Quotients 



x8+ 4«2y - 6if« 
3c8- 3a^g + 2y8 



y|4a;2y 4. 3x^2. 


-7f 


4x2 
4x2 


+ Say - 
- 4xy 


-7y2 




Ixy - 


-7y2 
-7y2 



H.C.F. =3y(g-y). 



3xy|3g*y- 9x2y8+6xy* 
««- 3xy2 +2y« 
4 



4x8-12xy2 +8y8 
4x8+ 3x2y -7gy2 



- 3x2y -6xy2+ 8j 

- 4 



12x2y+20xy2-32y8 
12x2y+ 9xy2-21y8 



Ily2 |llxy2-lly8 



x—y 



x+3y 



4x--7y 



^xpZana^ion. The monomial factors of the given expressions are 6 y2 
and 3 xy ; their H. C. F., 3 y, is reserved as a factor of the answer. Re- 
move from the second divisor (4x2y + 3 xy2 — 7 y*)^the simple factor y, 
and multiply the second dividend (x^ -- 3 xy2 + 2 y8) by 4. I^milarly 
— 3 x2y — 6 xy2 + 8 y8 is multiplied by — 4, and the factor 11 y2 is re- 
moved from the last divisor 11 xy2 — 11 y\ 



EXERCISE 
Find the H. C. F. of the following expressions: 

1. a^— 2aj2+4a; + 7 and aj8 — 4aj2 + 10a; — 7. 

2. a^ + 3aj2-3a;-5 and aj8-3ar^4-2aj + 6. 

3. 3a? + a?-^x-\-l and Wa^-a^-x + S. 

4. a^ + a? + l and a^ + x. 

5. a^ + a^ + l and ix?y — y. 

6. 2aj8-5aj2-6a? + 9 and 3aj'-2a5^ + aj-2. 

7. 6ar» + 13aj2 + 15a;-25 and 2a^ + 4i»^ + 4a?-10. 

8. aj3-4aj« + 2aj + l and aj3-2ar* + 3a;-2. 

9. aJ*-5a? + 5aj« + 5aj-6 and a^-3a^-6a; + 8.. 

10. a* + 4a»-9a«-16a + 20 and a?^2d^-2Sa + 60. 
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11. a^~16aj3 + 86«^-176aj + 105 and a?*- 19a^ + 128iB« 

-366 a? + 336. 

12. aJ*-5aj8 + 5aj2 + 5a;-6 and oj* + 2 aj« - 13 aj* - 14 a? + 24. 

13. V — 5aaj» + 5aV + 5a«aj — 6a* and «» + 4 oaj* + a'a — 6 o^, 

14. 5aj*-9aj*-5aj + 9 and 2aj»-i»*-2aj + l. 

15. 2aj»-2iBS+6aj-6 and 2a^-6aj» + 10aj*-6a?. 

16. 7aj8-4aj*2^-2a^-3^ and 3aj» — 3aj^4-a?y^-y'. 

17. a«-f3a%-5ay4;6» and 4a« + 2a*6-8a%* + 2a^&». 

18. 5a* + 23a?64-23a6« + 66* and 3a* + 14a»6 + 9a6' + 26* 

19. 4a;* + 7a;8 + 5aj*-a?-3 and 4a?* + 5iB' + 3aj«-.2. 

20. 2aJ*-8a;«» + a;» + lla; + 3 and 2aJ*-4aj» + aj* + a;-3. 

21. a?*-aj»-3i»*-19aj-10 and iC*-a;8-2aj*-17aj — 5. 

22. a;* + 5aj» + llaj2 + 13a; + 6 and a/*-aj*-3a?-.9. 
Eeduce to lowest terms : v 

2a;«-a;'-16a;4-15 o. a^ + 3a;»-4a?-12 

• a?* + 3aj»-aj-3 ' ' a?* + 5a;» + 5ic«-5aj-.6* 



3. The Lowest Common Multiple of two expressions wMch 
cannot be factored by inspection can be found in the following 
manner : 

Let A and B denote any two expressions whose H. 0. F. is c. 



and let — = 
c 


a and — = 6. 
c 


Then 


A = a*Cy B = b'C. 


Hence 


L.C.M. = a.c.6 


• 


c 
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To find the H. C F. of the two expressions^ divide one of the 
eocpressions by their H.C.F. and multiply the quotient by the 
other easpression. 

Thus, to find the L. C. M. of x* -- 2x^ + x + ^ And z^ -Sx^ + 2x + 6^ 
determine their H. C* F. (« + !). 

Dividing a^ — 2 x^ + x + 4 by as + 1, we obtain x^ — Sx + 4k, 
Hence, the L, C. M. =z(x^ - Sx + 4)(x8 - Sx^ + 2x + 6). 

EXAMPLES 
Find the L. C. M. of the following expressions : 

1. a? + 7a^ + llx + 2 and a^ + Sa^ + lGa + S. 

2. cf + a^ — a + lQ and a^ + 2a^-Sa + 20. 

3. Sa^ + a? + 3x-\-5 and Sa^ + 7 a^-x + 15, 

4. 2a»-f 2a%~a62+'663 and 2a«-6a2& + 7a6«-66». 
6. 2s^''10x + 2^a,nda? + a^--3x + 9. 

6. a* + aHlanda*-a* + l. 

7. a'^ + a — 2 and a* -fa^ — 2a — 4. 

8. a« + a52-26»anda*4-a86-2a68-46*. 

9. a«-6a* + lla2-6anda«-.9a* + 26a*^24. 

10. a2-2a-3, a8 4-a2-4a-4, a»-7a-6. 

11. a»-2a*-6a + 6, a«-13a + 12, 2a»-lla2 + 18a-9. 

IV. CUBE ROOTS OF POLYNOMIALS AND 
ARITHMETICAL NUMBERS 

1. By considering that the cube root of a^ + S a^b -\- 3 aV + 1^ 
is a + &, and employing a method similar to the one used for 
square roots, it can be shown that, 

The first term a of the root is the cube root of the first term a'. 
The second term of the root can be obtained by dividing 3 a^b 
by 3 a^f the so-called tried divisor. 
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The complete divisor is obtained by dividing the last three 
terms by 6, i.e. the complete divisor is 3a^ + 3ab-\-V. 
The work may be arranged as follows : 



Trial divisor =a 3 a* 

Complete divisor = Sa^ + Sab + b* 



Sd'b + SaV + b^ 
3a*6 + 3a6* + 6» 



Ex. 1. Extract the cube root of 8 aj^ - 27y» - 36 0^3/ -f 64 a?^ 
Arranging, 8a5»-36x^ + 54xya-.27y» | 2x--3y 

8 a* =12aj» 



8a6+6« = ~18xy + 9ya 



3a2 + 3a6 + 6a = i2xa-18a^ + 9ya 



-36x2y + 54aya-27y» 
-36a^ + 54gy«--27y> 



BXBBOI8B 

Extract the cube root of the following expressions : 

1. aj» + 6aj» + 12a? + 8. 

2. 8a«-84a% + 294a&«-343W 

3. a«-6a*64-12a*6*-8a86». 

4. 64aj8-96aj^ + 48a^-8y8. 

B. 216a«-756a*6 + 882aW-3436». 

6. l+3a + 6a* + 7a« + 6a*4-3a* + a«. 

7. 8a^-36jB» + 66aJ*-63ar* + 33a^-9a;4-l. 

8. 30a?-12aj4-8-25a?» + 30«*-12aj« + 8a^. 

9. 8a*' + 36ic^t/*+^-f54af2^+* + 272^«+». 

10. 8a«-60a* + 114a* + 65a«-171a«-135a-27 

or a^ 

12. a«-a» + a«+i-- — + -i i- + -^^ —•\- ^ > 

3 3a^3a* 27a« 9a* 9a*^27a* 
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2. The cube root of an arithmetical number is found in a 
similar manner. 

Ex. 1. Extract the cube root of 6644.672. 

Commencing at the decimal, divide the number into groups of digits, 
each group to contain 3 digits. 

6'644'.672 | 18.8 
1 



3a2=300 


6644 


3a6 = 240 




62= 64 
604 


4832 


3.1802 = 97200 


812672 


8.180.8= 4320 




82= 64 




101684 


812672 



EXERCISE 

Extract the cube roots of the following numbers : 

1. 12167. 6. 830584. 9. .059319. 

2. 9261. 6. 531441. 10. 704969. 

3. 39304. 7. 32.768. .11. 43243551. 

4. 175.616. 8. .274625. 12. 237176659. 

Find to two decimal places the cube roots of the following 
numbers : 



13. 2. 



14. 5. 



15. 8. 



16. 10. 



2b 
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